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Preface 


On May 20-22, 2005, a workshop was held at Roskilde University in 
Denmark to honour Krzysztof P. Wojciechowski on his 50th birthday. This 
volume collects the papers of that workshop. 

The purpose of the volume is twofold. The more obvious one is to ac- 
knowledge and honour Krzysztof Wojciechowski's contributions over the 
last 20-25 years to the theory of elliptic operators. Lesch's write up goes 
over many of Krzysztof's achievements, highlighting those insights that 
were particularly influential in shaping the direction of the theory. It is 
supplemented by Park's review of recent work pioneered by Wojciechowski. 
As our second purpose, we also hope to offer younger researchers and grad- 
uate students a snapshot of the current state of affairs. The proceedings 
contain a mix of review and research papers, both reflecting on the past 
and looking into the future. We obviously do not attempt to speak for the 
whole, vast area of the theory of elliptic operators. Most papers in these 
proceedings are, in one way or another, studying objects and techniques 
that have interested Krzysztof: spectral invariants, cutting and pasting, 
boundary value problems, heat kernels, and applications to topology, ge- 
ometry and physics. 

The modern theory of elliptic operators, or simply elliptic theory, has 
been shaped by the Atiyah-Singer index theorem created some 40 years ago. 
The Atiyah-Singer index theory expanded the scope of ellipticity to consider 
relations with and applications to topology. The notion of index acquired a 
dual personality, both analytical and topological. Consequently, wherever 
topological invariants appear, one is now tempted to see if the analytical 
aspects can be developed to interpret the invariant. In other words, analysts 
are always on the lookout for topological or geometrical invariants hoping 
to find operators behind them. Developments in topology are therefore of 
special interest to elliptic theorists. Bleecker's paper revisits some aspects 
of the so called embedding proof of the Atiyah-Singer index theorem. The 
contributions of Bunke and Schick on T-duality and Nicolaescu's survey of 
singularities of complex surfaces detail some topological theories of potential 
interest to analysts and possible applications of analytical methods. 


ix 
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Heat kernel techniques are at the heart of another one of the several 
proofs of the Atiyah-Singer index theorem. Different tools and techniques 
have been developed and are continuing to be developed to understand 
heat kernels and related spectral functions in a variety of situations. Two 
problems stand out: to describe and compute variations of heat kernels 
with respect to parameters and to calculate asymptotics of heat kernels — 
like functions of operators. These have been the central technical issues for 
much of Krzysztof Wojciechowski's work. As the scope of elliptic theory 
increases, so is the variety of contexts for heat kernel calculations which 
will undoubtedly occupy the interest of people in the future. The papers 
of Avrimidi on heat kernels of non-Laplace operators, of Furutani on heat 
kernels on nilpotent Lie groups, of Grubb on expansions of zeta-like func- 
tions, and of Paycha and Rosenberg on canonical traces all fall into this 
category. 

Since the original papers on index theory, elliptic theory has continued 
to develop. More areas of mathematics, other than topology, have started 
influencing its progress. More and more objects of a similar nature to 
index have been investigated. For one thing, index is a very simple spectral 
invariant, and an important branch of elliptic theory looks at other spectral 
invariants and their geometrical and topological significance. We need to 
mention here some invariants that have particularly interested Krzysztof: 
the eta invariant, spectral flow, analytic torsion and infinite dimensional 
determinants. But there are many other invariants such as Seiberg- Witten 
invariants and elliptic genus. We expect that this list is not complete and 
that the future will bring more analytic invariants with topological and 
geometrical applications. 

In the spirit of topological surgery theory, a major effort was undertaken 
to study elliptic operators and their spectral invariants using "cutting and 
pasting". This naturally leads to the problem of how to set up an elliptic 
theory on manifolds with boundary. This is the subject that Krzysztof has 
devoted most of his mathematical efforts shaping. The papers of Dai on 
eta invariants, of Ma and Zhang on L?-torsion, and Park's review of gluing 
formulas for zeta determinants, as well as the contribution of Lesch, give 
the state of the art for at least some of the questions in this area. 

Beside topology, the operator theory and operator algebras have been 
and will in the future be a driving force in the development of elliptic theory. 
What started with the analysis of a single Fredholm operator on a mani- 
fold, acquired greater depth and importance by considering whole spaces 
of operators. With the invention of operator K-theory, elliptic theory is 
evolving in a more abstract, algebraic fashion. Ellipticity is now defined 
not just for (pseudo) differential operators and not just on manifolds with 
or without boundary or even with corners. The proper context for the 
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study of ellipticity is noncommutative differential geometry. Noncommuta- 
tive geometry aims to consider discrete spaces as well as noncommutative 
objects on equal footing with topological spaces. Moreover, there is a du- 
ality which runs even deeper with the modern interpretation of an elliptic 
operator as a K-cycle over a C’*-algebra. It seems quite possible, and even 
likely, that such more algebraic trends will constitute the mainstream of 
elliptic theory in the future. Operator-theoretic contributions to this vol- 
ume include papers by Benameur et al. on spectral flow in von Neumann 
algebras, by Douglas on a new kind of index theorem, by Klimek on a non- 
commutative disk, by Mickelsson on star products and central extensions 
and by Wurzbacher on homotopy calculations for some spaces of operators, 
while Dodziuk explores elliptic theory in a discrete setting. 

Theoretical particle, string and membrane physics have and will con- 
tinue to provide major motivation for elliptic theory. As the world of el- 
ementary particles continues to expand, one naturally suspects that the 
so-called elementary particles are not so elementary any more. Some of 
the current theories develop the idea that the basic structures of the uni- 
verse are not point-like but rather stringy- or membrane-like. Such objects 
would naturally live in dimensions higher than our 4 dimensional world. 
To write down laws for such objects one is lead to modern global analy- 
sis involving arbitrary dimensional manifolds and operators on them. Of 
course new structures and new ideas also appear, such as supersymmetry, 
conformal symmetry, mirror symmetry and anomalies. Many exciting new 
mathematical questions arise. Several papers in this volume follow this line 
of reserach: Bunke and Schick on very general mirror symmetry, Esposito 
et al. on quantum gravity, Paycha and Rosenberg on conformal anom- 
alies, Paycha and Scott on superconnections, Zhu on symplectic functional 
analysis and Hamiltonian dynamics. 

With its intricate theory, powerful methods and variety of applications, 
the theory of elliptic operators should stay in the forefront of mathematics 
for long years to come. The fact that this has been the case in the re- 
cent past, is due in à nontrivial way to the work and insights of Krzysztof 
Wojciechowski. 


Acknowledgements. We thank the authors for their contributions, the 
Non-commutative Geometry Center and the PDE Network of The Danish 
Science Research Council for financial support, Roskilde University for hos- 
pitality, and Benjamin Himpel (Bonn University) and the Staff of World 
Scientific Publishing Company for encouragement and help in preparing 
this volume. 
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Dedicated to Krzysztof P. Wojciechowski on his 50th birthday 


To honor and to please our friend Krzysztof P. Wojciechowski I will review the 
milestones of his mathematical work. This will at the same time be a tour of 
Analysis and Geometry of Boundary Value Problems. Starting in the 80s I will 
discuss the spectral flow and the general linear conjugation problem, the Calderén 
projector and the topology of space of elliptic boundary problems. The theme of 
the 90s is the eta invariant. The paper with Douglas was fundamental for estab- 
lishing spectral invariants for manifolds with boundary and for the investigation of 
the behavior of spectral invariants under analytic surgery. This was so influential 
that many different proofs of the gluing formula for the eta-invariant were pub- 
lished. Finally turning to the new millennium we will look at the zeta-determinant. 
Compared to eta this is a much more rigid spectra] invariant which is technically 
challenging. 

2000 Mathematics Subject Classification. Primary 58J32; Secondary 58J30, 58J28, 
58352, 35P99 


1. Introduction 
1.1. The framework and the problem 


To begin with let us describe in general terms the problems to which 

Krzysztof P. Wojciechowski has contributed so much in the last 25 years. 
Let X be a compact smooth Riemannian manifold with boundary X = 

OX. Furthermore, let E, F be hermitian vector bundles over X and let 


D :T°(X, E) — I*(X,F) (1) 


Supported partially by Sonderforschungsbereich/Transregio 12 “Symmetries and Uni- 
versality in Mesoscopic Systems” (Bochum-Duisburg/Essen-Kóln-Warszawa) 
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be an elliptic differential operator: l''?(X, E) denotes the spaces of smooth 
sections of the bundle E. 
In this situation some natural questions occur: 


1. What are appropriate boundary conditions for D on X? 


This question is absolutely fundamental since without imposing bound- 
ary conditions we cannot expect D to have any reasonable spectral theory. 
A boundary condition is given by a pseudo-differential operator 


P:I9(X,E)— Ir9*(X,E) (2) 


of order 0.2 The realization Dp of the boundary condition given by P is 
the differential expression D acting on the domain 


dom(Dp) := {u € L}(X, E) | P(u|X) = 0). (3) 


Since D is elliptic what one should expect naturally for P to be "ap- 
propriate” is that elliptic regularity holds. That is if Du € L2(X, E) ^ is of 
Sobolev order s > 0 and if P(u|E) = 0 then u € L?, ,(X, E) is already of 
Sobolev order s -- d, where d denotes the order of D. 


2. What is the structure of the space of all (nice) boundary conditions 
and how do spectral invariants of Dp depend on the boundary condition? 


These problems are the Leitfaden of Krzysztof P. Wojciechowski's work. 
If we are given a realization Dp of a nice boundary value problem we can do 
spectral theory and study the basic spectral invariants of Dp. We will see 
that the question in the headline leads to interesting and delicate analytical 
problems. Let us specify the kind of spectral invariants we mean here. 

The most basic spectral invariant of the Fredholm operator Dp is its 
index 


ind Dp — dim ker Dp — dim coker Dp. (4) 


More rigid (and analytically more demanding) spectral invariants are 
derived from the heat trace 


tr(e *P*) = 5 prs (5) 


A€spec Dp\ {0} 


aOne could think of more general definitely nonlocal boundary operators, but in this 
paper we will content ourselves to pseudo-differential boundary conditions. 
bWe denote the space of sections of E which are of Sobolev order s by L?(X, E). 
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where Dp is now assumed to be self-adjoint, via Mellin transforms. The 
most important examples are the r-invariant 


n(Dp) = Fes k geo (Dp! | (6) 


s=0 


and the (-determinant 


MEN d 1 ipi s—1 —tD? 
log det¢(D) = EET Ins / £71 tr(e el T. (7) 

The existence of these invariants is highly non-trivial since it depends 
on the meromorphic continuation of the right hand side of (6) and (7). 

In the following sense the index is the least rigid and the (-determinant 
is the most rigid of these three invariants. In order not to get into too much 
technicalities assume for the moment that D(s)a<s<» is a smoothly varying 
family of elliptic operators on a closed manifold.* 

The index is insensitive to small perturbations of the operator. Hence 
ind D(s) will not depend on s at all. The variation of the 7-invariant is 
easy to understand. First of all the reduced r-invariant 


7(D(s)) = 5 (aim ker D(s) + n(D(s)) (8) 


has only integer jumps and the total number of jumps equals the spec- 
tral flow of the family D(s) over the interval [a,b]. The variation of 
T(D(s)) mod Z is local in the sense that 4(7(D(s) mod Z) is the integral 
of a density which is a local expression in terms of the coefficients of the 
operator and its derivatives, cf. Gilkey [12], Sec. 1.13. The variation of the 
¢-determinant is more complicated and depends on global data. 

It is therefore most natural that the early work of Krzysztof P. Woj- 
ciechowski dealt with problems related to the index. The paper [11] with 
Douglas is a landmark since it is the starting point of a whole decade seeing 
a lot of papers focusing on the r-invariant and the ¢-determinant. I was 
told that it came as an almost unbelievable surprise for the mathematical 
community when 7-function and 7-invariant for Dirac operators on com- 
pact manifolds with boundary were established in [11], since until then the 
n-invariant was only established for closed manifolds and considered solely 
as a natural correction term associated to index problems on manifolds with 
boundary and living exclusively on the boundary. 


*Here smoothly varying means that all coefficients depend smoothly on the parameter. 
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The paper [11] already contained one of the major analytical tools which 
has been refined and exploited ever since: the adiabatic method (see Section 
3.1 below). 

There is a variant of the problems mentioned above which I would like 
to point out. Suppose that M is a closed manifold which is partitioned by 
a separating hypersurface X C M. I. e. there are compact manifolds with 
boundary Y, X such that 4 


M=YUyX. (9) 


After having chosen appropriate boundary conditions PX, PY for D 
on X,Y we have three versions of D: Dpx,Dpy and the essentially self- 
adjoint operator D on the closed manifold M. In a sense we have "D — 
Dpv UDpx" and it is natural to ask how the spectral invariants of D, Dpx, 
and Dpy are related. Krzysztof P. Wojciechowski and his collaborators 
have provided us with spectacular results on this problem. 


1.2. The basic framework of boundary value problems for 
Dirac type operators 


Let us be a bit more specific now and describe the basic set-up of boundary 
value problems for Dirac type operators as we understand it today. 

Let X and D be as before. We assume that D is an operator of Dirac 
type. That is in local coordinates 


2. 9? 
D= —g" (£)Irank B); + lower order terms. (10) 


This is the most general notion of Dirac operator. The leading symbol of 
D 
c p(z,df) = i[D, f];, f ec?(X), (11) 


induces a Clifford module structure on E. That is we put for v € T,X * 
1 
c(v) := zap(z, V). (12) 
i 


Then c(v)? 2 —g(v,v) and hence by the universal property of the Clif- 
ford algebra, c extends to a section of the bundle Hom(CI(T X, g), End E) 


dThis is a situation which is typical for surgery theory in which we would have X = 
S* x S!, Y = S* x D!, where SF denotes the unit sphere in R*+! and D* denotes the 
unit disc in RF. 

“The Riemannian metric provides us with the “musical” isomorphisms b : T; M — T2 M 
and # =b7!, 
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of algebra-homomorphisms between the bundle of Clifford-algebras 
CI(T X, g) and the endomorphism bundle End E. This gives E the structure 
of a Clifford-module. 

If we choose a Riemannian connection V on E we can form the Dirac 
operator DV on E which is locally given by 


DY = Y ste) a (13) 


In the terminology of Boo8—-Bavnbek and Wojciechowski [7] such oper- 
ators are called “generalized Dirac operators". The operators DY and D 
obviously have the same leading symbol, hence 


D-DV4V (14) 


with V € I? (X, End E). 

Next we have to take the boundary of X into account. We fix a dif- 
feomorphism from a collar U of the boundary onto N :— [0,¢) x X. Then 
we may choose a unitary transformation ® from L?(U, E) onto the product 
Hilbert space L?([0, e), L?(X, E)). The operator $Dó-! which, by slight 
abuse of notation, will again be denoted by D then takes the form 


D|N — I + B(z)) + V (z) (15) 


where J € T”(X, End E) is a unitary reflection (J? = —I,J* = —J), 
V € C?*([0, €), r (X, End E)) and (B(x))o<z<e is a smooth family of first 
order formally self-adjoint differential operators on the closed manifold © 
(called the tangential operator). 

Replacing B(x) by B(x) + J~!V(z) be obtain alternatively 


DIN = HE + B(z)) (16) 


at the expense that now B(z) has only self-adjoint leading symbol. 

We emphasize that J is independent of x and that (15) holds for all 
operators of Dirac type (Briining and Lesch [9], Lemma 1.1). The repre- 
sentation (15) of a generalized Dirac operator is crucial for the geometry of 
their boundary value problems. In the existing literature, one could some- 
times get the impression that for (15) to hold one needs that D is the Dirac 
operator of a Riemannian connection on E as in (13) or even a compatible 
Dirac operator. 

Furthermore, for many results to be presented below only the following 
properties of D will be needed: 
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(1) D is first order formally self-adjoint elliptic, 
(2) D has the form (15) near the boundary, 
(3) D has the unique continuation property. 


Properties of Dirac operators which are related to Clifford algebras will 
more or less play no role. 

D is formally self-adjoint. That is for sections f,g € I'?(X, E) we have 
Green's formula 


Droe (,Dg- =f (f, 9) e, dvol(). (17) 


In order to obtain an unbounded self-adjoint operator in L?(X, E) we have 
to impose appropriate boundary conditions. 
For a pseudo-differential orthogonal projectionf 


P : (È, E) 2 L*(3, E) 
we define Dp to be the differential expression D acting on the domain (3). 


Definition 1.1. 1. In the notation of (15) we abbreviate Bo :— B(0) 
and denote by P, (Bo) the orthogonal projection onto the positive spectral 
subspace of Bo. This is à pseudo-differential operator of order 0. Its 
principal symbol is denoted by cp, (Bo) 

2. The boundary condition defined by P is called well-posed if for 
each € € T7XX {0} the principal symbol a p(£) of P maps rangec p, (p,y(£) 
bijectively onto rangec p(£). 


This is Seeley's definition of well-posedness [22]. If P is well-posed then 
Dp has nice properties. 


Proposition 1.1. Let P be well-posed. Then Dp is a Fredholm operator 
with compact resolvent. Moreover it is regular in the sense that if a dis- 
tributional section u of E satisfies Du € L?(X, E) and P(u|X) = 0 then 
u € L? (X, E), s 2 0. 


It turns out that for Dirac type operators this notion of regularity al- 
ready characterizes the class of well-posed boundary conditions as was 
shown by Brüning and Lesch [9]. 

So far we have basically presented the status of affairs from the point 
of view of classical elliptic theory. 


fThis is not a big loss of generality. It can be shown that if the boundary operator 
has closed range then the boundary condition may be represented by an orthogonal 
projection. 
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2. The early work on spectral flow and the general linear 
conjugation problem 


[25, 4, 5] 


The early papers [25, 4, 5] (in part with BooB) on the general linear 
conjugation problem are fundamental for our todays understanding of the 
structure of boundary value problems of Dirac type operators. The linear 
conjugation problem is the natural generalization of the classical Riemann 
Hilbert problem to elliptic operators (cf. [7], Sec. 26). 

Consider a partitioned manifold M = Y Uy X as in (9) and let 


0 D. 
zm |». 0 | Wn 
be a super-symmetric Dirac operator. That is the bundle E = E+ @ E- is 
Z»3-graded and D is odd with respect to this grading. 


In a collar N = (—e,¢) x X of X we write D in the form (16) and hence 
we get for D4} 


D, - e( 2 + B(a)) (19) 


where c € I?(Z,Hom(E*, E-)) is unitary (and independent of x) and 
(B(x))-e<a<e is a smooth family of elliptic differential operators with self- 
adjoint leading symbol. 

Furthermore, let $ € I'?(3, Aut(E)) be a unitary bundle automor- 
phism® of E which is even with respect to the grading. Multiplication 
by ® is à pseudo-differential operator of order 0 which we denote by 
the same letter. We assume that ® commutes with the leading symbol 
of B(x). As a consequence the operator B-t! — B is of order 0 and 
$P,(B(zx)) — P.(B(z))9 is of order —1 and thus acts as a compact oper- 
ator on L?(X, Et). 

We introduce a local boundary value problem by letting the differential 
expression D, act on 


dom(D$) := ((u1,u2) € L(Y, E+) @ L(X,E*) | |E = ua£}. (20) 
From Green's formula (17) on derives 


(Diy = peter (21) 


£Krzysztof P. Wojciechowski originally treated more generally ®’s which cover a diffeo- 
morphism of X. Then multiplication by ® is a Fourier integral operator. 
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and thus 
obo" })\x 
pret = | e |j, 9$. T 
One can show that D®®°**" is a realization of a local elliptic boundary 
value problem. Introducing the Cauchy data spaces 
N(D4, X) := {ulZ | we L1,(3, Et), Diu = 0} (23) 
we find 
ind DÊ = dim((6N(D,, X) N N(D_,Y)) 
- dim((J9*J*N(D., X) n N(D.,Y)). 
Before we can state the main result on the linear conjugation problem 
we need to elaborate a bit more on the Cauchy data spaces. 


(24) 


2.1. Calderón projector and the smooth self-adjoint 
Grassmannian 


Definition 2.1. The (orthogonalized) Calderón projector C(D, X) is the 
orthogonal projection onto the Cauchy data space N(D, X). 


There is a little subtlety here. The natural construction of the Calderón 
projector via the invertible double (cf. [7], Sec. 12) gives a pseudo- 
differential (in general non-orthogonal) projection onto the Cauchy data 
space. lt is an orthogonal projection if D is in product form (cf. (36) 
below) near the boundary. Of course, for any projection there is an orthog- 
onal projection with the same image and using the results of Seeley [24] it 
follows that 


Proposition 2.1. The orthogonalized Calderón projector C(D, X) is a 
pseudo-differential operator of order 0. Its leading symbol coincides with 
the leading symbol a p, (p,) of P. (Bo). 


The pseudo-differential properties of the Calderón projector had been 
developed by Calderón [10] and Seeley [23]. In [6] we will show that the or- 
thogonalized Calderón projector can be constructed from a natural bound- 
ary value problem on the disconnected double X [[ X. For brevity we will 
address the orthogonalized Calderón projector just as Calderón projector. 

The in my view most important observation of the papers [4, 5] is the 
fact that the Cauchy data spaces are Lagrangian. To explain this note that 
on the Hilbert space L?(X, E) we have the symplectic form 


w(f, g) E (Jf, 9) , (25) 
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This claim may be somewhat bewildering since L?(X, E) is firstly a complex 
vector space and secondly infinite-dimensional. Nevertheless, w is a non- 
degenerate skew-adjoint sesqui-linear form and it turns out that it makes 
perfectly sense to talk about Lagrangians, symplectic reductions, Maslov 
indices etc. The only difference is that, due to the infinite-dimensionality, 
Fredholm conditions come into play. This is a fascinating story and an 
elaboration would definitely need more space. For some basics cf. Kirk and 
Lesch [14], Sec. 6. We state explicitly what Lagrangians are in L?(X, E). 


Lemma 2.1. A subspace L C L?(X, E) is Lagrangian if and only if L+ = 
J(L). 


The following is basically a consequence of Green's formula (17). 


Proposition 2.2. A realization Dp of a boundary condition is a symmet- 
ric operator if and only if range P is an isotropic subspace of L?(X, E). 
Moreover, if P is well-posed then Dp is self-adjoint if and only if range P 
is Lagrangian. 


The following T'heorem was proved first in [4]: 


Theorem 2.1. Let X be a compact Riemannian manifold with boundary 
and let D be a Dirac type operator on X. Then the Cauchy data space of 
N(D, X) is a Lagrangian subspace of L?(X, E) with respect to the symplec- 
tic structure (25) induced by Green's form. 


This theorem is not only beautiful. It is of fundamental importance. 
We are now able to describe spaces of well-posed boundary value problems 
as Grassmannian spaces: 


Definition 2.2. Let P be the space of all pseudo-differential orthogonal 
projections acting on L?(¥, E). 

The pseudo-differential Grassmannian Gr;(Bo) is the space of P € P 
such that 


P — P,(Bo) is of order — 1. (26) 


The space of P € P such that the difference P — P.(Bo) is smoothing is 
denoted by Gros (Bo). 

Finally the self-adjoint (smooth) pseudo-differential Grassmannian 
Gr;(Bo) is the space of P € Grp(Bo),p € {1,00}, whose image is addi- 
tionally Lagrangian. 
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Since P, (B) and C(D, X) have the same leading symbol (26) may be 
replaced by 


P — C(D, X) is of order — 1. (27) 


Hence P and C(D, X) also have the same leading symbol and thus it is 
obvious from the Definition 1.1 that the boundary condition given by P is 
well-posed. 

Furthermore, since the difference of any two elements P,Q € Gr1(Bo) 
is compact they form a Fredholm pair, that is 


PQ : rangeQ — range P (28) 


is a Fredholm operator. The index of this Fredholm operator is denoted by 
ind(P, Q). We have 


ind(P, Q) = dim(ker P N range Q) — dim(range P ker Q). — (29) 


2.2. The main theorem on the general linear conjugation 
problem 


We are now in a position to state the main result on the general linear 
conjugation problem. 


Theorem 2.2. The index of the linear conjugation problem (20) is given 
by 


ind D? = ind(I — C(D,, Y), $C(D,, X)6—1) 
= ind D + ind(C(D,., X) — 9C(D,,Y)) 
= ind D + ind(P, (Bo) — ®P_(Bo)). 


There would be much more to say. This index theorem is related to a 
lot. It is à generalization of the classical Riemann Hilbert problem on the 
complex projective line. It is related to the spectral flow and to the index 
of generalized Toeplitz operators. 

I will not go into that. But let me say that the papers [25, 4, 5] contain 
much more. They provide a comprehensive presentation of the spectral flow 
and its topological meaning, Fredholm pairs, and the construction of the 
Calderón projector. Also it is proved that P, (Bg) is a pseudo-differential 
operator. 
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3. The 7-invariant 
[11, 26, 27, 16, 28] 

Let us start with some general remarks on n- and ¢-functions. Let T be 
an unbounded self-adjoint operator in the Hilbert space H. Assume that 


T has compact resolvent such that the spectrum of T consists of a sequence 
of eigenvalues 


|Ai| € [A2] <... (repeated according to their finite multiplicity) 
with |An| — oo. If An satisfies a growth condition 
[A4] > Cn, (30) 


for some o > 0 then we can form the holomorphic functions 


1 e 2 
» ci (s—1)/2 -tT 
n(T; s) := REN] [ t tr(Te™*T )dt 
= OM IA *signd (31) 
AEspec TA {0} 
-u(TIT|-), Res > L, 
and 
C(T5 s) := ve A^ 
A€spec TA {0} : (32) 
= tr(T~*), Res > a 


If T is non-negative then C(T'; s) is also a Mellin transform similar to the 
first equality in (31) 


¢(T; s) = "3 Tu t (e yai. (33) 


For general T the function ¢(7; s) can still be expressed in terms of Mellin 
transforms using the formula 


(Ds 5) = F(T? 8/2) + n(T:9)) + eE (eT? 8/2) - n(T;5)). (4) 


Up to a technical point the existence of a short time asymptotic ex- 
pansion of tr(Te~*? ), tr(e~*?’) and the meromorphic continuation of the 
functions ¢(T; s),7(T; s) is equivalent (cf. Brüning and Lesch [8], Lemma 
2.2, for the precise statement). 
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If T is an elliptic operator on a closed manifold then it follows from the 
celebrated work of Seeley [24] that n(T; s), C(T'; s) extend meromorphically 
to C with a precise description of the location of the poles and their residues. 

If n(T; s) is meromorphic at least in a half plane containing 0 one defines 
the n-invariant of T as 


1 T; 
n(T) := — f nis) 
271 |s|=e $ 
: ; (35) 
= constant term in the Laurent expansion at 0 


=: 7(T;0). 


In many situations one can even show that 7(T;s) is regular at 0. The 
n-invariant was introduced in the celebrated work of Atiyah, Patodi and 
Singer [1, 2, 3] as a boundary correction term in an index formula for 
manifolds with boundary. 

We return to manifolds with boundary and consider again a compact 
Riemannian manifold X with boundary 0X = X; and a formally self-adjoint 
operator of Dirac type acting on the hermitian vector bundle E. 

From now on we assume that D is in product form near the boundary. 
That is in the collar N = [0,¢) x X of the boundary D takes the form 


D|N — A +B) (36) 


with J,B as in (15) and such that B is independent of x. The formal 
self-adjointness of D and B then implies 


JB 4 BJ - 0. (37) 


The next Theorem guarantees the existence of the 7-invariant and the 
C-determinant on the smooth self-adjoint Grassmannian. 


Theorem 3.1. [28] For P € Gr2,(B) the functions n(Dp; s), C(Dp;s) ez- 
tend meromorphically to a half-plane containing 0 with poles of order at 
most 1. Furthermore, 0 is not a pole and C(Dp;0) is independent of P. 


Let me say a few words about the strategy of proof. As pointed out be- 
fore we have to prove short time asymptotic expansions for tr (Dpe-tP*) 
and tr (e-*PE). Duhamel’s principle allows to separate the interior con- 
tributions and the contributions coming from the boundary. Namely, let 


4A big word for something very simple: the method of variation of the constant for first 
order inhomogeneous ordinary differential equations. 
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€ € C$? ([0, £)) be a cut-off function with y = 1 near 0. Extend q by 0 to 
a smooth function on X. 

Let D be any elliptic extension of D to a closed manifold! and let Dpo 
be the model operator J (& + B) on the cylinder (0, o0) x © with boundary 
condition P at {0} x X. Then 


tr(Dpe-'P*) = tr(yDpoe Pho) + 


~ ap (38) 
tr((l—y)De?) + 0(t*), £504 


for any K > 0. 

By local elliptic analysis the second term in (38) has a short time asymp- 
totic expansion [12], Lemma 1.9.1. So one is reduced to the treatment of the 
model operator Dpo. For the Atiyah-Patodi-Singer problem P = P,(B) 
there are explicit formulas for e Pho from which the asymptotic expan- 
sion can be derived using classical results on special functions. Finally, for 
P € Gr} (B) the operator Dpo can be treated as a perturbation of the 
APS operator Dp, o [28]. 

A completely different approach by Grubb [13] leads to the generaliza- 
tion of Theorem 3.1 to all well-posed boundary value problems. 


3.1. The adiabatic limit 


Let us explain the result of [11, 26, 27] on the adiabatic limit of the 7- 
invariant. We start with a partitioned manifold M = Y Ug X. Then we 
stretch the neck by putting 


Xp = [0, R] x XUtnxx X, 
Yr = [- R,0] x ZUt  nyxz Y, 
Mr = YnU(o)xz XR. 

Denote by (D, Mr) the reduced n-invariant of D on Mg and by 
T(Dp, Xp) the reduced g-invariant of Dp on Xp. 
Theorem 3.2. We have 

jim i(D, Mr) = Jim T(Dr-p, (gy, Yn) 


n (39) 
+ lim f(Dp,(gy, XR) mod Z. 


iThe existence of such a D is not essential for the following result but it simplifies the 
exposition. For Dirac type operators we can choose D to be the invertible double. 
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We should be a bit more specific about the meaning of P, (B) here. The 
positive spectral projection of B is Lagrangian if and only if B is invertible. 
If B is not invertible then one has to fix a Lagrangian subspace of the null 
space of B. So whenever a Lagrangian is needed we choose P,(B) such 
that 


1(0,00)(B) € P+(B) € 1}0,00)(B). 


That this is possible follows from the Cobordism Theorem (cf. [11] or Lesch 
and Wojciechowski [16]). 

In [11] it was shown that the 7-invariant makes sense for generalized 
Atiyah-Patodi-Singer boundary conditions, i.e. for Dp, (gj. Moreover, it 
was shown that lim goo (Dp, (p), XR) exists. The limit can be interpreted 
as the r-invariant of the operator D on the manifold with cylindrical ends 
Xoo. The full strength of Theorem 3.2 was proved in [26, 27]. In fact the 
(mod Z reductions) of the ingredients of formula (39) do not depend on Z 
as was observed by W. Müller [18]. In this way we obtain the gluing for- 
mula for the 7-invariant for the boundary condition P;(B). The following 
generalization to all P € Gr3,(B) is worked out in [28]. 


Theorem 3.3. Let M = Y Uy X be a partitioned manifold and let D be 
a Dirac type operator which is in product form in a collar of X}. Then for 
P € Gr (B) 

D, M) = (Dp, X) - (Di-p,Y) mod Z. (40) 


There is even a formula if J — P is replaced by a general Q € Grz,(—B). 
This is an extension of a formula for the variation of the r-invariant under 
a change of boundary condition from [16], cf. also Theorem 4.1 below. 


Because of its importance let us look briefly at the method of proof. 

The first observation is that the heat kernel of the model operator D — 
J (£ + B) on the cylinder R x X is explicitly known since D? is just a 
direct sum of one-dimensional Laplacians — ra +b?. Let Ecyi(t; z, y) be this 
cylinder heat kernel. Furthermore, denote by £gn(t; z, y) the heat kernel of 
D on the stretched manifold Mg. 

Next one chooses R-dependent cut-off functions ġ;, R, ; n, j = 1,2, as 
follows: 


9. if|z| x 38/7, 
V2,n(z) = i if |x| > 4R/7, 
vik =1— UV». 
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Finally, choose $;j,n such that $;,nV;,n = Vj,n. Then paste the heat kernel 
Ep on Mg and the cylinder heat kernel to obtain the kernel 


Qn(t;z,y) = $1, (2)Ecyi(t; x, y)vi,n(y) + éz,n(x)£n(ti v, y)vo,n(y). (41) 


Then Duhamel's principle yields 
Er(t) = Qn(t) + £astCn(t), (42) 
where # is a convolution and Cg is an error term. 
It seems that not much is gained yet. The point is that Douglas and 


Wojciechowski [11] could show that in the adiabatic limit the error term is 
negligible in the following sense: 


Theorem 3.4. There are estimates 
|En(t; 2, y)|] € et^ 9 X72 eet ead" 7t 


l£ns£CR)(t; £, x)|| € exete- Rt 


with c,,C2,C3 independent of R. 


Note that this result is much more than e.g. (38). For the 7- and 
C-determinant the full heat semigroup contributes. It is astonishing that 
nevertheless in the adiabatic limit the full integrals from 0 to oo in (6) and 
(7) split into contributions coming from the cylinder and from the interior 
of the manifold. 


4. The relative -invariant and the relative ¢—determinant 
[16, 21] 


Recall from Theorem 3.1 that for P € Gr3,(B) the -function ¢(Dp; s) 
is regular at 0. One puts 


exp( — C(Dp;0)), 0d spec Dp, 


(43) 
0, 0 € spec Dp. 


det; Dp:= 
In view of (34) and Theorem 3.1 a straightforward calculation shows for 
Dp invertible 
T 1 
i3 (((DP:0) - n(De)) — 5¢'(DPs0)). — (44) 
We emphasize that the regularity of n(Dp;s) and ¢(Dp;s) at s = 0 is 
essential for (44) to hold. (44) shows that the r-invariant is related to the 
phase of the ¢-determinant and that in general 


(det; D)? + det, (D?). 


det; Dp = exp( 
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The natural question which arises at this point is 
Problem 4.1. How does det¢(Dp) depend on P € Gr} (B)? 


The answer to this problem has a long history. Since the only joint 
paper of Wojciechowski and myself deals with an aspect of the problem I 
take the liberty to add a few personal comments. In 1992 I was a Postdoc 
at University Augsburg. At that time the paper [11] had just appeared 
and the gluing formula for the g-invariant was in the air. Still much of 
our todays understanding of spectral invariants for Dirac type operators on 
manifolds with boundary was still in its infancy. When Gilkey visited he 
posed a special case of the Problem 4.1. If the tangential operator is not 
invertible there is no canonical Atiyah-Patodi-Singer boundary condition 
for D. The positive spectral projection of B is not in Gr2,(B). Rather one 
has to choose à Lagrangian subspace V C ker B and put 


Py = 1(0,00)(B) + Ily, 


where IIy denotes the orthogonal projection onto V. Then Py € Grš (B). 
The boundary condition given by Py is called a generalized Atiyah-Patodi- 
Singer boundary condition. Gilkey asked how the eta-invariant depends on 
V. 

I did some explicit calculations on a cylinder which let me guess the cor- 
rect formula. However, I did not know how to prove it in general. Somewhat 
later Gilkey sent me a little note of Krzysztof dealing with the same prob- 
lem. He urged us to work together. I was just a young postdoc and I felt 
honored that Krzysztof, whose papers I already admired, quickly agreed. 
Except writing papers with my supervisor this was my first mathematical 
collaboration. It was done completely by fax and email; Krzysztof and I 
met for the first time more than a year after the paper had been finished. 

In [16] Krzystof and I proved a special case of the following result. The 
result as stated is a consequence of the Scott-Wojciechowski Theorem as 
was shown in [14], Sec. 4. The Scott-Wojciechowski Theorem will be 
explained below. 


Theorem 4.1. Let P,Q € Gr, (B). Then 
IDe) — IDo) = logdete(9(P)9(Q)*) mod Z. (45) 


If P or Q is the Calderón projector then (45) is even an equality [14]. 
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'The general answer to Problem 4.1 given by Scott and Wojciechowski 
[21] is just beautiful. To explain their result we need another bit of notation. 
Recall that J defines the symplectic form on L?(X, E) (25). Let 


E = E; Q Ei 
be the decomposition of E into the eigenbundles of J. If P € Gr} (B) then 
L = range P c L?(YX, E) 


is Lagrangian and from Lemma 2.1 one easily infers that the restrictions 
of the orthogonal projections H+; = i( + J) onto E+; map L bijectively 
onto L?(X,, Fy;) and 


(P) = IL j o (IL|E;)! 
is a unitary operator from L?(X, E;) onto L*(X, E_;). For P we then have 


the formula 
Je I (P) 
ag Ge I ) ee) 


For P,Q € Gr, (B) the operator 6(P)*(Q) — I is smoothing and hence 
$(P)*o(Q) is of determinant class. 


With these preparations, the Scott- Wojciechowski theorem reads as fol- 
lows. 


Theorem 4.2. Let P € Gr% (B) and let C(D, X) be the orthogonalized 
Calderón projector. Then 
I+ 6(C(D, X))®(P)* 


det; (Dp) = det; (Dop,x)) detr ( 


5. Adiabatic decomposition of the ¢—determinant 


[15, 19, 20] 


When the gluing formula for the 7-invariant had been established it 
was Krzysztof's optimism that eventually lead to a similar result for the 
C-determinant. The author has to admit that he was an unbeliever: I could 
not see why a reasonable analytic surgery formula for the ¢—determinant 
should exist. Well, I was wrong. A fruitful collaboration of J. Park and 
Krzysztof P. Wojciechowski eventually proved that the adiabatic method, 
which originally had been developed in the paper [11], was even strong 
enough to prove an adiabatic surgery formula for the ¢~determinant. 
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Consider again the adiabatic setting Mg, Xr, Yn as in (3.1). In order 
not to blow up the exposition too much I will not present the result in its 
most general form. Rather I will make the following technical assumptions: 


(1) The tangential operator B is invertible. 
(2) The L?-kernel of D on X U[0,00) x X and Y U [0, oo) x X vanishes. 


Then the adiabatic surgery theorems for the Laplacians read as follows: 


Theorem 5.1. Let As na be the Dirichlet extension of D? on Xn, Yn 
resp.; Dg denotes the operator D on Xz. Then 


5 det; D? 
LM R  ——. = ,/det¢ B?. 
m det Ai Rd dete AL Ra CN 


Theorem 5.2. Let Dip p,, D.,n,p. be the operator D with Atiyah- 
Patodi-Singer boundary conditions on Xp,YR resp. Then 


lim dete De - 9-C' (B?,0) 
Roo dete D? det; D? u 
ete L1 Rm, Fe LT n. 


These technical assumptions mentioned above were removed in Park 
and Wojciechowski [20]. For details the reader should consult loc. cit. 


Finally, the “adiabatic” results on the zeta-determinants obtained by 
Park and Wojciechowski are not adiabatic any more. Loya and Park [17] 
showed that most of those results (and more) are true without stretching. 
Krzysztof P. Wojciechowski did have different (and charming) ideas how 
to remove stretching of the cylinders. Unfortunately, his serious illness did 
not allow him to fill all the details and finish the paper. 
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1. Introduction 


In this article, we survey the gluing formulae of the spectral invariants 
- the ¢-regularized determinant of a Laplace type operator and the eta 
invariant of à Dirac type operator. After these spectral invariants had 
been originally introduced by Ray and Singer [30] and Atiyah, Patodi, and 
Singer [1] respectively, these invariants have been studied by many people 
in many different parts of mathematics and physics. Here we discuss the 
gluing formulae of these spectral invariants. 'These formulae have been 
proved independently by several authors using different techniques. For 
nice introductions to this subject, we refer to Bleecker and Boofi-Bavnbek 
[3] and Mazzeo and Piazza [21] where the reader can find many technical 
details and ideas of proofs. "Therefore, instead of repeating the details of 
these introductions, we explain one principle which holds for all the known 
gluing formulae of the spectral invariants. This principle also enabled us to 
get a new proof of the gluing formulae of the eta invariant of a Dirac type 
operator and simultaneously to prove the gluing formula of the ¢-regularized 
determinant of a Dirac Laplacian [17], [18]. We hope that this article would 
be helpful in the understanding of gluing formulae of the spectral invariants 
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and other related gluing problems in similar situations. 

Now let us review briefly the history of this subject: gluing problems 
of the spectral invariants. 'This will help the reader to understand the 
motivation of this article. 

First, it is appropriate to begin with mentioning the pioneering work 
of Wojciechowski. In his paper with Douglas [10], they found a striking 
formula, which states that the eta invariant of a Dirac type operator over 
a manifold with boundary converges to a local expression as the cylindrical 
length near the boundary is getting longer and longer (the adiabatic limit). 
Although they did not formulate the gluing formula of the eta invariant in 
their paper [10] explicitly, this result suggested the existence of the gluing 
formula of the eta invariant. 

The work of Douglas and Wojciechowski [10] stimulated many mathe- 
maticians working around the eta invariant, so after their paper appeared, 
during the last 15 years the gluing formula of the eta invariant has been 
proved independently and using different techniques by Hassell, Mazzeo, 
and Melrose [12], Wojciechowski [34], Bunke [6], Müller [23], Brüning and 
Lesch [5], Kirk and Lesch [14], Park and Wojciechowski [27] and many oth- 
ers. Although their proofs are different from each other, they altogether 
used the generalized Atiyah-Patodi-Singer spectral projection to impose the 
boundary conditions for the Dirac operator over manifold with boundary. 
Among the aforementioned works, the formula of Kirk and Lesch is the 
most complete in the sense that their formula has no integer ambiguity 
(Bunke's formula also holds without the integer ambiguity) and they show 
the origin of the integer contribution in their proof. In fact, they needed to 
use the Calderón projector for the boundary condition to formulate their 
formula. Hence, this seems to suggest that the Calderón projector might 
be the natural projection in the gluing formula instead of the generalized 
Atiyah-Patodi-Singer spectral projection. 

We can also see such a suggestion from the adiabatic decomposition 
formula of the ¢-regularized determinant of the Dirac Laplacian proved by 
Park and Wojciechowski [25], [26], [27]. In their formula, the adiabatic limit 
of the ratio of the ¢-regularized determinants of the Dirac Laplacians over 
the original manifold and decomposed submanifolds is mainly described in 
terms of the scattering matrices of the corresponding Dirac operators over 
manifolds with cylindrical ends, which are obtained by attaching half in- 
finite cylinders to the decomposed manifolds with boundaries. Here, we 
can regard the scattering matrix for a noncompact manifold with cylin- 
drical end as corresponding to the Calderón projector for a manifold with 
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boundary. 

Following this suggestion - the use of the Calderón projector, Loya and 
Park [17] could find a new proof of the gluing formula of the eta invariant of 
a Dirac type operator, which also provides us, simultaneously, with the glu- 
ing formula of the ¢-regularized determinant of a Dirac Laplacian. Actually, 
these formulas are not two different formulas, but just two aspects - phase 
and modulus - of one unified formula. To state their formulae, they needed 
to introduce an operator U which is defined by the Cauchy data spaces of 
the restricted Dirac operators over the decomposed manifolds. The proof 
in [17] can be easily employed for more general situations, for instance, for 
noncompact manifolds [18]. (Technically, the proof in [17] does not use the 
fact the variation of the eta invariant is locally computable, which holds 
only for compact manifolds.) 

We can also see such a suggestion in the gluing formula of the ¢- 
regularized determinant proved in the end of 80’s by Burghelea, Fried- 
lander, and Kappeler (BFK) [7]. In (a special case of) their formula, the 
ratio of the ¢-regularized determinants of Laplace type operators over the 
original manifold and decomposed submanifolds is mainly described by the 
¢-regularized determinant of a certain operator R over the cutting hyper- 
surface, and this operator R has an expression in terms of the Cauchy data 
spaces of the restricted Laplace operators over decomposed manifolds. As 
we will explain, the operators U and R can be understood under the fol- 
lowing principle: The gluing formulae of the spectral invariants are mainly 
described by the difference of the Cauchy data spaces. 

Now let us explain the structure of this article. In Section 2, we first 
review the gluing formula of BFK [7] and one of its generalization [16]. In 
Section 3, we explain how the operator R can be understood in terms of 
the Cauchy data spaces. In Section 4, we review the gluing formulae of the 
spectral invariants of a Dirac type operator proved by Loya and Park [17]. 
Finally, in Section 5, we explain the operator U, which plays the crucial role 
in the gluing formulae of the spectral invariants of a Dirac type operator, 
and its underlying meaning compared with R. 

The author gives his sincere thanks to Paul Loya for his helpful com- 
ments and the referee for corrections and suggestions, all of which consid- 
erably improved this article. 
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2. Gluing formula of the ¢-regularized determinant of a 
Laplace type operator 


In this section, we review the gluing formula of the ¢-regularized deter- 
minant of a Laplace type operator. This type of formula was first proved 
by Burghelea, Friedlander and Kappeler (BFK) in [7] where they call this 
a Mayer-Vietoris type formula. Although their formula holds for a more 
general situation, that is, more general differential operators and general 
local elliptic boundary conditions, here we just restrict our discussion to a 
Laplace type operator and the Dirichlet boundary condition. 

Now let us explain the BFK formula in more detail. Let M is a compact 
manifold and Y is à hypersurface in M, which decomposes M into two 
submanifolds M_ and M, (here we assume that M_ is the left side manifold 
and M. is the right side manifold). Hence we have 


M=M_UM,, Y = M-n M}. 
Let us consider a Laplace type operator over M, 
Am : H*(M, E) — L?(M, E), 


where E is a Hermitian vector bundle over M. For the restrictions of A m 
to M- and M+, we impose the Dirichlet boundary conditions so that we 
obtain 


Ams ‘= Amlm, : dom(Ay,) := {¢ € H*(Mz, E)|vo(9) = 0) 
— LI?(M4,E) 


where y : H?(M4, E) > H£(Y, Eo) (Eo :— Ely) denotes the restriction 
map to Y. Now let us recall that the ¢-function of A m is defined by 


¢(s, Am) := a t* 1 Tr(e~*4™) — dim ker Am] dt (1) 


1 
I'(s) 
for Rs >> 0 and this has the meromorphic extension over C with s = 0 as 
a regular value. Then the ¢-regularized determinant of A m is defined by 


det; Ay :— exp(—¢'(0, Am)). (2) 


The ¢-regularized determinant of Am,, det¢Am, is defined in a similar 
way as dete Am. Now a natural question in this circumstance is the relation 
of det; Ay with det-Ay_, deteAyy,, and the BFK formula gives us the 
answer to this question. 

To explain their formula, we need to introduce an operator R acting 
on C*?(Y, Eo), which is defined as follows: First, given f € C^*(Y, Eo), 
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let us denote by ¢ the (assumed to be unique) solutions of the Dirichlet 
problems for the restrictions of Ay to Ma: 


Awói-0 over Mi\Y, — óulv =f. 
Then, the operator R is defined by 


Rf = (8.0-)]y. — (8.64)] 
where u is the normal variable to Y such that +ô, is the inward directional 
derivative for M+. 


Remark 2.1. For R to be well defined, we need the condition that the 
Dirichlet problem of Am|m, has a unique solution. This is the case for 
the Laplace-Beltrami operator acting on the space of k-forms (see Remark 
3.1). We always assume that the Laplace type operator A m satisfies this 
condition in this article. 


It is known that R is a nonnegative pseudodifferential operator over Y 
of order 1, hence its ¢-regularized determinant is well defined. Now we are 
ready to state the BFK formula. 


Theorem 2.1. [7] When ker Am = {0}, we have 
dete Am 


detcA y, . detcA y. F eU detis (3) 


where C(Y) is a constant depending only on the symbols of Am, Aw, , R 
over Y. 


The BFK formula in (3) describes the ratio of det; Am and det; A y, - 
det;Ay in terms of det¢R modulo the constant C(Y), which can be con- 
sidered as data near Y. Note that although the operator R is defined 
over Y, R contains global information over M via the null solutions of the 
restrictions of Ay to M+. 


Remark 2.2. By definition of R, ker Am = {0} implies that ker R = (0). 
Hence, under this condition, all the operators occurring in (3) have trivial 
kernels. Without this condition, we have an additional term on the right 
side of (3). 


Remark 2.3. When we assume that Am has the following product form 
over a collar neighborhood U = Y x [-1,1], of Y, 
2 


ae ee 


Amlu = 
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where u denotes the variable of the normal direction to Y and Ay is a 
Laplace type operator over Y, we can obtain the exact value of C(Y ) as in 
[9], [15], [28], 


C(Y) = 2-40AY)-hv, (4) 
Here ¢(s, Ay) is the ¢-function of Ay and hy := dim ker Ay. 


For a noncompact manifold M, the operator e~*4™ is not of trace class. 
Hence the ¢-regularized determinant cannot be defined as in compact case. 
But, in this case, one can use the b-trace of Melrose (22] or the relative 
trace of Müller [24] instead of using the ordinary trace of e~*4™. For the 
C-regularized determinant defined by the b-trace or relative trace over a 
noncompact manifold, its gluing formulae have been proved by Hassell and 
Zelditch [13] for the decomposition of M — R? into a compact smooth 
domain and its complement, and by Carron (9] for the general noncompact 
case. Here we just explain one generalization of the BFK formula in (3) 
for a noncompact manifold X with cylindrical end. The manifold X with 
cylindrical end has the following decomposition, 


X=NUyZ 


where N is a manifold with boundary Y and Z = Y x [0,00),. We may 
assume there is a collar neighborhood W = Y x [-1,0], of Y within N. 
We consider a Laplace type operator Ax acting on C9? (X, E) where E is 
a Hermitian vector bundle over X. We also assume product structures of 
the Riemannian metric of X and the Hermitian metric of E over 


W Uy Z SY x [-1,09),. 


Finally we assume the following expression of Ax over W Uy Z, 


d? 
Ax|wuyz = -mt Ay (5) 


where Ay is à Laplace type operator over Y. As before, we impose the 
Dirichlet boundary conditions for the restrictions of Ax to N and Z and 
denote by Ay, Az the resulting operators. Then the relative ¢-function 
for (Ax, Az) is defined by 


¢(s, Ax, Az) :— mf «f» Tr(e^*^x — e #42) dt. 


Here the integral ie - dt has a meromorphic extension from Rs >> 0 to C and 
the integral s -dt has a meromorphic extension from Rs < 0 to C. The 
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resulting meromorphic extension of ¢(s, Ax, Az) is regular at s = 0. (In 
the above definition of C(s, Ax, Az), the relative trace Tr(e~*4* — e-t^z) 
contains the zero eigenvalues of A x , but these are cancelled out after taking 
the sum of i -dt and fi” - dt.) Then the relative ¢-regularized determinant 
is defined by 


detc (Ax, Az) := exp ( — ¢/(0, Ax, Az)). 


To explain the generalization of the BFK formula to manifolds with cylin- 
drical end, we need to introduce some more notations. Let (u;) be an 
orthonormal basis for the kernel of Ax on L?(X, E) and let (U;) be a ba- 
sis of the ‘extended L?-solutions’ (bounded solutions of AxU; = 0) such 
that at oo on the cylinder, {U;(0o)} are orthonormal in L?(Y, Eo) where 
Eo := Ely. Let vj = uj|y and V; = Uj|y be the restrictions of u; and Uj, 
respectively, to the hypersurface {0} x Y. It can be shown that the sections 
(vj, Vj} are linearly independent in L?(Y, Eo), therefore both operators 


L=)J vj 805, L=) vev 
j j 


are nonnegative linear operators on the finite-dimensional vector space V — 
span{v;, Vj} c L?(Y, Eo). Since the set (vj, Vj} is a linearly independent 
set spanning V, the operator 


L+L:V—V 


is positive. In particular, det(L +L) is nonzero. Now we can state the main 
result of [16]. 


Theorem 2.2. [16] The following equality holds, 


detc (Ax, Az) __ 9-¢(0,Ay)—hy detcR 
——————À =2 ———c- (6) 
detc An det(L 4- L) 


where ¢(s, Ay) is the ¢-function of Ay and hy = dim ker Ay 2 


Remark 2.4. Originally the formula (6) was given in terms of the b-trace 
in [16]. We refer to [16] for this and an elementary introduction to the 
b-trace. Since we do not assume any condition on the kernel of Ax, we 
have the additional term det(L 4- L) on the right side of (6) (see Remark 


? After [16] was completed, we learned that this result was also proved in “Regularized 
determinants of Laplace type operators, analytic surgery and relative determinants" by 
J. Müller and W. Müller. 
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2.2). By the product structure in (5), we could obtain the explicit form of 
the constant C(Y) = 2-€(5Av)-^v as in (4). 


3. The operator R and the Cauchy data spaces of Laplace 
type operator 


The discussion in this section holds for a more general situation, but we 
just restrict our concern to the closed manifold M. The main purpose of 
this section is to investigate the operator R in terms of the Cauchy data 
spaces of A m| m+. 

Now we recall the operator Amy over M which is decomposed into 
M.., M, by the hypersurface Y. The trace map y is defined by 


y$) = (dly, (Oud)ly) : H?(M, E) — H?(Y, Ey) © H? (Y, Eo) 


where Eg := E|y. Here u denotes the normal variable for the collar neigh- 
borhood 


U &Y x [-1,1], 


of Y and +ô, is the inward directional normal derivative to M+. Then 
the restriction Ay := Ay|m, determines the Cauchy data space (A4) 
defined by 


H(Ax) := ((f,g) € C*(Y, Eo) © C^ (Y, Ey) | 3ó € C* (M, E) 
such that Amp —0 on Mz\Y and (9) — (fg) }. 


Hence, H(A+) consists of the pair of the Dirichlet and Neumann data of 
A+ over M4. 

The Dirichlet-to-Neumann operator M4 over C% (Y, Eo) is defined to 
be the map sending f € C™(Y, Eo) to the corresponding Neumann data 
g € C™(Y, Eo) such that (f,g) € H(A=+). Note that the well-definedness 
of Ny (ker M+ = {0}) is equivalent to the condition that the operator A+ 
with the Dirichlet (Neumann) boundary condition has no null solution. 


Remark 3.1. Let us consider the case of the Laplace-Beltrami operator 
(d + d*)? acting on the space of k-forms over a manifold with boundary. 
The operator (d + d*)? with the Dirichlet boundary condition has no null 
solution. Indeed, a null solution of (d + d*)? would also be a null solution 
of d + d* by the Green formula. But, this is impossible by the unique con- 
tinuation theorem for d+ d* [2]. Hence, the Dirichlet-to-Neumann operator 
for the Laplace-Beltrami operator is well defined. 
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Under the condition assumed in Remark 2.1, the operator M+ defines its 
graph which is exactly H(A). We refer to [29], [20] for some more detailed 
explanations about the Dirichlet-to-Neumann operator and its application 
to the relative formula of the Dirichlet/Neumann Laplacians. 

Now, recalling the definition of R and N4, we can easily see that 


R =N- — N; : C*(Y, Eo) — C*(Y, Ey). (7) 


Hence, we can see that the operator 7€ describes the difference of two 
Cauchy data spaces H(A) in the sense that 


G,Rf)— G,N-f) - CN f) for (f, Nf) € H(Az). 


In conclusion, the gluing formula of det; Am is mainly described by the 
difference of the Cauchy data spaces H(A+). 


4. Gluing formula of the spectral invariants of a Dirac type 
operator 


In this section, we discuss the gluing formulae [17] of the spectral invariants 
of Dirac type operators, that is, the eta invariant of a Dirac type operator 
and the ¢-regularized determinant of a Dirac Laplacian. 

Let D be a Dirac type operator acting on'C™(M,S) where M is a 
closed compact Riemannian manifold of arbitrary dimension and S is a 
Clifford bundle over M. Let Y be an embedded hypersurface in M which 
decomposes M into two submanifolds M_ and M,. Hence we have 


M-M.UM, Y=M_nM,. 


We assume all geometric structures are of product type over a tubular 
neighborhood U & [-1,1], x Y of Y where the Dirac operator takes the 
product form over U, 


Diu = G(ôu + Dy), 
where G is a unitary operator on Sp := S|y and Dy is a Dirac type operator 
over Y satisfying 
G?=-Id and DyG=-GDy. 
Recall that the eta function of D and the zeta function of D? are defined 
through the heat operator e-tP* by 
8-1 


1 Eo 2 
QD): — t= Tr(De^'P ) dt, 
nD) = xag; ff (De~'?") 


¢(s, D?) = nS | ” E71 [T (e?) — dim ker D] dt, 
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which are defined a priori for Rs >> 0 and extend to be meromorphic 
functions on C that are regular at s — 0. The eta invariant and the reduced 
eta invariant of D are defined by 


n(D):=7(0,D), 5D): 50. D) + dim ker D), 


and the ¢-determinant of D?, det; D? is defined as in (2) using ¢(s, D?). 

By restriction, D induces Dirac type operators D4 over M4. For these 
operators, we choose orthogonal projections P4 over L?(Y, Sp) that provide 
us with well-posed boundary conditions for D4 in the sense of Seeley [33]. 
Then the following operators 


D», : dom(Dp,) > L?(M4,S) (8) 
where 
dom(Dp,) :- {¢ € H'(M&,S) | Pally) = 0}, 


share many of the analytic properties of D; in particular, they are Fredholm 
and have discrete spectra, but are not necessarily self-adjoint. Amongst 
such projectors are the (orthogonalized) Calderón projectors C+ [8], [32] 
which are projectors defined intrinsically as the unique orthogonal projec- 
tors onto the closures in L?(Y, So) of the infinite-dimensional Cauchy data 
spaces of D4: 


H(Ds) := { f € C” (Y, So) | 3p € C®(M+, S) such that 
D¢=0 on M4 \Y and gly =f}. (9) 


To state our main theorem, we recall that the Calderón projectors C+ 


have the matrix forms 
_1/ld kī! 
asa e hn) (20) 


with respect to the decomposition 
L?(Y, So) = L(Y, S+) e L(Y, $7), 
where S* C So are the (+i)-eigenspaces of G. The maps 
k4 : L(Y, S*) = L?(Y, S7) (11) 
are isometries, so that 


SERE -1 
U := —&-KY 


Gluing formulae of spectral invariants and Cauchy data spaces 33 


is a unitary operator over L?(Y,S~), which is moreover of Fredholm deter- 
minant class. The last property follows easily from the fact that the differ- 
ences of Cz and the Atiyah-Patodi-Singer spectral projections are smooth- 
ing operators; we refer to [31] for the details. We denote by U the restriction 
of U to the orthogonal complement of its (—1)-eigenspace. We also put 
hm 
L:— Sy @ vj (12) 
j=l 
where hy = dim ker D and v; = uj|y with the orthonormal basis {u;} of 
ker D. Then L is a positive operator on the finite-dimensional vector space 
(ker D)|y. We are now ready to introduce the main result of [17]. 


Theorem 4.1. [17] The following gluing formulae hold: 


det; D? 21d + Ü + Et 
detçD2_ -det;D$. 4 i 





= 9-6(0,D-)-hy (det Ly? det p ( 


: : £ 1 
A(D) = ADe) — fi(De,) = zg LogdeteU mod Z, 


where C(s, D?) is the C-function of D}, hy = dimker Dy, detp denotes 
the Fredholm determinant, and Log the principal value logarithm. 


We can replace the Calderón projector C, in the gluing formulae in 
Theorem 4.1 by other orthogonal projection in the smooth, self-adjoint 
Grassmannian Gr?. (D4), which consists of orthogonal projections P such 
that Ps — C+ are smoothing operators and 


GP, = (Id — P4)G 


Let Pı € Gr, (D..) and P2 € Gr, (D+). Then the eta invariant of Dp, 
and the ¢-regularized determinant of D2, are well defined by the results of 
Grubb [11] and Wojciechowski [35]. The orthogonal projections 7, and P2 
determine maps «Kı and «xz as in (10), and we define 


U,:— Kf. Us := Kok; Ui, :— —kık7z' over L?(Y, 87). 
As before, let us denote by Ü, the restriction of U; to the orthogonal com- 


plement of its (—1)-eigenspace. We define the operator Lı over the finite- 
dimensional vector space ran(C_) N ran(Id — P1) by 


Li = -P GRI! GP, (13) 


where R_ is the BFK operator for the double of (D_)? (see chapter 9 of 
[4] for the double construction), and Pj is the orthogonal projection onto 
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ran(C_) N ran(Id — P1). Then Lı is a positive operator [19]. We define 
Lə in a similar way. We can now state the general gluing formulae for the 
spectral invariants of Dirac type operators. 


Theorem 4.2. [17] The following general gluing formulae hold: 


denm = 9-6(0,Dy)-hy -2 2d +0 +0- 
a aa ^ EATR detr ( ; ) 
> 0; + 0-1 -1 
[fact L)? dete (FEHU y 
i=l 


È 1 
D) — (Dp) — (Dp) = s Log dete Ui? mod Z. 


Remark 4.1. As in Theorem 2.2, we can generalize Theorem 4.2 to non- 
compact manifolds with cylindrical end. We refer to [18] for this result and 
its proof. 


The gluing formula of the eta invariant in Theorem 4.2 (when P; are the 
generalized Atiyah-Patodi-Singer spectral projections) has the same form 
as (or its reduced form modulo Z of) the gluing formulae proved by Has- 
sell, Mazzeo, and Melrose [12], Wojciechowski [34], Bunke [6], Müller [23], 
Briining and Lesch [5], Kirk and Lesch [14], Park and Wojciechowski [27]. In 
this formula, the data given by the Calderén projector or the Cauchy data 
spaces are cancelled so these data do not appear in the gluing formula. This 
is the main reason that the important role of the Cauchy data spaces in the 
gluing formula of the eta invariant has not been noticed before the work of 
Kirk and Lesch [14]. But, in the gluing formula of the ¢-regularized deter- 
minant in Theorem 4.2, these terms appear via Ü with the additional terms 
Ü, when we impose boundary conditions given by orthogonal projections 
other than the Calderón projectors C+. Comparing the gluing formulae in 
Theorems 4.1 and 4.2, we can see that the Calderón projectors are the most 
natural projections for the gluing formulae of the spectral invariants since 
imposing the boundary conditions by these projections makes the formulae 
the simplest possible. 


5. The operator U and the Cauchy data spaces of a Dirac 
type operator 


In this section, we investigate the operator U, which appears both gluing 
formulae of the ¢-regularized determinant and the eta invariant in Theorem 
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4.1. The purpose of this section is to explain that the unitary operator U 
also describes the difference of the Cauchy data spaces H(D+) as R did the 
difference of H(Ax). 

As before, let us consider the operator D over the closed manifold M 
which is decomposed into M_, M4 by the hypersurface Y. (The following 
discussion holds for more general situations, but we just restrict our concern 
to the closed manifold M.) Now let us recall that H(D+) consists of the 
boundary values of the null-solutions of D4 over M (see the definition (9)) 
and the (orthogonalized) Calderón projectors C+ are the unique orthogonal 
projectors onto the closures of H(Di), H(Ds) in L?(Y, So). 

To explain the underlying meaning of U, let us explain how we could 
derive the definition of the operator U by modelling on the operator R. 

First, let us recall the expression of R in (7) with M4 and that M4 
determines H(A.) as its graph. So, our task is to find the operator whose 
graph is H(Ds). Noting that the Calderón projector C4 has the matrix 
form in (10), we can see that x+ determines (the closure in L?(Y, So) of) 
H(D+) as its graph. 

Now the question is how we define U using «4. We here observe that 
H(D..) is a Lagrangian subspace in L?(Y, So) with respect to the symplectic 
form (G , ). Hence, there is the unitary operator over L?(Y,S~) which 
transforms H(D,) to H(D_), that is, describes the difference of them. 
From this reasoning, we can see that the operator hk does this since 





(£, Kx) = (x, (kl) a) for (z,&4x) € H(D4). 


But, we actually need to find the unitary operator which transforms the 
Cauchy data space of D* to H(D_), where D} is the reflection of the Dirac 
type operator D. to the manifold M7, which is the left side manifold on the 
double of M... This is because M4(M-) is a right (left) side manifold and 
we have to compare the Cauchy data spaces over the left side manifolds 
to measure the true difference of the Cauchy data spaces. Recalling the 
double construction in chapter 9 of [4], we can see that the corresponding 
Calderón projector C1 on the left side manifold M? to C4 on M4 is given 
by 


_1f/ Id -&jl 
R-e-i( Id ) 


Therefore, the operator —&, determines the Cauchy data space M(D*) 
as its graph. In conclusion, we can see that U — —&.&jl is the correct 
operator measuring the true difference of the Cauchy data spaces. 
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The interesting point is that we can obtain the modulus and the phase 
data from U via the following equality: 





ct E 


where the principal logarithm of the first factor U, LogU describes the 
gluing formula of the eta invariant and the second modulus part describes 
the gluing formula of the ¢-regularized determinant in Theorem 4.1. In fact, 
this is not a simple coincidence but follows from the deep relation between 
the eta invariant of the Dirac operator and the (-regularized determinant 
of the Dirac Laplacian as the proof of Theorem 4.1 shows. We refer to [17] 
for the details of its proof. 
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The Atiyah-Singer index formula states that the analytic index of an elliptic 
pseudo-differential operator equals the topological index of the K-theoretic class of 
its asymptotic symbol. In the embedding proof of the index formula, it is shown 
that both indices obey certain axioms and which guarantee that they are the same. 
For the most part, the verification that the topological index obeys the axioms is 
fairly direct, once one has the relevant background in K-theory. However, the 
verification is not as straightforward for the analytic index. This is particularly 
true for the multiplication axiom which is used to show how the index bebaves 
under embedding. Complications arise when the normal bundle of the embedding 
is nontrivial. Our aim is to clarify the verification of the multiplication axiom for 
the analytic index by defining the participating elliptic pseudo-differential opera- 
tors in terms of global symbols invariantly defined on the cotangent bundles of the 
relevant base spaces. 
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1. Introduction 


A major part of the embedding proof, carried out by Atiyah and Singer [1], 
of the index formula amounts to verifying a multiplication axiom which al- 
lows one to show that both the topological and analytic index are preserved 
under the Thom isomorphism induced by the normal bundle of the tangent 
bundle of an embedding. As mentioned in the abstract, while the verifica- 
tion of this multiplication axiom is fairly clean for the topological index, it 
is not so easy for the analytic index, particularly when the normal bundle of 
the embedding is nontrivial. Our aim is to provide a framework for a proof 
of this result, which, when compared to existing approaches, we believe is 
somewhat more streamlined and globally expressed (i.e., free of local coordi- 
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nates). This method is based on defining pseudo-differential operators from 
sections of a vector bundle E — X to sections of a bundle F — X in terms 
of a globally defined symbol which is a section p € C? (Hom(v"* E, 1* F)) of 
the bundle of homomorphisms between the lifts 7* E and v" F to the cotan- 
gent bundle T* X, where 7: T* X — X. The definition of the operator, say 
Op(p) € C**(E, F), associated with p entails the introduction of a metric 
on X and connections on E and F. It could be argued that (without a 
considerable background in modern differential geometry) this is not easier 
than using local coordinates and framings, but there are advantages. This 
global approach to pseudo-differential operators is not new. It seems to have 
first appeared in the paper of Juliane Bokobza-Haggiag [2]. Many subse- 
quent developments and applications have appeared steadily since then, in 
the work of Harold Widom [3], Ezra Getzler [4], and Theodore Voronov 
[5], just to mention a few. The application of the global approach to the 
index theorem, has been mostly in the context of the heat equation proof, 
rather than in the embedding proof. Nevertheless, in preliminaries leading 
up to their treatment of the embedding proof in their enlightening book, 
H. Blaine Lawson and Marie-Louise Michelsohn [6, p. 188] point out the 
possible desirability of defining pseudo-differential operators with a global 
symbol. In essence, here we are exploring this possibility. We find that some 
of the difficulties are softened. In particular, the lifting a pseudo-differential 
operator to an invariant one in the proof of the twisted multiplication for- 
mula is made easier, since the global symbol can be lifted by means of a 
connection. Moreover the thorny problem of forming suitable products of 
individual pseudo-differential operators with identity operators over prod- 
uct manifolds (see [6, p. 250f], or [1, p. 514f]) is alleviated by performing 
operations on the globally-defined total product symbols. This will be made 
clearer below. One fundamental challenge inspired by this program is the 
task of constructing a global symbol whose associated pseudo-differential 
operator is exactly the operator that one may want, as opposed to an ap- 
proximate operator with essentially the same asymptotic principal symbol. 


2. Pseudo-differential operators and symbols 


We work within the C?? category unless stated otherwise. Let p be the 
injectivity radius of the compact manifold X with Riemannian metric g 
and Levi-Civita connection V; i.e., for all z € X, the exponential map 
exp, : T; X — X relative to g is injective on the disk of radius p about 
0, € T,X. Let me: E — X andar: F — X be complex hermitian vector 
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bundles equipped with hermitian connections V£ : C*(E)— C?*(TI*X& 
E) and VF : C*(F) + C*(T*X & F), where C**(E) denotes the space 
of (smooth) sections of rg : E > X. For z,y € X, with d(z,y) < p, let 
i, : E, — E, denote parallel translation relative to V along the unique 
geodesic from y to z with minimal length d(z,y). Let wv : [0, oo) — [0,1] 
be smooth, with y(r) = 1 for r € [0, 9/3] and v(r) = 0 for r € [2p/3, oo]. 
For 7: T*X — X and u € C? (E), let u^ € C??(x* E) be defined (where 
x = 1(£) and € € T* X) by 


u^(£) = f e 8) (lu]) rEexp, v [u(exp, v)] d'v € E, for £ c T? X. 
T,X 


where d'v = (27)™™/ du and dv is the volume element on T,X associated 
with gz. For z,y € X with d(x,y) < p, we have y = exp, v for a unique 
v € Tz X with |v| = d(x,y), and we may define a € C®(X x X, [0,1]) by 


ale, s) = [f = Hd for de) < 
eee O for d(x,y) > p. 


Note that we can think of the function (in C?*(T, X, Ez)) 


v e ole, v [u(exp, v)] = TEexp, v A(T, exp. v)u(exp, v)] (v € T-X) 


as a “pull-back” (of sorts), using TË and exp, : T; X — X, of the bump 
function a(z, -) times u(-) in a neighborhood of z, and u^|r. x is the Fourier 
transform of this ^pull-back" of a(x, -)u(-). The “inverse Fourier transform" 
(u^)" : TX > E of u^ is given by 


qu) (yim fF ESNE E = urs, v lules v) 


where d’/€é = (2x)-"/?d£. Since (u^)' (v) € Ez, (u^) is a section of 
the pull-back of E to TX via n : T*X — X. Moreover, we can re- 
cover u locally about z from ups x. In particular, for v = 0, € T,X, 
we have (u^) ' (0c) = u(x). Form : T*X — X and a section p € 
C*? (Hom(r* E, «* F)) , (of Hom(z* E, ** F) — T* X) we define an operator 
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Op(p) : C* (E) 2 C™(F) via 


Opp). = f SOME (UNO) ale 


z 


= f p(£) (u^(£)) d'é 
T*X 


v=0 z 


=f © ( [evo Be.» (uexp, s) dv) d 
TX T,X 





=f PEO (* Ur Earp,» [ulexp,v)]) dude 
T,X xT xX 


«f e7€p(&) (Exp, lors exp, v)u(exp, »)] ) d’vd’é. (1) 
T,XxT:X 


Recall roughly that quantization in quantum mechanics attempts to con- 
vert functions of position and momentum (i.e., functions on T7 X) into 
operators. One may think of Op(p) as a quantization of p, but Op(p) 
depends on many choices (e.g., the choice of metric, connections, and 
œa: X x X  [0,1). Apart from these choices, there are other choices 
one can make, as is discussed in [5]. For example, if s € [0, 1], let 


I ur LX DUE 


exp, SU 


denote parallel translation (with respect to the Levi-Civita connection) for 
T* X along the geodesic t + exp, tv in the reverse direction from exp, sv 
to x. In [5] (but with notation that differs from ours), an operator Op(p; s) 
(depending on s) is associated to p via 


Op(ri s). = f d'vd't es) 


T,X xT X 
F E 
a(z, €xps UO) Te exp, svP(Tz,exp, sv (6)) Texp, SU, exp, vu (exp, v) d 


When s — 0, we get 
Op(p; 0)(u); = | d'ud'é e "P a(x, exp, v)p(£)TZ exp, v (U (exp, v) 
T,X XTX PT 


which is precisely our Op(p). In cases of interest, the operators Op(p; s) for 
different s differ by "lower order" operators which do not affect the index 
(if defined). Hence, for simplicity, we only use s = 0. As stated in [5] the 
choice of s is related to the choice of operator ordering of monomials in 
position and momentum variables under quantization. 

The connections VË and V pull back via x : T*X — X to connections 
on the bundles ** E —^ T*X and n*F — T*X, which we continue to 
denote by V and V. The Levi-Civita connection for (X, g) determines 
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a subbundle H of T(T* X) consisting of horizontal subspaces of T(T*X), 
which is complementary to the subbundle V of T'(T* X) consisting of vectors 
which are tangent to the fibers of T* X — X. There is a natural Riemannian 
metric, say g*, on T^ X such that V and H are orthogonal and g* equals 
g on V and «*g on H. Using VP and Vf, along with the Levi-Civita 
connection for g*, say V*, we may construct a covariant derivative 
Vice (Hom(z* E,«* F)) > C” (T* (T* X) 8 Hom(z" E, a*F)). 
Since V* extends to @*T* (T* X), we may “iterate” V to obtain 
Vue (Hom(z* E, «* F)) 2 C? (o'r? (T* X) 8 Hom(n*E,n*F)). 


Definition 1. We say that p € C^? (Hom(z* E,1* F) is a symbol of or- 
der m € R if for any Hi,..., Hr € C*(H) with |Hi],...,|Hr| € 1 and 
Vi,...,V; € C™(V), there are constants Cy; (depending only on J, J and 
p), such that 


» J red 
(Wp) Qn... Hi Vs V)| S Crs ( P I) 
Moreover, we require that the m-th order asymptotic symbol of p, namely 


cs (p) (€) = Jim PES? (for € #0) (2) 


exist, where the convergence is uniform on S(T*X). Then we call Op(p) a 
pseudo-differential operator of order m. We denote the set of symbols 
of order m by Symb, (E, F). 


Clearly, for m’ > m, 
Symb, (E, F) > Symb, (E, F) 2 Symb. (B, F) := gee Symb,, (E, F). 


For p € Symb, (E, F), we then have the operator, say Op(p) : C?*(E) —^ 
C??(F), given by (1), which extends to a bounded operator Op,(p) : 
L?(E) — L2 ,,(F), where for any s € R, L2(E) is the s-th Sobolev space 
of sections of E, namely the completion of C® (E) with respect to the norm 
lld, defined by 


lut f. (+e?) OP a 


Recall that for k € Zt, and s > n/2 +k, there is a compact inclusion 
L?(E) C C*(E). For each s, the linear map 


Op, : Symb, (E, F) ^ B(L;(E), L5. (F)) 


46 David Bleecker 


into the Banach space B(L2(E), L2. (F)) of bounded linear transforma- 
tions is continuous (see [6, p. 177f]). Moreover, for o € Symb (E, F), 
Op,(v) is a compact operator for any s € R, and Op,(y) (L(E)) c 
C™(F); i.e., Op,(v) is a smoothing operator. 


Definition 2. We say that p € Symb,,(E, F), and the corresponding 
operator Op(p), are elliptic if for some constant c > 0, p(£) ^! exists for 
|£| > c, and for some constant K > 0 


Ip(£) ! | < K (1-- £D)" for all £ € T*X with |£| » c. 
We set Ell, (E, F) :— (p € Symb,, (E, F) : p is elliptic} . 


For p € Ell, (E, F), there are q € Symb. ,,(E, F), og € Symb. (E, E) 
and yr € Symb. ,,(F, F), such that 
Op... (4) ? Op.(p) = Idz2(z) + Op, (pE) and 
Op, (p) 9 Op, 4. (q) = Ildz2_ (p) + OPs-m(PF). 


Since Op (pz) and Op, ,,(er) are compact operators, it follows that 
Op, (p) is Fredholm, and hence we may define 


index(Op,(p)) := dim ker(Op,(p)) — dim coker(Op,(p)). 
Note also that if Op,(p)u € C*?(F), then 


u = OPs_m(q) (Op, (p)u) - Op,(ez)u € C™(E). 
Thus, dim ker (Op,(p)) < oo, ker(Op,(p)) C C?*(E), and ker (Op,(p)) is 
independent of s. As a consequence, 


index(Op,(p)) = dim ker(Op(p)) — dim coker(Op(p)) 


is independent of s. 


3. Definition of the analytic index 


Before proceeding with the definition of the analytic index of an element of 
K (T* X), we consider the more familiar case of the (analytic) index of an 
elliptic, linear differential operator D : C?? (E) — C(F) of given order m. 
Associated with D is its principal symbol e;,(D) € C” (Hom(z* E, n* F)) 
which is defined as follows. If in local coordinates (z!,...,z") about a 
point r € X, 
m n IE oF 

D-» a b PN VI Aga. UON UBI 
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where Aj,...;, (£) € Hom (Ez, Fz), then for £, = £idzl 4------&,da" € T? X, 
es (DY O = Y Anas (BIE Si 


One can check that om(D) is independent of the choice of local coordinates, 
although this would not be the case if lower-order terms were included. If 
Om(D) is invertible outside of the zero section of T*M, then D is said 
to be elliptic, which we assume. If lower order terms were included and 
if we denoted this coordinate-dependent, locally-defined "full symbol" by 
Ploc(D) (£), then o4, (D) (£) at £ € TX would be given by 
Jm Pe (t£) 

in comparison with (2). However, it is not clear that D is precisely Op(p) 
for some globally defined p € Symb, (E, F). In the language of physicists, 
it is not clear that D can be precisely dequantized. If such p exists, it would 
clearly depend on choices of a Riemannian metric on M, connections for E 
and F and on the function o: X x X — [0, 1] supported near the diagonal. 
However, in [2] and [3], it is shown that given such choices, p can be found 
so that Op(p) and D differ by an operator which is infinitely smoothing 
(and hence compact); i.e., 


D — Op(p) = Op(a) for o € Symb. (E, F). 


By methods that are standard by now, it follows that D has Fredholm 
Sobolev extensions D, : L?(E) — L?_,,(F) for all s, with a common index, 
which is sometimes called the analytic index of D; it is just the usual 
operator-theoretic index. It is simply denoted by index(D) and if D* : 
C?*(F) + C**(E) is the formal L?-adjoint of D, then 


dim ker(D) — dim ker(D*) = index(D) 
= index(Op(p) + Op(e)) = index(Op(p)). 


Thus, readers (including the author) who are bothered by the fact that 
differential operators may not be precisely dequantized, may take some 
solace in the fact that elliptic differential operators may be approximated 
by a pseudo-differential operator of the form Op(p), modulo smoothing 
operators which preserve the index. 

The analytic index of A € K(T*X) is defined as follows. Recall that 
A can be regarded as an equivalence class of bundle maps Vo 5 V4 for 
complex vector bundles Vo and Vi over T* X. Moreover, it is required that 


the support supp(o) :— fe € T*X | o(£) ¢ Iso((Vo); ; (9) be à compact 
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subset of T* X. Using the compactness of X and the fact that the zero 
section of T* X is clearly retract of the unit ball bundle B(T*X), it is 
not difficult to show (e.g., see [1], [6] and [7]) that we can represent any 
A € K(T* X) by some p € Ell, (E, F) for some complex vector bundles E 
and F over X, where p(£) is an isomorphism for || > c > 0 and m € R 
can be chosen arbitrarily. The analytic index of A € K(T* X) is defined by 
index,(A) := index(Op(p)). Of course one needs to check that index(Op(p)) 
is independent of the choice of m and p € Ell (E, F) representing A. It 
can be shown that po € Ello(Eo, Fo) and pı € Ello(£1, F1) both represent 
A precisely when there are vector bundles E and F over X x I , and for 
mwxId:(T*X)xI —^ XxI,abundle map P : (1 xId)* E — (r x Id)* F such 
that Pr+x)x (t) € Ell(E|x x (4, Fx «(). and (for k = 0,1) isomorphisms 
1j; and qx, such that we have a commutative diagram of bundle maps 


TA Pier» xyx 2n 
(v x Id)* E|cr- xx {4} SOY (e x I3)* Flere x) x (k) 
lk lk 
mE, @C™ da Fe @C™, 


where C™ denotes a bundle over T*X of dimension n; (see [6, p. 247]). 
Using the invariance of the index under continuous deformation, we have 


index (Op (Pler+x)x{o})) = index (Op (Pler+x)x1})) ; 
Then using other standard properties of the index, we obtain 


) = index (Op (po 6 Ing)) 
(Op (po o (po & Ino) o tio -)) 
= index (Op (Pl r-x)x{o})) = index (Op (Plar-0«4))) 
= index (Op (¢1 o (pı ® In,) o m 1) = index (Op (pı ® In, )) 
= index (Op (p1)) . 


index (Op (po) 
— index 


For q (£) :- (14 jéj?) 2 Idg € Ell, (E, E), we have M,-« : Ellm (E, F) > 
Ello(.E, F) given by 


M,-«(p) —-poq' " € Ello (E, F) for p € Ell; (E, F). 
Moreover, since the operator Op(q~™) is invertible, 
index (p o q~™) = index (p) , 


showing that the definition of index, (A) is independent of the choice of m. 
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4. The formulation of the multiplicative property 


In the embedding proof of the Atiyah-Singer Index Theorem, the multi- 
plicative property is used to reduce the index formula for an elliptic pseudo- 
differential operator over a topologically complicated compact manifold X 
to the case of a related pseudo-differential operator over an ordinary sphere 
in which X can be embedded. For operators over spheres, the index for- 
mula can then either be checked explicitly or further reduced (by means of 
Bott periodicity) to the case of an operator over S? or St. At the end of 
this section, we will explain more precisely how the multiplicative property 
fits into the general scheme of the embedding proof. 

Consider an embedding f : X — Y ofthe compact manifold X into some 
manifold Y (say R” or S”). From an elliptic pseudo-differential operator 
on X, we will construct an appropriate elliptic pseudo-differential operator, 
with the same index, on a suitably compactified tubular neighborhood, say 
S, of f( X) in Y. In other words, from a symbol 


a € Ell, (E, F) C C*?(T* X, Hom(rX E, X F)), where rx : T'X ^ X 


with associated operator Op(a) : C??(E) — C?* (F), one needs to construct 
suitable complex vector bundles E — S and F — S and a symbol 


c € Ell, (E, F) c C” (T*S, Hom(x5 E, «5 F), (3) 


with associated operator Op(c) : C®(E) > C**(F); here zs : T*S — S. 
The essential ingredient which is needed to produce c is an equivariant K- 
theory element b € Ko(4,,(T* S"), where m = n’ — n and S™ is the unit 
m-sphere. The choice of b € Koim)(I*S™) which yields indexOp(c) = 
index Op(a) is essentially the famous generating Bott element, but b will 
be arbitrary here. We begin with a short review of relevant equivariant K- 
theory for those who desire it. The work of Graeme Segal [8] is an excellent, 
authoritative exposition of the foundations of equivariant K-theory. 

Let G be a group which acts to the left on X, viaa L: Gx X — X. We 
write g- z = L,(x) = L(g,x). Let * : E — X be a complex vector bundle 
over X and suppose that there is a left action of G on E such that 1(g-e) = 
g-1(e) and e + g-e is linear on each fiber E;. Then x : E — X is called a G- 
vector bundle. As an example, if X is a manifold and G acts on X smoothly, 
then the action on Tc X :— C & TX given by v ++ d(L,)(v) for v € TeX 
makes Tc. X — X a G-vector bundle. More generally, AF(Tc. X) — X isa G- 
vector bundle. A morphism from G-vector bundle 7, : E41 — X to G-vector 
bundle 72 : E2 — X is a vector bundle morphism (linear on fibers) e : Ey > 
E, such that (g - e) = g - q(e). An isomorphism of G-vector bundles is a 
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morphism which is bijective. The direct sum of G-vector bundles is clearly a 
G-vector bundle and this operation induces an abelian semi-group structure 
on the set of isomorphism classes of G-vector bundles. We can then form 
the associated abelian group Kg(X) via the Grothendieck construction. 
Moreover, the tensor product of G-vector bundles yields a G-vector bundle, 
and this induces a ring structure on KG(X). For a homogeneous space 
G/H where H is a closed subgroup of G, there is a ring isomorphism 
Ko(G/H) = R(H) := the representation ring of H. Recall that R(H) is 
the Grothendieck ring obtained from the abelian semi-group of equivalence 
classes of representations of H with addition induced by the direct sum. 
Tensor product of representations induces a multiplication on R(H) making 
it a ring. More concisely, R(H) = Ky({point}). As with ordinary K- 
theory, an element of KG(X) can also be described as equivalence classes 
of G-equivariant morphisms E — F of G-bundles which are isomorphisms 
outside of a compact support (i.e., morphisms with compact support). 

We proceed with the construction of c € Ell, (E, F) in (3). Let mp: 
P — X be the principal O(m)-bundle of orthonormal frames of the normal 
bundle N — X for the embedding f : X — Y, where dim X — n and 
dim Y = n’. We regard a frame p € P, as a linear isometry p : R™ — Ny, 
where m = n! — n and N, is the fiber of the normal bundle at x € X. In 
terms of associated bundles, we have 


N = P xom) R” = (P x R") / O(m), 


where O(m) acts on P x R™ via (p, v): A :— (po A, A^1v). Note that O(m) 
also acts on R™+! = R” x R via A- (v,a) = (A(v), a), and the m-sphere 
S" C R"'*! is invariant under this action with two fixed points, the poles 
(0, 1) € S™. Let 


S:=P XO(m) S™ and let Q :PxS" +P XO(m) Ss = (P x S7") / O(m) 


be the quotient map. We may regard cs : S — X as the m-sphere bundle 
over X obtained by compactification of the normal bundle N via adjoining 
the section at infinity. Choose a so(m)-valued connection 1-form w on P; 
there is actually a natural w induced by f : X — Y and a given Riemannian 
metric on Y. Then we have an O(m)-invariant distribution H of horizontal 
subspaces (i.e., Hp = Kerw,) on P and hence on P x S™. By the O(m)- 
invariance of H, Q.(H) is a well defined distribution on S. Moreover, since 
"15.Q«(H,5) = 1p.(H5) = Trp) X, Q.(H) is complementary to the vertical 
distribution Vs of tangent spaces of the fibers of m5 : S — X. We denote 
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Q.(H) by Hs. Thus, we have a splitting 
TS = Vs 6 Hs = Vs 6 Q.(H). (4) 
We also have T*S = ys © Hz, where 
Hz := (a € T*S : o(Vs) = 0} and 
Vg := (Be T'S:B(Hs) 20) & P xovm) T^ S7. 
In view of the splitting (4), there are identifications Vi m Vi := (Va) 
and Ht & H$ := (Hs)'. Note that O(m) acts on the sphere S™, 
and hence on T*S™ via pull-back of covectors. Thus, we may con- 
sider Ko(,(1*5"). The projection P x T*S™ — T*S™ induces a map 
Kom) (T*S) 5 Kom) (P x T*S"). Moreover, there is the general fact 
that if G acts freely on X, then the projection Q : X — X/G induces an 
isomorphism Q* : K(X/G) € Ke¢(X) (see [8, p. 133]). Thus, we have 
(Q) 
Kom (T*S™) > Kom (P x T*S") = K(P Xom) T*S") = K(V3). 
(5) 
We define 
K(T* X) 8 K(Vi) > K(T*S), (6) 
as follows. If E + T*X and F — V3 are complex vector bundles, then 
for a’ € T*X and f' € Vš, we have unique o € Hg and 8 € V3 such that 
a(v) = a’ ((rs), (v)) for v in TS, and Bly, = £8' and 8(Hs) = 0. Then 
Ey & Fg is the fiber of a bundle over T*S at the point a+ 8. Thus, we 
have K(T* X) & K(V3) —^ K(T*S) induced by [E] & [F] 5 [E & F]. Using 
the homomorphisms (5) and (6), we then have 
K(T* X) 8 Kom (T*S™) > K(T*X) 8 K(Vi) > K(T*S). (7) 
For any representation p : O(m) — GL(C?), we have the associated 
vector bundle P x, C? — X. Let R(O(m)) be the representation ring of 
O(m). The assignment p — P x, C? extends to a ring homomorphism 


R(O(m)) ^ K(X), 


which is to say that K(X) is a R(O(m))-module. Moreover, recall that 
K (T* X) is a K (X)-module via u-v = (x*u) v. Thus, ultimately K (T* X) 
is an R(O(m))-module. We are now in a position to state 


The Multiplicative Property. For v € Ko(4(1* 5") and u € K(T* X), 
we have u -v € K(T*S), via (7). Moreover, 


index, (u - v) = index, ((indexo(m) v) - u), 
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where (indexgim)v) u € K(T*X) makes sense since indexo(m) v € 
R(O(m)), and as we have just noted, K(T* X) is an R(O(m))-module. In 
particular, if indexo(4,; v = 1 € R(O(m)), then index, (u- v) = index, u. 


So far, we have not indicated how the multiplicative property fits into 
the embedding proof of the index formula, namely index,(u) = indexi(u), 
where u € K(T* X), nor have we defined the topological index index;(u). 
Since we suspect that most readers would like to see this, we close this 
subsection with a necessarily sketchy outline of the argument. 

Let 7: V — X be a complex vector bundle, where X is compact. Let 
A! (V) be the i-th exterior bundle of V over X. The pull-backs 7*A‘ (V) 
are then bundles over V, say 7? : 1* A! (V) — V. At each v € V, we have 
a linear map o5 : (1*A* (V)), — (1*A**! (V)),, given by af (w) = v ^w. 
Since aft? o af = 0, we have a complex over V, namely 


0 — a*A9 (V) S a* A1 (V) $5... 955 A" (V) 5 0, 


where n is the fiber dimension of V. If v # 0, we have Im (o2) = Ker (aft), 
so that the complex is exact over V minus the zero section. Thus, the 
complex defines an element Ay € K(V). The standard Thom Isomorphism 
Theorem states that 


p: K(X) — K(V), given by yọ (a) = (t*a) Ay, 


is an isomorphism. To indicate the dependence of y on 7 : V — X, we use 
the notation yy..x : K(X) — K(V). A special case of this isomorphism 
arises as follows. Let X and Y be manifolds and f : X — Y a smooth, 
proper embedding. We have f, : TX — TY. While the normal bundle N 
of X in Y does not have a complex structure, the normal bundle N of TX 
in TY does. Thus, we have 


eg srx: K(TX) 5 K(N). 


Note that N can be embedded into TY as an open subset, and this em- 
bedding induces a homomorphism h : K(N) — K(TY). The composition 
hog ,px gives us a homomorphism 


fim hove ny: K(TX) > K(TY). 


In the case where Y = R"+™, we have TY = R2("*7), Ifi: (0) + Rr* 
is the inclusion of the origin, then i, : K(T {0}) S K (R?("*7?), and plainly 
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K(T {0}) = Z, since T {0} is just a point. By definition, the composition 
act o fi is the topological index, namely 


index, : K(TX) Ê K(RXn*) & Z. 


> 
m 


Of course, some work is needed to show that this is well defined (e.g., 
independent of the choice of f). To prove the index formula, one needs to 
show that indexa (u) = indexa (fiu). Then 


indexa (u) = indexa ( fiu) = index, ( (ài; t) (fiu)) = index, (à (ir! fiu)) 
= index, (i; ! fiu) = i|! fiu = index; (u). 

Since fj = ho eg _ ry is a composition of two maps, the proof that 
index, (u) = index;(fiu) has two parts, namely 

1. index, (eg ,5x (u)) = index, (u) and 

2. index, (eg ry (u)) = index, (^ (eg py (u))) . 
Part 2 follows from the Excision Property and its proof is easier than part 1 
(e.g., see [6, p. 248 and p. 254]). Part 1 is a consequence of the multiplicative 
property. Indeed, for TR :N>TX, 

Qs Tx (4) = (15 u)Ag = u- il, 
where the last equality follows (in part) from the fact that the associated 
bundle P Xom) T*S™ = Vj is isomorphic to N with one of its two sum- 
mands compactified; note that N = a*N OQ «*N where m : TX > X. 
By various means (none very easy) it is known that indeXo(m) il = 1 € 
R(O(m)); see [1, Proposition (4.4), p. 505] or incompletely in [6, p. 253]. 
Thus, 
index, (eg. ry (u)) = index, (rhu) x) = index, (u - i1) 


= index, ((indexo(m) 411) - u) = index, (u). 


5. Proving the multiplicative property 


Let u = [a] € K(T*X) and v = [b] € Kom) (T*S™) for first-order elliptic 
symbols a € Ell; (E, F) and b € Ello(my1(Z’, F") which means the following. 
For g € O(m), let L, : S™ — S™ be given by L,x = gx. The differential 
Los : TzS™ — Tj," induces Ly : T7," — T7" given by Ly (gz )(Yz) = 
gx (Lg«(Yz)) for Yy € TS". Then b € Ello(,;1(E', F’) means that, for 
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m : T*S" — S". g € O(m), e' € E; and € € T25"', we require that 
b c C” (T* S", Hom (x* E’, n* F")) satisfy 


pr (9) (b(Lgéox) (€)) = b (Egz) (PE (9) (€) € Fons 


where pg; and pp are the given actions of O(m) on E’ and F’. Note that 
pe (g)e € Els, and L?f£g, € T3S™, since (Liége) (Yz) = Egs (Lg. Y;). 
Associated with a and b, there are pseudo-differential operators Op(a) : 
C*9 (E) — C**(F) on X, and Op(b) : C°(E’) ^ C*?* (F^) on S™. We show 
that the assumption that b € Ello(,,: (E, F”) together with appropriate 
choice of connections for E" and F” implies that Op(b) is O(m)-invariant, 
in the sense that 


Op(b) (pg (9)0) = pr (g) Op(b) ($), for all ġ € C^*(E"). (8) 
For this, we assume that V2 and VF” are compatible with the O(m)- 
actions in the sense that for any curve y : [c,d] > S™, and parallel trans- 
lations m : Eve) — E^) and D DEG Fay we have 
pe(g) o TP — v. o pp(g) and pe(g) or? = rf, , o pr (9): 


i.e., there are commutative diagrams 


E 7 Eka Fo cuc F 
| ee (9) l pe(g) and | pr (9) lor (9) 
/ Ya / 1 
Love) — 7 Eka Fra 7 Thu 
Then the invariance (8) of Op(b) is shown as follows 
Op(b) (og (g)(0)).. 


= | d'ud’ e?) y(qul)&(e) (Tep v lo (o) (X (exp. »)] ) 
T: XXT} X 
= js 2:2 eO) (Tv )b(£) (er (r£ Sigsckepos PUT t exp, v)] ) 
z t d'ud't e^? J(bpl)pr (DALE) (7E. exp,» (697 exp, v) 
T,XxT:X 
= PF’ of. xe e y (lvb(Lz6) (7£- gt eo [ó(g^ exp, v) ) 
= pr (9) f d' (Lg-1,v) d (LYE) e 580,7. 
(7,-1,X)x (Tr, X) 


v(|L, 140 |)6(L36) (7E g-iz,eXp,—1, L,-1,v [é(exp,-14 L,-140)] ) 
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= pp.(g) js dade ex EO uM) [e 9-1z,exp,-1, Č [G(exp,-1, 8) 


-1 aX) x (Te -1% 
= pr (9) (0p (9),..,). 


Recall that mp : P > X is a principal O(m)-bundle over X, the bundle 
of orthonormal frames of the normal bundle for the embedding f : X — Y. 
There is a natural connection, say w, on P which is inherited from the 
Levi-Civita connection on the orthonormal frame bundle for Y. We have 
a € Ell, (E, F) c C*(T* X, Hom (x* E, 1*F)). For zr-p : T*P — X, we 
wish to obtain a lift of a, namely 


à € C*(T* P, Hom (17. p E, m. pF)), 
which is O(m)-invariant in the sense that @ (R56,) = ŭ (ép). Note that w 


gives us a splitting T,P = Hp 6 V, and a corresponding splitting T; P = 
H} ® Ká where 

Hy := (£€ T} P : (Vp) = 0} and V; := (£ € T*P : £(H,) = 0) 
We have a pull-back 75 : T*X — T*P and note that 156, € f: for 
£, € TX and x = mp(p) Indeed, rh : TZX & Hr. Any & € T*P 


decomposes uniquely as p :— Np + mp6. for some np € Ve and some 
Es € T? X. We simply define 


& (Ep) = a (Es) = a (r5 ng, (Ep). 
Actually, for £p € HT, @ (£5) is well-defined without the use of the connec- 
tion, since 
ép € H; => & = Thér for a unique & > ŭ (£y) = a (£z). 
Note that à is O(m)-invariant, since the decomposition T7 P = fs ® V: is 
invariant, i.e., 
R (TP) = Rl) @ RVs) = Hz. o Vas 

by the R,,-invariance of Hp and tp. 

By means of the projection 71 : T*(P x S™) — X, we may pull back 
E — X and F — X to bundles xf E 2 T*(PxS™) and at F — T*(PxS™). 


Similarly, we simply write 75 E' and 73 F"' for the pull-backs of E’ — S™ 
and F” + S™ to T*(P x S") via T*(P x S") — S". Let 1;: g denote the 
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identity automorphism of 75 E" and let the trivial extension of à on T*P to 
a function on T*(P x S™) be denoted by à as well. We then obtain 


XO Inger € C*(T'(P x S”), Hom (nt E & m3 E', n} F @ 3E"). 


This is but one of the four blocks in the matrix which will yield a represen- 
tative of [a] - [b] € K(T*S); see (9) below. However, there are difficulties 
with the required uniform convergence near E = 0 on the sphere bundle 
lė? + In|? = 1 in the limit defining the asymptotic symbol (see (2)) 


nO Lege) (Gn) = Jim, EO eie C6 tm 


t-oo t 


NE alt) S laze — J alali) S lre’, EŁ0 
CH t o C à) 
100 i limi oo lre E= 0,0 £0, 


_ eae @lnse,€ #0 
O@lise =9, € —0,n #0. 


This can be remedied by multiplying (@@ 1x35) (6,7) by v (lê, lnl), 
where the C™ function Yr, : (0, 00)? — [0, 1] is chosen so that 


. 1 
Qro(r cos0,r sin8) = en for r > 2rg 





where the C?? function h : (0,00) — (0, 1] is chosen so that 


1fors<1 
JOLIE PPM 


Then 


Pro (Il, Il) (8 1; &) (6, n) 


B (@ Inze) (6.0), for 4/ £l? + Inl? < ro or a Sro 
h(E) (à & Leger) (6 n), for 16^ + In|” > 2ro. 


Note that the two formulas agree on the overlap region 


te n): d < ro and viel? + In|? > aro}, 
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since h(a molé L) = 1 for H < ro. Then 


tel 


ei (grs ð e» lis : E! )(6, n) = t 











O Pro(ltél, lina A aa tnl Y E) 

x Im t g Im ) (4 cab t Inge 
s |n  a(t&) Ini E 

= tans (Shay) See tse = (gq) POO @ tee 


The factor h (1h) ensures uniform convergence on the sphere bundle 


IE? + |n? = 1 as t — oo. However, e4,à & 1:2 is not an isomorphism 
for le + |nf? sufficiently large because q;, (0, in|) = 0 if |n| > 2ro. Thus, 
Pro@ Q la; is not an elliptic symbol even if restricted to the subbundle 
H* e T*S" c T"(P x S"). This will be remedied when we consider the 
full symbol €,,(€,7) in (9), which is elliptic on H* @T*S™. Due to the 
O(m)-equivariance of 
Prod @ 15; p € C (T*(P x S™), Hom(r] E & 5 E', m1 F & 15 E!)), 

we can push 9,4 Q lrg down to some ($7.4 & 15; g) 


Q in 


C™(T*S, Hom((g*) * (nf E 8 3E") (a) - (nf F @ T3E'))), 
where q* denotes the the precursor of 


Q* E K(P XO(m) T*S") = Kolm) (P x T*S") 


on the level of representative vector bundles. However, rather than consider 
Op (Prod @ lnge")g)s it is easier to work with Op (Proa ® larg!) acting 
on the equivariant sections of TIE & 15 E/ — P x S™ which correspond to 
the sections of (q*) ! (r1 E & 2E") — S. One adjustment that must be 
made when working over P x S™ is that when defining Op (Proã & 15; p) 
(or ultimately Op(€,, (€, n))) via a double integral as in (1), the integration 
is restricted to the product 


(Hp 6 TS") x (Hz @T7S™), 


as opposed to integrating over all of Tip, p (P x S™) x Te, p (P x 5"), where 


Th, y(PxS")-sT;PeT;S"-V,elH,oT,s". 
Note that Q,(H, & T;S™) = To(,5,S, and KerQ, consists of tangent 


vectors to orbits of the O(m)-action on P x S”. Also, 


Ker Qup,s) 6 Hp 6 T$" = Tt, (P x 8"), 


58 David Bleecker 


but generally Ker Q,(, ; Z Ys 
Repeating the analogous construction (that we did for a € Ell, (E, F)) 
in the case of the (pointwise) adjoint 


a* € Ell; (F, E) c C?(T* X, Hom (a*F, 2* E), 
we obtain 
Qr, Q* Q 155p € C (T*(P x S"), Hom(nj F & 15; F’, Ti E & m5 F"’)). 
In a straightforward way, we also obtain lifts of 
b € Elloosi (E, F^) c C” (T*S", Homo(4)(E', F') and 
b* € Ellomi (F', E") c C® (T*S™, Homo(m)(F’, E^)). 
to T*(P x S™) and form 
ProlarE @bec® (T*(P x S"), Hom(r} E @ 15 E', «1E @ 15 F")) and 
Yrolayr 8 b* € C(T*(P x S"), Hom(r]F @ 13 F", wi F @ TRE’). 
We now define (note the switch from (|€|,|7|) to (|n| ,|£])) 

(pralnie DÈ) (6,9) := ev Inl s IE Lege ® O(n) # Pro (El Ie e ® O(n), 
since there is now a non-uniformity of convergence of the asymptotic symbol 
for small |n|, as opposed to small |£|. For (£, n) € H*@T*S™ c T*(PxS™) 
and for ro > 0, we define 

er (lel. MES Leger — vero In| E)n e a E 

Prolin Elme & b — ers 8]. Im)a* & lng rr 


Note that ¢,,(€,7) is homogeneous outside a ball bundle of fixed positive 
radius about the zero section of H* @ T*S™. Although we have noted 
above that the individual entries, such as ¢,,(|€|,|n|)@ & 15; e, are not 
isomorphisms for large |n| when € = 0 (or in other cases, for large |£| 
when 7 = 0), we will show that the entire transformation ¢,,(€,17) is an 
isomorphism for |£]? + |n|? large, as follows. Note that 


exl Ina @ Lage ers (nl. EN (1:5 >") 


-Pro llnl, IEN) (Inr 99) ex lel; MEO uie 


and (čr (£, n))* &(£, n) is block diagonal with entries 
es, (£L, ID? (ETB Leger) "ess llnl, IEN? (Inge m 5) and 


Prolin, IEN? (Lage e BB") + ro (IEL, m)? (E @ lager). — Q0) 


Cro (£n) := | 


(& (5,9) := 


Behavior of the analytic index under nontrivial embedding 59 


Note that for ro sufficiently large, y,,(|€|,|n|)? and Yr, (Inl, |El)? are not 
simultaneously 0, since ,,(|€| , |g])? = 0 only in a narrow cone-like wedge 
about the subspace € = 0, truncated by removing a ball of radius ro, and 
Pralin], |£])? = 0 only in a similar region about the subspace 7 = 0. Thus, 
each of the entries in (10) are invertible (indeed, positive) operators on 
TIE @ 15 E' and ni F & n3F" respectively for |€| — In? sufficiently large, 
and then &(£,5) is also invertible for |£ |? + In? sufficiently large. Since 
Pro(lél Iml) = ere (lnl, IEI) = 1 for |El? + In|? < r8, we know that for |£^ + 
In? < rà, Čoln) = Z(E, n) which (by definition) is the transformation 
Gro (€,7) without the Yr, factors. Thus, for ro sufficiently large, the support 
of & is the same as that for 2, and the push down of ¢,, to a function on 
T*(P Xo(m) S™) is elliptic; i.e., 


(&)g € Elli ((*)! (mE E 8 3;E") © (n1F & v; F^), 
(d)! (2 F & THE’) 6 (1E @ RF’). 


To see that (C,.)gq represents [a] - [b] for a € Ell(Z,F) and b € 
Elloym)i(Z’; F’), one goes through the steps leading to the definition (7), 
bearing in mind that when K-theory elements are defined in terms of com- 
pactly supported length-one complexes, products formed from them (such 
as the one in (6)) are defined in terms of a length-one complex between 
sums of tensor products; see [1, p. 490 and p. 528]. Thus, 


index, ([a] - [b]) = index Op (Gg) ; 


Although we cannot go into the details here (however, see [1, p. 513f]), 
even though Cg is not elliptic, it is a limit of the elliptic symbols (¢,,)g as 
TQ — œ in a strong enough sense that Op, (Cg) (for any s € R) is Fredholm 
and 


index Op (¢g) = index Op, (69) = index Op ((&) o) = index, ([a] - (5]) . 


We compute index Op, (čo) as follows. Let 71 : P x S™ — X and m» : 
P x S" — S™ be the obvious projections. As we have observed, instead of 
directly computing the index of Op (CQ), we can instead compute the index 
of the equivalent operator 


Op (2) : Cá (LE Q 82 E") 6 (AUF @ 73F')) 
> Com (AF e TE’) @ (TIE @ 75F’)) 
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acting on equivariant (indicated by the subscript O(m)) sections defined on 
P x S", Using 
Op(2)&1sp -lerG&Op() 
Op(c) = | = 2 
laze @ Op(b  Op(a*)G las’ 
and 
Us Op (@*) ® lesz” laze & Op(b) 
Op(é") = z z 
—la;e Q Op(b) Op(@) @ laze 
we get that Op(c*) Op(¢) is block diagonal with entries 
Op (4*) Op (4) ® 1s; g + lag & Op(b*) Op(b) and 


Larr & Op(b) Op(b*) + Op@) Op(à*) & Lage. 





Thus, 
Ker Op(@) = Ker (Op(2*) Op(2)) 
= ((Ker ((Op(@*) Op(@)) & 1agz)) A Ke(1«; & (Op(*) Op(5)))) 
@ (Ker (Op(@) Op(@*) & 145) n Ker(1s; & Op(5) Op(b*))) 
= (Ker (Op(@) & Lager) n Ker(1x;2 & Op) 
& (Ker(Op(@*) ® 15; 5) n Ker(1a;r & Op(6"))) , 
and 
Ker Op(@*) = Ker (Op(2) Op(2*)) 
= (Ker (Op(@) Op(@") & 14; 5) N Ker(1ezr & Op) Op())) 
@ (Ker (Op(@*) Op(@) & Lag”) N Ker(1s; ® Op) Op(b*))) 
z (Ker (Op(&") & lager) n Ker(1a; p & Op(5))) 
o (Ker (Op(@) @ 14; p») n Ker(1s; p Q Op(i*))) 
Since Op(@) 9 lg;m commutes with lz;g & Op(b) we have that 
Op(@) ® Lez p preserves Ker (ire & Op), and 
Ker (Op(@) 8 lager) N Ker (155 & Op) 


= Ker (o e lesz”) ER d 


Behavior of the analytic index under nontrivial embedding 61 
Similarly, 
Ker (Op(@*) & laze”) N Ker (laze e Op) 


= Ker (cope) ® lh, reopti) ) ; 
TT 


Thus, 
Ker Op(@) = Ker ( (Op(@) 8 1a5z) m 
Tm 


@ Ker (copa) 8 lalis 2006) ) i 


and similarly 
Ker Op(c*) = Ker (cope) e 1540”) o1, rop) ) 
1. 


@ Ker ( (OPE) 9 1e; less. 20006) )- 
We note that 
Ker (inz 8 op()) - ce (ri (E) & Ker Op) and 
Ker (te; pe Op") = 0% (ni (F) @ Ker Op(b*)) 


Thus, (Op(@) 9 17:e) lker( is a differential operator on 


lere GOp(5)) 
CÓ(m) (ni (E) 8 Ker Op); i.e., on the O(m)-invariant sections of 
1 (E) & Ker Op(b), where Ker Op(b) is a finite-dimensional O(m)-module, 


and similarly for (Op(a*) & 1z; Fes 1,4 80p(*))' Since Op(@) is an 
mi 


O(m)-invariant lift of Op(a), we have an isomorphism of O(m)-modules, 


Ker (œ@ Q lage’) m = Ker (Op(a)) & Kero(m) Op(b), 
where the action is trivial on the Ker (Op(a)) factor. Similarly, 
Ker((Op(@") 8 lag F')lker(1,; p@0p(+))) = Ker (Op(a^)) & Kero(my Op(P^), 
Ker((Op(@") 8 15 E J kexi,, mpi) = Ker (Op(a")) & Kero(m) Op(b), 


Ker((Op(@) ® lazr”) IKer14; s&0p(-)) = Ker (Op(a)) 8 Kerocm) Op(O"). 
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Hence, as required, 


index Op(¢) = dim (Ker Op(c)) — dim(Ker Op(c*)) 


Ker (0 8 lap) etin) 


= dim 
® Ker (cope) 8 las r’)| 


Ker( 1,3 .@Op(6*)) ) 
Ker Qa 9 lige’), Ker(1,, p &Op(b)) ) 
® Ker ((ov@) e lax’) IKer(14; sop") 
— dim (Ker (Op(a)) 8 Kero(,) Op(b)) 
— dim(Ker (Op(a*)) & Kero(4, Op(b)) 
+ dim(Ker (Op(a*)) & Kero(m) Op(b")) 
— dim(Ker (Op(a)) & Keroym) Op(b*)) 
= index ([a] - (Kero(m) Op(b) — Kero(m) Op(b*))) 


= index ([a] - indexo(m) [b]) = index (u - indexo(4) v) . 


— dim 
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1. The Milnor number 


Denote by O = On4, the ring of germs of holomorphic functions f = 
f (2o, ..., zw) defined in a neighborhood of 0 € C"*!. We denote by m C O 
the maximal ideal of O, 


fem< f(0) =0. 


Let f € m. Assume 0 is an isolated critical point of f, i.e. 0 is an isolated 
point of the variety 


O4 f =0, Vi=0,...,N. 


We define the Jacobian ideal of f to be the ideal Jf C O generated by 02, f, 
4=0,...,N. From the analytical Nullstellensatz we deduce 


VJ; =m € 3k > 0: m* C Jy € dime O/ Js < oo. 


The dimc O/J,; number is called the Milnor number of f at 0 and it is 
denoted by u = u(f, 0). 
For every positive integer N we denote by jn(f) the N-th jet of f. It 
can be identified with a polynomial of degree N in n+ 1 complex variables. 
Two germs f, g € m are called right-equivalent and we write this f ~r g 
if g is obtained from f by a change in variables fixing the origin. The 
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next result due to Tougeron [27] can be viewed as a generalization of Morse 
lemma. 


Theorem 1.1. Let f € m have an isolated singularity at 0. Then 
f Dp jui (f ) 


Thus, when studying local properties of isolated critical points of a holo- 
morphic function we may asume it is a polynomial. 


Example 1.1. (a) Consider three integers p,q,r > 2 and consider the 
function 
f = foa (1 y. z) = az? + by? + cz". 


Then à = (p — 1)(q — 1)(r — 1). The singularity described by foon41 is 
called the A,, singularity. It has Milnor number n. 


(b) Consider the polynomial 
Da = Da(z,y, z) = zy - y? 4 2?. 


0 is an isolated critical point of D4 with Milnor number 4. 

Note that the D4-singularity is weighted homogeneous. We recall that 
a function f = f(z1,...,zw) is called weighted homogeneous if there exist 
nonnegative integers m1,-:- , my, m such that 


fma... LUN zn) = t" f(z, Jati zn), vt e C*. 


The rational numbers w; — m;/m are called the weights. The weights of 
the D4 singularity are w; = wz = i ws =. 


2. The Milnor fibration and its monodromy 


Let f € m have an isolated singularity at 0. Set u = u(f,0). For r,e > 0 
sufficiently small we can find a close ball B; C CN+! centered at 0 c CNH! 
so that 


f(B.) DD, = {u € C; |u| <r}. 
Set Z = Z(e,r) = Be O f -1(D,). The induced map 
f:Z\ f-*(0) — D, \ {0} 


is a locally trivial fibration called the Milnor fibration (see Looijenga [12, 
Sec. 2.B]). Its typical fiber Z;, called the Milnor fiber, is a smooth 2N- 
dimensional manifold with boundary. Its boundary is a (2N — 1)-manifold 
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called the link of the singularity and denoted by Lky. It is diffeomorphic 
to 0B. (f^ 1(0)). 

Its typical fiber Z; has the homotopy type of a wedge of u spheres 
of dimension N (see Milnor [15], Thm. 5.1) and thus the Milnor number 
completely determines the homotopy type of the Milnor fiber. Moreover, 
the restriction of the Milnor fibration to ôD, is isomorphic to the locally 
trivial fibration (see Milnor [15, 85]) 


S?N+1\ Lk; & OB, \ f-1(0) > ODp, z— ire (2.1) 
When N is even, the intersection pairing gy on Hy (Zp, R) is bilinear and 
symmetric and its isomorphism type is characterized by the integers uo, 
pu, H+ describing the number of zero (resp. negative, positive) eigenvalues 
of à symmetric matrix representing this intersection form. In particular we 
define the signature of the Milnor fiber 





T — T(f,0) = u+ — we. 


Using the long exact sequence of the pair (Zs,0Zs) = (Zs, Lky) and the 
Poincaré duality isomorphism Hy (Zy,,0Z;; R) « Hom( Hy(Z;,R), R) we 
deduce that 


Ho(f,0) = bv-1(Lky). 
The Milnor fibration defines a monodromy map 
My: ™(D*) > Autz(Hy(Z;,Z)), 


where H, denotes reduced homology. We identify M; with M,(1) € 
Autz(Hy(Z;, Z)), we denote by [M ;]z its Z-conjugacy class and by [My]c 
its C-conjugacy class. The Wang long exact sequence (see Hatcher [7, Ex. 
2.48]) of the fibration (2.1) together with the Alexander duality applied to 
the embedding Lk; — $S?N*! imply that 


Bo(f, 0) = bu i(Lky) — dim ker(1 — My). 


When N = 1 the link Lk; is a 3-manifold and we deduce that it is a rational 
homology 3-sphere iff uo = 0, iff 1 is not in the spectrum of M. 

The complex conjugacy class of M; is completely determined by the 
complex Jordan normal form of M ;. In particular, if My is semi-simple (i.e. 
diagonalizable) then the complex conjugacy class is completely determined 
by the characteristic polynomial det(t1l — My). This happens for example 
when f is weighted homogeneous. 
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The celebrated monodromy theorem Brieskorn [2], Clemens [3], Deligne 
[4], Landman [8] describes some constraints on the C-conjugacy class of the 
monodromy. 


Theorem 2.1. All the eigenvalues of My are roots of 1 and its Jordan 
cells have dimension < (N +1). 


Example 2.1. (a) Consider the germ f = f, : (C,0) > (C,0), fnr(z) = 2". 
Then the Milnor fiber f7! can be identified with the group Ran of n-th roots 
of 1, 


Rn = psc s p= ahs 


The Milnor number is (n — 1). This is equal to the rank of the reduced 
homology Ho(f; ! (1), Z) which can be identified with an additive subgroup 
of the group algebra ZÍRn] 


n-1 n—1 
Hof (),Z) S { Ya eZ]; Ya. = 0 \. 
k=0 k=0 


As basis in this group we can choose the “polynomials” 
ek = p" Spee k=1,...,n-1. 
Then 


envi ifk<n-1 


MONEY seas ne ay 


We deduce Mẹ, = 1, ie. all the eigenvalues of the monodromy are n-th 
roots of 1. 


(b) (Sebastiani-Thom, [26]) If f = f(x1,...,t%p) € Op and g = 
g(yi,..., yg) € Oq have isolated singularities at the origin, then so does 
f *9g € Op+q defined by 


f*9(x,y) = f(r1,..-, 2p) + 9V1- -3 Yq): 
Moreover 
Zfxg ~ Zp * Zyp := the join of the Milnor fibers Z; and Z; 
(*—" denotes homotopy equivalence) and 
u(f * 9,0) = n(f,0) - 4(9,0), [Mysgle = Myle 8 Mole. 


In particular 


Mirle = Mele 9 Mrle 9 (My, ]c. 
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3. The geometric genus of an isolated surface singularity 


Suppose (X,0) C (C™,0) is a germ of an isolated surface (ie. complex 
dimension 2) singularity. Assume X is Stein and set 


M = X1S8?2"-1(0). 


M is an oriented 3-manifold independent of the embedding and the choice 
of € < 1. We denote its diffeomorphism type by Lk(X,0). When (X,0) is 
a hypersurface singularity, i.e. m = 3, and X is defined as the zero set of 
a holomorphic function in three variables the link Lk(X,0) coincides with 
the previously introduced Lk. 

A resolution of (X,0) is a pair (X ,7) where X is a smooth complex 
surface, X ™ X is holomorphic and proper and X Va71(0 > X \0 is 
biholomorphic. The resolution is called good if the exceptional divisor E := 
7- (p) is a normal crossing divisor, i.e its irreducible components (E;)1<i<s 
are smooth curves intersecting transversally. We have the following result, 
Laufer [9]. 


Theorem 3.1. (a) Resolutions exist but are not unique. 

(b) There exists a unique minimal resolution X, i.e. a resolution contain- 
ing no (—1)-spheres. Any resolution is obtained from the minimal one by 
blowing-up/down (—1) spheres. 

(c) There exists a unique minimal good resolution which may have (—1)- 
spheres, but when blown down the exceptional divisor will no longer be a 
normal crossing divisor. 


If X is a resolution of X then X is Levi pseudoconvex and we deduce 
dim H!(X,0%) < oo. The integer dim H!(X,0 x) is independent of the 
resolution, and thus it is an analytic invariant of (X,0). It is called the 
geometric genus and is denoted by p; (X, 0). 

Suppose X is a good resolution of X. The exceptional divisor E = 
1-1(0) is a normal crossings divisor with components (F;)1<i<s. Each 
component E; is à smooth complex curve of genus g; and self intersection 
number e;. They form an integral basis of A = H2(X,Z) so that s = b2(X). 
Set 


Aye {So nE: EA; ni 2 0). 
i 
The topology of X is completely determined by the dual resolution graph. 


This is a decorated graph with one vertex for each component E;. The 
decoration of a vertex is the pair (gi, e;). Two different vertices Ej, E; are 
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connected by E; - E; edges. The manifold X is obtained by plumbing disk 
bundles of degree e; over E; using the adjacency relation described by the 
edges of the resolution graph. 


Theorem 3.2. The intersection form J on A is negative definite. 


Remark 3.1. The above result has a sort of converse. More precisely a 
result of H. Grauert (see Laufer [9, Thm. 4.8, 4.9]) states that if X is a 
smooth complex surface and E — X is a compact normal crossings divisor 
with components (£E;)1«;«s such that the matrix (E;- Ej)1«i,j«, is negative 
definite then there exists a complex surface X with only isolated singulari- 
ties and a proper holomorphic map 7 : X — X which is bi-holomorphic off 
E, i.e. X is a resolution of the singularities of X. 

For example, consider a holomorphic line bundle L over a compact Rie- 
mann surface © of genus g such that d = degL < 0. Then X can be 
viewed as a smooth divisor in the total space of L with negative self- 
intersection. According to Grauert’s Theorem mentioned above, this di- 
visor can be blown-down to obtain a (non-compact) surface X (X, L) with 
an isolated singularity. The total space of L is a good resolution of this sin- 
gularity with dual resolution graph consisting of a single vertex decorated 
by the pair (g, d) 


e (g,d). 
The geometric genus of this singularity is 
pa(X(2, L))) = 9; dim H (Z, 0(-nL)). (3.1) 
n20 


This formula shows that the geometric genus depends on the choice of 
complex structures on 2 and the line bundle L. 


We identify the dual lattice A* = Hom(A, Z) with H?(X,Z). The in- 
tersection pairing on A defines a map J : A — A* which is 1 — 1 since the 
intersection form is negative definite. In particular, we can identify A* with 
the lattice /71A* C Ag: AQQ. 

Denote by K = c,(X) € H?(X,Z) = A* the dual canonical class of the 
resolution. This element is uniquely determined by the adjunction formulae 


(K, Ej) =e, + 2 — 29i, Vi — 1,...,s = ba( X). 


In particular we can identify K with an element Z € Ag and thus we obtain 
& (negative) rational number Z?. We set 


a4(X,0) := Z? + s = Z? + bo(X). 
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The rational number y(X,0)) is independent of the choice of the resolution 
X. As we will see in the next section, y is in fact a topological invariant of 
the link of the singularity (X, 0). 

When (X,0) is a hypersurface singularity X = (f = 0), f € Os, then 
we set p5(f, 0) = pg(X,0). In this case the geometric genus of (X,0) can 
be expressed in terms of the previously introduced invariants u+, ug and 
T. More precisely we have the Laufer, [10] equality 


H = 12p9(f,0) +  — uo, (3.2) 
and the Durfee, [5] identity 


1 
T= -gQnu + 7 + 2po0). (3.3) 
We deduce 
1 
1 = H- — Ano — I, Pg = 5 (uo + p+). (3.4) 


The last identities imply 
T = ~y — 8p,. (3.5) 


The right-hand side of the above equality makes sense for any isolated 
surface singularity and thus we can refer to the expression 7(X,0) = 
—7(X, 0) — 8p, (X,0) as the virtual signature of the (possibly nonexistent) 
Milnor fiber of the singularity. 

For a generic polynomial f in three variables the geometric genus 
po (f, 0) can be described in terms of the arithmetic of its Newton diagram. 
Consider a polynomial 


zv N+1 zv. 0 yy v 
F(z0,... 2N) = 1 auž”, v € Z5g Z” = zy cozy. 
v 


Denote by € the positive octant € — Rog ! and by supp f the set of multi- 
indices v such that a, 4 0. The Newton polyhedron of f is the convex 
hull of supp(f) + € in RN*!, We denote it by I'(f). The polynomial f 
is called convenient if its support intersects all the coordinate axes of C, 
or equivalently, if its Newton polyhedron intersects all the coordinate axes. 
Assume f is a convenient polynomial. 

Let c — (1,1,...,1). A lattice vector v is called subdiagrammatic if 


v - c € CMIntT(f). 
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Denote by Pr[zo,...,2n] the space of convenient polynomials in the vari- 
ables zo,...,zw with Newton polyhedron I'(f) =T. We have the following 
remarkable result of Varchenko and Khovanski, [28]. 


Theorem 3.3. For a generic? f € Pr{zo, z1, 22] the number of subdiagra- 
matic lattice points is equal to the geometric genus pg(f, 0). 


Example 3.1. Denote by Xp,¢,r the Brieskorn singularity given by 

ax? + by? + cz" =0. 
The dual resolution graph of the Brieskorn singularity X53,5 is given by 
the Eg Dynkin diagram in Figure 1, where the genus of each vertex is zero. 


This resolution is diffeomorphic but not biholomorphic to the Milnor fiber 
of this singularity. 


-2 -2 -2 -2 -2 -2 2 
Eg 
22 


Figure 1. The Eg plumbing. 


The singularities X3 7,21 and X4,5,29 have the same dual resolution graph 
with a single vertex decorated by (g,d) — (6, —1). Note however that they 
have different Milnor numbers 


U(X3,7,21) =2- 6 . 20, IX4,5,20) = 3. 4 . 19. 
The singularities X; = (z? + y? + 218 = 0) and X» = (2? + y(x* + 29)) 


-1 -2 22 
eo — —e—— ——e 


gal 
Figure 2. An elliptic plumbing. 


have the same resolution graph depicted in Figure 2 but different geometric 
genera and Milnor numbers 


Pg(X1,0) 23, 4(X1,0) 234, pg(X2,0)= 2, u(X2,0) = 22. 


*The paper [28] describes explicitly the generic polynomials. 
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4. Topological invariants of the link of an isolated surface 
singularity l 


The key to our construction of topological invariants of the link of an iso- 
lated surface singularity is the following result of W. Neumann, [22] 


Theorem 4.1. Suppose (X;, p), i = 0,1 are two isolated surface singular- 
ities. Denote by M; their links, and by X; their minimal good resolutions. 
The following statements are equivalent. 


(a) The dual resolution graphs Cx, are isomorphic (as decorated graphs). 
(b) The links M; are homeomorphic as oriented 3-manifolds. 


In particular, this theorem shows that any combinatorial invariant of 
the dual resolution graph of an isolated surface singularity is a topolog- 
ical invariant of the link Lk(X,0). In particular the invariant y(X,0) is 
topological. 

Another topological invariant of the link is the arithmetic genus pa(X, 0) 
defined by 


Pa(X) := max (7 Z? — 5 (a0, z) +1; ZEA, \o}. 


This maximum exists since the intersection pairing is negative definite. 
It is a nonnegative integer independent of the resolution and thus it is a 
topological invariant of (X,p). We will denote it by pa(X,p), and we will 
refer to it as the arithmetic genus of the singularity. 

We can now state the main problem discussed in this survey. 


Main Problem Describe topological and geometric constraints on an iso- 
lated surface singularity (X,0) which will ensure that the geometric genus 
coincides with a topological invariant of the link. 


The computations in Example 3.1 may suggest that this is an ill con- 
ceived task. The next list of example will hopefully convince the reader 
that there is nontrivial content hiding in this question. 


Example 4.1. (a) Neumann's Theorem implies that Lk(X,0) is homeo- 
morphic to S? if and only if 0 is a smooth point of X, a result established 
by D. Mumford in the early 60s. This result is certainly not true in other 
complex dimensions. For example, the link of the singularity 


Ze = {28 +2 + z3 +23 + fe? = 0}, 
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is a 7-dimensional manifold M; homeomorphic to 5" but the point 0 is not 
a smooth point of Z,. Moreover, M; is diffeomorphic to M; if and only 
if k = £ mod 28 and the collection (M;),>1 produces all the 28 exotic 
7-spheres. 

(b) (Artin, [1]) 


Dg(X,0) = 0 <=> p,(X,0) — 0. 


The singularities satisfying pọ = 0 are called rational and one can show 
that their links are rational homology spheres. 

(c) (Fintushel-Stern, [6]) If the link of X,4,, is an integral homology 3- 
sphere then its Casson invariant is equal to —$7(Xp,q,r): 

(d) (Nemethi, [16]) If (X,0) is an isolated surface singularity whose link is a 
rational homology sphere, p, (X, 0) = 1 and its complex structures satisfies 
a certain condition then the geometric genus is described by a topological 
invariant of the link. 


The above examples suggest that we should restrict our attention to 
surface singularities whose links are rational homology spheres and that 
the Casson-Walker invariant should play a role in elucidating the Main 
Problem. Let us observe that the link is a rational homology sphere if and 
only if the dual resolution graph is a tree and the genera of all the vertices 
are all zero. The results of C. Lescop in [11] lead to a description of the 
Casson-Walker invariant in terms of the dual resolution graph. 


Theorem 4.2. Suppose (X,0) is an isolated surface singularity whose link 
M is a rational homology 3-sphere. Denote CWy its Casson- Walker in- 
variant, by detJ the determinant of the matriz of the intersection of form 
J with respect to the basis (E;)1«i«s, by 5; the degree of the vertex E; and 
by du the (i,j) entry in the matriz 2-1. Then 


24 K 
Pe M = 3s + De +F >e = 695. 
i i 


Example 4.2. The dual resolution graph of D4 is depicted in Figure 3, 
where all the genera g; are equal to zero. T'he intersection form is described 
by the matrix 


-2 1 1 1 —2 -1 -1 -1 

1—20 0 qp —1 -1/2 -1/2 
J= with inverse 7^! = 

t 0—20 11/2. =1 1/2 





1 0 0 -2 1 —1/2 —1/2 —1 
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Figure 3. The Dynkin diagram D4. 


We deduce 
—6CWinp, = 12-8 +2- 3 = Wis, = -3 
From the equalities 
(K, Ej) =0, Vi = 0,1,2,3 
we deduce Z = 0 so that Z? = 0 and (D4) = 4. Using Laufer's identity 
(3.2) and the equality u(D4) = 4 we deduce 


1 
Pg(D4) 20, T(D4) = —4 => -g7 X) # CWu,,. 


This shows that the Casson-Walker invariant does not contain all the in- 
formation required to solve the Main Problem. The correct invariant is a 
bit more involved and is described in the next section. 


5. The Seiberg-Witten invariant 


Suppose M is a rational homology 3-sphere. We set H = Hi(M,Z) = 
H?(M,Z) and we denote the group operation on H multiplicatively. We 
denote by CW m the Casson-Walker invariant of M and by Spin*(M) the 
set of spin^ structures on M. Spin*(M) is naturally an H-torsor, ie. H 
acts freely and transitively on Spin*(M) 


H x Spin*(M) 3 (h,a) h-o € Spin"(M). 


The Seiberg-Witten invariant is a function (see Nicolaescu [24] for more 
details) 


swm : Spin^(M) > Q, or swy(o). 
For every e € Spin*(M) we define 
SWmo:H Q, SW molh) = swm(h™ o). 


74 Liviu I. Nicolaescu 


One can give a combinatorial description of this invariant. As explained 
in Nicolaescu [23] for each spin structure ø the Reidemeister-Turaev tor- 
sion of (M,c) can be viewed as a function Ty, : H — Q satisfying the 
equivariance condition 


Tun-o(9) = Tuolth 9); Vh,g E€ H. 
We have the following result, Nicolaescu [24]. 


Theorem 5.1. 
1 


SW yu s (h) = -p Cw +Tuo(h), VheH, o € Spin*(M). 


Remark 5.1. Recently, R. Rustamov [25] showed that the Seiberg-Witten 
invariant is determined by a renormalized Euler characteristic of the 
Heegard-Floer homology of M defined by Ozsváth and Szabó. 


The link an isolated surface singularity (X,0) is equipped with a natu- 
ral spin? structure Ocan. To define it let us recall that a choice of a spin* 
structure on the link M = Lk(X,0) is equivalent to a choice of an almost 
complex structure on the stable tangent bundle R@TM of M. The stable 
tangent bundle of M is equipped with a natural complex structure induced 
by the complex structure on a good resolution X. ocan is the spin^ struc- 
ture associated to this complex structure. In [19] Nemethi and the present 
author proved the following result. 


Proposition 5.1. If Lk(X,0) is a rational homology sphere then a «44 can 
be described only in terms of the combinatorics of the dual resolution graph 
and thus it is a topological invariant of Lk(X,0). 


Remark 5.2. can first appeared in work of Looijenga-Wahl [13] under a 
different guise. 


Suppose (X,0) is an isolated surface singularity whose link M = 
Lk(X,0) is a rational homology 3-sphere. A. Nemethi and the present 
author gave in [19] description of sw m (Ccan) in terms of the combinatorics 
of the dual resolution graph. We sketch this description below. 

The group H = Hi1(M,Z) is a finite Abelian group which admits the 
presentation 


0 A c5 A* » H- 0. 





Critical points of polynomials in three complex variables 75 


The dual basis ( E*) of A* defines generators of H which we denote by the 
same letters. Denote by H = Hom(H, C*) the group of characters of H. 
Then to every character x we can associate in a canonical way a weight 
tU, € A* (see Nemethi-Nicolaescu [19] for details) and we have 


swm (Sean) =~ gi up» Ir (Dy Be (By) — 1)", (5.1) 


=:JM ocan (1) 


Example 5.1. Let us explain the above formula in the case of the D4 
singularity. In this case H & Zo x Za. For i = 0,1,2,3 and x € H we set 


xi = xX(E;). 
Then 
H = {(Xo, x11 X2. xa) € (C*)*; x8 =xX1X2X3; xo - x2, Vj = 1,2,3}. 
We deduce that 
(xo X1:X2:X3) € H => xo = 1 = X1X2X3; Xj = tl, j = 1,2,3. 


In this case the weight w, is the same for all characters x # 1 and can be 
identified with the Eo-row of J-!, 


= (-2, —1, —1, —1). 





We deduce 
g (xo — 1) 
M t e uar NNI, LP." a DEREN 
"eu 2m (x1 — 1) (tx — 1) (txs — 1) 
-15`iim (t — 1) d 
Tai a- ibe Ys) 8 
Hence 
1 4 T D4 
SWD, (an) = -4CWb. +Tp, = 8 = — = ) 


Definition 5.1. An isolated surface singularity is called special if M = 
Lk(X,0) is a rational homology sphere and 


1 1 
SWM (can) = Pg(X, 9) + gU 0) c -37% 0). 
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The Fintushel-Stern result in Example 4.1(c) shows that the Brieskorn 
singularities Xp q,r whose links are integral homology spheres are special. 
The above example shows that the D4 singularity is special. In fact, the 
class of special singularities is quite large. The next theorem summarizes 
recent results by A. Némethi and the author, [17, 18, 19, 20, 21]. 


Theorem 5.2. The following classes of singularities are special. 

(a) rational singularities, 

(b) singularities with good C*-action and rational homology sphere link, 
(c) hypersurface singularities of the form 


z” + P(z,y) =0 
with rational homology sphere link. 


Remark 5.3. For a while the author strongly believed that any hypersur- 
face singularity whose link is a rational homology 3-sphere must be special. 
The situation changed after I. Luengo-Velasco, A. Melle-Hernandez and A. 
Némethi constructed in [14] counterexamples to many long held beliefs in 
singularity theory. We present below one example from [14]. 

Consider the polynomial 


f(z, y,2z) = 271? + 184% yz — 2x? y? — 2723 + 2x? z? — yz (x —y+z)®. 
Se a 
fs 
The equation fs = 0 defines a rational cuspidal curve in P?, i.e. a rational 


plane curve whose singularities are locally irreducible. It can be given the 
parametric description 


tro (t: È 1:054 2t). 


The curve has 4 singularities at oo, and at the cubic roots of -$. The line 
€ — y +2 = 0 does not go through these singular points. The multiplicity 
sequence of each singularity is 23; 2; 2; 2. The corresponding Milnor 
numbers of these plane curve singularities are 3. 2(2 — 1), 2, 2, 2. These 
add up to 12 which is the genus of a generic plane quintic. In this case we 
have 


SWLk; (Scan) S 5s) = 2, 


while pg(f) = 10 so that the singularity {f = 0} is not special. 

At the present moment the author is unaware of a geometric condition 
on a polynomial in three variables f which together with the assumption 
bi (Lky) = 0 will guarantee that the singularity f = 0 is special. It is 
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however tempting to conjecture that if f is generic in the sense of Theorem 
3.3 then the singularity (f — 0) is special. The above example is not 
generic in the sense of Theorem 3.3 because the corresponding geometric 
genera are not equal to the values predicted by the theorem. 
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We define Chern-Weil forms c,(A) associated to a superconnection A using ¢- 
regularisation methods extended to WDO valued forms. We show that they are 
cohomologous in the de Rham cohomology to tr(A?* Tp) involving the projection 
Tp onto the kernel of the elliptic operator P to which the superconnection A 
is associated. A transgression formula shows that the corresponding Chern-Weil 
cohomology classes are independent of the scaling of the superconnection. When P 
is a differential operator of order p with scalar leading symbol, the k-th Chern-Weil 
form corresponds to the regularised k-th derivative at t — 0 of the Chern character 
ch(tA) and it has a local description 


1 
cy (A) = e (a7 log(A? + mp) 


in terms of the Wodzicki residue extended to VDO -valued forms. 
2000 Mathematics Subject Classification. Primary 58J20; Secondary 58J40, 47G99 


1. Introduction 


Given a superconnection A adapted to a family of self-adjoint elliptic 
VDOs with odd parity parametrised by a manifold B, the VDO valued form 
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2, ; 
e-^ is trace class so that one can define the associated Chern character 


ch(A) :— tr (=) (1) 


which defines a characteristic class independent of any scaling t > A, of 
the super connection. Here, tr is the supertrace associated to the family 
of VDOs, which reduces to the usual trace when the grading is trivial. In 
the case of a family of Dirac operators the limit lim; o tr (e-**) of the 
Chern character built from the rescaled Bismut superconnection exists and 
the local Atiyah-Singer index formula for families provides a formula for 
it in terms of certain canonical characteristic forms integrated along the 
fibres (see the works of Bismut [1], Bismut and Freed [2] and the book by 
Berline, Getzler and Vergne [3]). When the fibre of the manifold fibration 
over B reduces to a point, this family setup reduces to an ordinary finite 
rank vector bundle situation; À can be replaced by an ordinary connection 
V on a vector bundle over B with Chern character ch(V) :— tr ev), 
and the local family index theorem reduces to the usual Atiyah-Singer index 
formula for a single operator. This can be expressed as a linear combination 


dimM V 
ch(V) = 2 (1580) ) 


of the associated Chern-Weil forms cy (V) := tr(V?*) of degree 2k. Con- 
versely, the Chern-Weil forms can be interpreted as the coefficients of a 


Taylor expansion of the map t > ch,(V) := tr (ei^) att=0 


dp chi(V)lt=0 = (7 U* ex(V). (2) 


Replacing traces by appropriate regularised traces gives another insight 
into the family setup close to this finite dimensional description. Given a 
superconnection A adapted to a family of self-adjoint elliptic VDOs with 
odd parity parametrised by a manifold B: 


(1) using regularised traces, one can build Chern-Weil type forms that 
relate to the Chern character (1) as in (2). 

(2) If A is a superconnection associated with a family of differential 
operators, one can show an a priori locality property for these Chern- 
Weil forms, without having to compute them explicitly. This can 
be achieved by expressing them in terms of Wodzicki residues. 


Let us start with the first of these two issues. 


Chern-Weil forms associated with superconnections 81 


1. Just as ordinary Chern-Weil forms are traces of the k-th power of the 
curvature, we define k-th Chern-Weil forms associated with a superconnec- 
tion À as weighted traces: 


cx (A) := d (A?) 


of the k-th power of the curvature A?. To do this, we extend weighted 
traces (according to the terminology used in [4] and which were also in- 
vestigated by Melrose and Nistor [9] and Grubb [5]) to families A, Q of 
classical VDO valued forms setting 


tr (A) := C(A, Q + Taa z)|250 
= (A, Q,0)|"" + tr(A rq), (3) 


including weights which are themselves VDO valued forms. Here, TQ İS 
the projection onto the bundle of kernels UzepKer(Qz) of the zero de- 
gree part Qjo of Q (we assume that dim(Ker(Qz)) is constant), while 
C(A, P, z)|**" is the mixed degree meromorphic differential form studied 
by Scott in [14] which extends the holomorphic form Tr(AP~*) from 
a suitable half-plane Re(z) >> 0. We show that the forms c,(A) are 
closed and that the associated characteristic classes are independent of 
the scaling of A. This is equivalent to the fact that the zeta forms 
¢(A?, —k) :— ¢(A?*, A?,0)|™eF are exact and independent of scaling (this 
fact was proved in [14]); the (closed) Chern-Weil forms c,(A) differ from 
these forms by a term tr(z A?* x) involving the projection m on the kernel 
of the operator Ajo) to which the superconnection A is adapted. As a conse- 
quence of the exactness of ¢(A?, —k) we obtain that c,(A) is cohomologous 
to tr(x A?" a). 

2. The second step can be carried out whenever A is a superconnection 
associated with a family of differential operators of order p, with scalar 
leading symbol. In this case, we relate the forms c&(À) to the Chern char- 
acter ch(À) via a formula which mimics equation (2): for t > 0, 


fp,..o OF ch; (A) = (—1)* cx (A), (4) 


where fp denotes the finite part (the constant term in the asymptotic expan- 
sion as t — 0+). With the same assumptions, we show that the following 
local formula for these weighted Chern forms (see equation (23)) holds 


1 
c; (À) := -3 res(A?* log(A? + mp)), 
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where the right-side is the residue trace extended these families; this object 
would not be defined for general families of VDOs. This equation gener- 
alises formulae obtained by Paycha and Scott in [12] which relate weighted 
traces of differential operators to Wodzicki residues extended to logarithms 
(see theorem 6.2) and provides a local expression on the grounds of the 
locality of the Wodzicki residue. 

These results are summarised in Theorem 7.1. 


The paper is organised as follows 


(1) VDO valued forms 

(2) Complex powers and logarithms of VDO valued forms 

(3) The Wodzicki residue and the canonical trace extended to 
VDO valued forms 

(4) Holomorphic families of VDO valued forms 

(5) Weighted traces of differential operator valued forms; locality 

(6) Chern-Weil forms associated with a superconnection 


2. VDO valued forms 


In this section we recall the construction of form valued geometric families 
of VDOs from [14]. Consider a smooth fibration m : M — B with closed n- 
dimensional fibre M; :— «^ 1(b) equipped with a Riemannian metric 9M/B 
on the tangent bundle T'(M/B). Let |A,| = |A(T*(M/B))| be the line bun- 
dle of vertical densities, restricting on each fibre to the usual bundle of den- 
sities |A m, | along My. Let E := Et 6 €^ be a vertical Hermitian Z2-graded 
vector bundle over M and let z,(£) := m, (Et) 6 1,(£^) be the graded infi- 
nite dimensional Fréchet bundle with fibre C% (Ms, E & Au, ?) at be B, 


where €° is the Z2-graded vector bundle over My obtained by restriction of 
€. By definition, a smooth section Y% of 7,.(E) over B is a smooth section 
of E Q Ar|? over M, so that (b) € C® (My, E? & |Am,|?) for each b € B. 
More generally, the de Rham complex of smooth forms on B with values in 
T(E) is defined by 


A(B,1.(E)) = C” (M,x*(AT*B) e£ 8 |A,]E) 


with & the Zp-graded tensor product. Let C/(£) denote the infinite- 
dimensional bundle of algebras with fibre C£(£*) = C£ (Ms, E JA asl). 


A section Q € A(B,C2(E)) defines a smooth family of classical VDOs with 
differential form coefficients parametrized by B. 
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Such an operator valued form Q is locally described by a vertical symbol 
alz, y, £) € C% (Um Xa Um) x R^ s" (AT"Ug) SR" @ (RY)") , 


where x, is the fibre product, £ may be identified with a vertical vector in 
T,(M/B), and Uy is a local coordinate neighbourhood of M over which 
£y, c Um x IR is trivialized and RY inherits the grading of £. With 
respect to the local trivialisation of 7,(£) over Ug = v(Uy) one has 


A (Un. (£u, ) = AU) 8 C° (My, E) 


with My, = m~! (bo) relative to a base point bọ € Ug, so that q can be 
written locally over Ug as a finite sum of terms of the form wg ® qi, where 
wk € AF(Up) and qu; € C? (vi, x R^/(0), RN x (R")") is a symbol (in 
the single manifold sense) of form degree zero so that for all multi-indices 
a, B and each compact subset K C Uy, the growth estimate holds 


[020707 qp (z, y, E) < Crap, (1 + [EI (5) 


For clarity we will work only with local symbols which are simple, meaning 
they have the local form ag wk ® Giz], with just one term in each form 
degree, extending by linearity to general sums. The order of a simple symbol 
is defined to be the (dim B + 1)-tuple (qo, --- , daimp) with qx the order of 
the symbol qj; for simplicity we consider the case where qg is constant on 


In accordance with the splitting of the local symbol into form degree 
q = Qo) + ^: + Gaim B] the operator 


1 TE 
(QWE) = rs |, dvoluye f eE tale, y Eud, 
(27)” Jm/B R^ 

for Y% with compact support in Uy, splits as Q = Qjo + Qu] +-+ Qtaim By; 
where Q is a simple family of VDOs in so far as locally there is one com- 
ponent Qj = wy 6 Qx € A (Un; n-(£), ) in each form degree. Qix] 
raises form degree by k and Qx(b) : C” (Mw, EF) > C® (My, £y ) is a pseu- 
dodifferential operator in the usual sense acting on sections of the bundle 
E := Em, over the fibre Mp. 

The composition of ordinary symbols naturally extends to a composition 
of families of vertical symbols defined fibrewise by: 


qoq' =wAw' @qod 
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where q o q' is the ordinary composition of symbols corresponding to the 
VDO algebra multiplication 


A (B, V"(£)) x A(B, V^(£)) — A'I (B,w"*"(£)). (6) 


By a standard method the vertical symbol q in (z, y)-form can be re- 
placed by an equivalent (modulo $9?) symbol in z-form. A (simple) fam- 
ily of vertical symbols q of order (9go,--: , qdim) is then called classical 
if for each k € {0,--- ,dimB} one has quj(z,£) ~ bed qpj,;(z,£) with 
qi, j (2, tE) = t** quj ; (a, €) fort > 1, |€| > 1. A family of vertical YDOs is 
called classical if each of its local component simple symbols is classical. 


Definition 2.1. A smooth family Q € A(B,C2(E)) of vertical VDOsis 
elliptic if its form degree zero component Qjo} is pointwise (with respect to 
the parameter manifold B) elliptic. 


In this case Q has spectral cut 0 if Qro] admits a spectral cut 0. Likewise, 
it is invertible if Qo) is invertible. Given that Q admits a spectral cut then 
it has a well-defined resolvent, which is a sum of simple families of YDOs. 
Setting Q[so :— Q — Qj € A’ (B,Cé(E)) then there is an open sector 
To € C — {0} containing the ray Lg such that on any compact codimension 
zero submanifold B, of B for large A € To one has in A(B,, C£(£))) using 
the idempotence of forms on B 


(Q-A)? = (Qu -3) " 
dimB zi i 
+ M (-1)* (Qo =à) (Qma(Qg-37). (0 
k=l 
In particular (Q - X7!) if (Qt — AF : 


3. Complex powers and logarithms of VDO valued forms 


Here we use the complex powers for VDO valued forms introduced in [14] 
to define and investigate the properties of the logarithm of a simple family 
of invertible admissible elliptic vertical VDOs. 

Let Q be a smooth family of vertical admissible elliptic invertible YDOs , 
the orders (qo,:-* , @dimB+1) of which fulfill the assumption 


go = ord(Qio}) > 0 
and 


dk <q Vk>1. (8) 
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Under these assumptions one obtains an operator norm estimate in A(B) 
as à — œ in Fo 


IQ — AD-*l,g = o(A[) 


where I B ` A (B, CK(£)) > A(B) is the vertical Sobolev endomorphism 
norm associated to the vertical metric. 


Lemma 3.1. Let Q be an admissible elliptic invertible VDO valued form 
on B with spectral cut 0. Then 


EZ i -z _ zr 
E =f (Q — AI)71dÀ 


defines a family of VDOs in A(B,C(£)) which is a finite sum of simple 
VDO families with holomorphic orders 


a(z) = —qo: z  o(0) 


where qo = ordQyo and the constant term a(0) is determined by the qi and 


the form degree. In particular, (Q5 *) 0) = (Qoo) j 

Here A5? is the branch of A^? defined by A5? = |A| 3e ^r9?, Q- 
2m € ArgA < 0 andr being a sufficiently small positive number, Co, is 
a contour defined by Cor = Cir U Co,o,, U C307 with Cio, = {A = 
[Aje | +o > JA > r}, Caor = {A = re? | 0 > à > 0 —2n) and 
C30, = {A = |Ae 9779 | r < |A| < +00}. 

When Qjo has non negative leading symbol we can choose 0 = 5 in which 
case this complex power is the Mellin transform of the corresponding heat- 
operator form: 


1 oo 
Q = ra pog. 
T(z) Jo 


Remark 3.1. When Q is not invertible, we can apply the Lemma to Q + 
Qi which is invertible. Here TQ, denotes the projection onto the kernel 


of Qio: 


Proof. Let us first check the last formula, which is very straightforward. 
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As for ordinary pseudodifferential operators, we write 
i 


QV =— A (QQ = ADY dà 

27 Jon, (Q ) 
i E f” 

= — E Tl etA at) Q — AI)7! dd 
m TAM (sis A ( 
1 x z—i i e ^ —-1 

= Eus — AD! dd 
i AE am Joss (QM) 


= mL dite", 


To prove the first = of the lemma, we follow [14]. Let us first assume 
(8). Following Seeley's analysis, one can define the complex power Q5? = 
tn Jen, àg (Q — M)^1dA for Re (z) > 0 in the usual way provided Q 


satisfies assumption (8). Since ((Q — AI)! Yio = (Quy — AI) t it follows 
that Chir = (Qoa) . The order of (Q77 Jia is derived from the 


expression of ((Q — AI )71),,, which from (7) can be rewritten as 


[d] 
i dimB 
(9-37), = (Qn -9" + 3; C»* (10) 
k=1 
$5 (Qum-X Wo (Qo) — 9)" Wi (Qj - A) 


pit--+pp=d 
where W := Qi>o so that Wip] = (Q — Q(s9])p;]; a simple family of VDOs 
of pure form degree p; € (1,...,dim BJ. Let aj = ord(Wj,)). This con- 
tributes to (Q37) ia ê (simple) family of VDOs order —qo z — qok +01 + 
:* Fo. It follows that the order of each simple component of the complex 
power is holomorphic with derivative at 0 independent of k. 


Complex powers can be extended to operators which do not satisfy as- 
sumption (8). By (10) 
dimB 


*(Q-XJg = » p (11) 


pit.cbpyQ-d 
uud UEmyg-m 


IN (Qj — A) Wi 07" (Qi 2) ^. Wig,]0g (Qo — A). 


Since OY (Qio — AI )^! is of order —q(m; + 1), taking m sufficiently large, 
we can ensure that 


OX (Qr — AD) 19g = OCA) 


Chern-Weil forms associated with superconnections 87 


without assumption (8). In this way, using integration by parts we may 
define 


1 i 
24 = M ATOL Om aT Y. 12 
Q; Cay Ge, m- (Q — AI) (12) 
The order computation is essentially unchanged. o 


Let Q be a smooth family of vertical admissible elliptic invertible YDOs. 
The logarithm is also built as in the single operator case by defining 


ð 

lo => 

go Q Bv 

As in the single operator case the logarithm is not quite a family of classical 

VDOs, but the non-logarithmic component is located only in the form 
degree zero component: 


(Q$) - 


Lemma 3.2. Let Q € A(B,C&(E)) be a family of differential form valued 
vertical classical invertible elliptic VDOs with spectral cut 0. Then 


(logy Q) 10 = logs Qjo- 
If Q moreover satisfies assumption (8), then 
logs Q — log; Qi € A (B, C«(£)). 
Remark 3.2. 


e Since the order of the components of (Q^*)g are of the form —qz + 
a(0), from Lemma 3.1, one expects logo Q(aj to contain log |£| terms, 
which would contradict the statement of Lemma 3.2. À closer look 
shows that the terms of the form |é|~% that arise in Qy when 
d > 0 come with a factor of z and therefore do not yield any log |g| 
term when differentiated with respect to z at z = 0. 

A priori || is b € B-dependent, this reflecting the fact that the 
decomposition depends on the choice of metric on the fibre Mg. 


Proof. We drop the index 0 to simplify notations. First, we show that 
(log Q) 1) = log Qjo}. For some integer m chosen large enough, we have for 
Re(z) > 0: 


aQ-* = : : ] oeste — M)^1dÀ 


(z — 1)---(z — m) 2in 
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and hence 
logQ = (- ae z- Lega arn = AI)-!dA. 
From (10) it follows that setting d — k — 0 yields: 
log) = ziy ff 108A 0f (Quy — 3) 43 = log (Quy). 


It follows that log Q — log (Qia) + (log Q) so): 

To see that log Q — log Qjo} € A(B, Cé(E)), recall that log Q = 0.Q?|z=0 
and that for each z the operator Q^ is represented with respect to local 
trivializations by a local polyhomogeneous symbol of mixed differential- 
form degree 


iba yas E f X qDI(bz, 6) o (w(b,2,£) oq[AI(b,xz,€))* dX (13) 


where o is the vertical form-valued symbol product, Co is a finite closed 
key-hole contour enclosing the spectrum of the leading vertical symbol of 
(Q — Ag = (P - 2)! and where Op(a[A]) ~ (Q — 2)^*, Op(w) ~ W := 

The symbol q[A] o (wo q[A])* in (13) is polyhomogeneous, with an 
asymptotic expansion into terms of decreasing homogeneity, each of mixed 
form degree, in the usual way. In general this is à complicated expression. 
Nevertheless, the log-type of log Q can be inferred just from the leading 
symbol (top homogeneity). This is a consequence of the following simple 
lemma. 


Lemma 3.3. qř|z=0 is the identity vertical symbol I defined by 
Ig = (7,0,0,...) and 15 —0:—(0,0,0,...) , p»0, 


where Yi indicates the component of form degree p, and the sequence on 
the right-side are the homogeneous terms. 


Proof. This is immediate from (13) since q[A] o (w o q[A])^ is O(A-?) for 
k > 0 (general VDO s). When k = 0 then the integrand is O(A^!), and we 
have the usual situation of form degree zero operators. o 


Let qž, (x, €) denote the (mixed-form degree) term in the asymptotic ex- 
pansion of Q* of homogeneity w, and let qj, (7, £) be the leading symbol 
(with maximum homogeneity). Then 


qi. (26) = An Mg(z, € A) dÀ (14) 
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where 


g(z,6,4) = q-m[Al(, €) wu (z, £) q-m[A](z, €) . wo (2, £) a- A] (x, £) 


is the ordinary form-valued matrix product (i.e. not a symbol product) of 

leading order symbols b..,4,[A](z, £) of P — AI (P of order m > 0), and w, 

the leading VDO -order symbol of W which has maximum homogeneity v. 
Each q-m has the quasi-homogeneity property for t > 0 


q-m[t^ A(z, t£) = t^" q_m[Al(z, £) 
and so 
B(x, tE, t" X) = t ODE" gia, gd). 
Hence, making the change of variable A = ¢™ u in (14) we have 


qi. (x, t£) Z qmz-mkkv £ (x, £). (17) 


Wmax 


It follows that q7 has an expansion into terms of mixed form degree 


q’(z, €) bd bg cm (x, €) . 
j20 


From Lemma 3.3 we therefore have 


Gmz—mk+kv—j (T, E)lz=0 = 43,01 (19) 


(since from the lemma terms of positive form degree do not contribute). 
The final conclusion for log q = 0,q7_, now follows in the usual way by 
differentiating 


—mk+kv—j E 
Amz-mk+kv~j (z,6) = Jg Ed Ori mb bud (s a) 


with respect to z, then evaluating at z = 0 and using (19) to get logq ~ 
25j»ologq; with 


log a(x, £) = mlog [£| 5;,01 + || 79-70, |, oq? (s i) 


Note, since 0,|,=097(2,€/|€|) has order zero, that provided ord(P) = m > 
ord(W) (which we assumed) the second term is of order no larger than zero. 


Remark 3.3. A formal argument based on the Campbell-Hausdorff 
formula provides some intuition why the second part of the lemma 
holds. We show here how the Campbell-Hausdorff formula for ordinary 
VDOsobtained by Okikiolu [10] formally extended to families of vertical 
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VDOs, yields that (log Q)i is a classical vertical VDO. Indeed, the split- 
ting Q = Qro + Q50) yields 


log Q = log (Qio + Qso]) = log [210 (1+ Qt Qio )| 


~ log Qi + log(I + Q5! Qi.o) + 9, CO? (log Qo], log + Qig Qi-a)) 


where C(? (M, N) stands for a linear combination of Lie polynomials of 
degree k in M and N given by: 


C? (M, N) x2" 5y 


J=1 œ4+61>0, 355, aj+8;+1=k 
(ad M)?! (ad N)?' --- (ad M)?! (ad N)'! N 


for some coefficients c; € R and where (ad M)M' := [M, M']. Under as- 
sumption (8), the operator Qij Qa has a vanishing form degree zero part 
and negative orders (Bnj,-*- , A{dimB+1])- The logarithm therefore coin- 
cides with the logarithm on bounded operators and yields an asymptotic 
expansion: 


(p? 





Sa k 
log(I + Qi! Qi») ~ Y ; (Qi Qe) > 


k=1 


which shows that log(1 + Qi Qro) is a classical vertical VDO. It follows 
that each of the C? (M, Ny's is also a classical vertical VDO. Indeed, 
these are built up from iterated brackets of an ordinary (corresponding to 
the 0-form degree part) logarithmic VDO log Qjo and the classical vertical 
VDOlog(J + Qu Qt»9)- The ordinary symbol analysis shows that such 
brackets are classical and hence that log Q — log Qjo) € .A(B, C£(£)) as 
claimed in the lemma. 

This argument therefore provides a heuristic but maybe more intuitive 
explanation of the lemma. 


4. The Wodzicki residue and the canonical trace extended 
to geometric families 


Both the Wodzicki residue and the cut-off integral defined on ordinary 
classical symbols extend to smooth families of vertical differential form 
valued classical symbols. 
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Let Q € A(B, V(£)) be a simple family of VDOs of non-integer order, 
so that in each form degree ord(Quj) € R\Z. Then working in local coor- 
dinates Um on M where Q is represented by a smooth family of symbols 
c Q(z,£), we find that the local matrix valued forms * 


f cQ(xz, £) d£ 
T:M 


patch together to determine a global section of the bundle *(AT*B) & 
End(£) ®|A,| over M; this is proved by an obvious fibrewise version of the 
usual existence proof of the Kontsevich Vishik canonical trace. Taking the 
fibrewise trace we consequently have an element 


TR,(Q) =f tre(oo(2,€)) d£ € C* (M, (AT* B) & |A«l) 


which can then be integrated over the fibres to define the canonical trace for 
families of non-integer order VDOs, a differential form on the parameter 
manifold B, by 


TR(Q):- |  TR.(Q) € AC). 
M/B 
In the case when each component of Q has order less than —n, then 
TR(Q) — Tr (Q), the usual fibrewise trace. 
In a similar way, for a simple family Q € .A(B, V(£)) of VDOs of any 
real (or complex) order one has a residue trace density” 


res; (Q) =f tre(7Q(x,€)-n) ds(6) € C? (M,v' (AT" B) 8 |Ax|) 
M 
where og(z,£)-4 = Sn eae £)-4)[] is the homogeneous part of the 
local symbol of homogeneity —n. This can then be integrated over the 
fibres to define the residue trace for families of arbitrary order VDOs , once 
more defining a differential form on the parameter manifold B, by 


res(Q) := i= res; (Q) dx € A(B). 


Notice that if all the components of Q have non-integer VDO order then 
res(Q) vanishes; as in the case of a single operator, the functionals TR and 
res are roughly complementary. 


adë := T d£ where d£ is the ordinary Lebesgue measure on T? M œ R” 
PTn the following formula dg £ :— Gs dg € where ds € is the canonical volume measure 
on the cotangent unit sphere S7 M. 
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As in the case of a single operator, res : A(B, V(£)) — A(B) defines a 
trace, vanishing on (graded) brackets [Q1, Q»] of families VDOs, while TR 
vanishes provided [Q:, Q2] has non-integer order components. 

Let us now extend the Wodzicki residue to forms on B with values in 
VDOsof logarithmic type. 


Let A € A(B,WV(E)) be a family of differential operators. Since by 
Lemma 3.2 the operator valued form logy Q — log Qjo is classical and since 
res; (Alog Qjoj)dx defines a global top degree form on M, as A is a family 
of differential operators, by the results of [12], so does 


res; (Alog Q) = res;(A(log Q — log Qjg))) + ress (Alog Qjo) . 


Hence, in this case, we may define the differential form by 
res(Alog Q) = D res,(AlogQ)dx € A(B). 
M/B 


The fact that we restrict to differential operators A ensures the indepen- 
dence of this extended residue on the choice of the metric on the fibre Mẹ 
since a change of metric brings in a vertical multiplication operator, which 
combined with the vertical differential operator A modifies the expression 
by another differential operator, for which the Wodzicki residue will vanish. 

We comment that this is possibly taking place in à Zo-graded context, 
where the residue density is the super residue density and so forth. 


5. Holomorphic families of VDO valued forms 


We call a family Q; = icd (Q;)y, € A(B,C&(E)) parametrised by 
z € W C C holomorphic if in each local trivialization of 7,£ over a neigh- 


bourhood Ug of b, (aws) "us Wk Q Qk,z for some vi € .A(Up) we have 


that z+ Qx,; € CL (Mp, E) is holomorphic family of VDOs parametrised 
by W in the usual single operator sense (following Kontsevich and Vishik 
[7], Lesch [8], see also [12]). In particular, the corresponding symbols qz 
then define a holomorphic family of symbols in the usual sense. 


Definition 5.1. We call a holomorphic regularisation procedure a map 
R which to any A € A((B, C£(£)) associates a holomorphic family A; € 
A(B, CK(£)) such that Ao = A and with order a(z) such that ają (0) 7 0 or 
any k € (0,--- , dimB +1}. Similarly, one defines holomorphic regularisa- 
tion procedures on the level of symbols in such a way that a regularisation 
procedure R : A — A, induces one for the corresponding symbols. 
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Let us illustrate these definitions with two examples. 
Example 5.1. 


(1) For any holomorphic map H such that H(0) = 1, the map R” : 
q> H(z) |€|~* q defines a holomorphic regularisation procedure on 
local classical vertical symbols. For a certain choice of H it gives 
back dimensional regularisation. 

Given a family Q € A(B, C@(E)) of differential form valued vertical 
classical invertible elliptic V DOs with spectral cut 0 such that Q 
moreover satisfies assumption (8), the map 


R? : Am AQ;* 


~ 
bo 
— 


is a holomorphic regularisation procedure on vertical classical 
V DOs called ¢-regularisation. 


Theorem 5.1. 


(1). For any family z > qz :— rue (az) pay (b,2,&€) of classical 
symbols locally parametrised by b € B and holomorphic on an open 
subset W C C with order z — a(z) = (ojg(z),::: ; Q{dimB+1)(2)) 


such that z > (a) (2) does not vanish for any k, then the 
functions fr: M, (az)uj (b,z,£)d£ are meromorphic with simple poles in 
(oq (5) (Z) AW. The pole of the map z > fr. m, (Gz) ay (b, T, 6)d& at a 


point zo in (aj (b)) ^! (Z) AW is expressed in terms of a Wodzicki residue: 


Reseo f (adu 0 €)dE = (as)gj (0)) - (20) 


eee 
(oq (b). (20) 


(2). As a consequence, given a holomorphic family z + Q: := 

D ME (Qz)u at point b on W Cc C of differential form val- 
ued vertical classical VDOs with holomorphic order z +> a(b) = 
(oq (b) (2), +++ , jdim} (b) (z)) such that z > (aqj(b)). (z) does not vanish 


for any k € {0,--- ,dimB}, the map z+ TR ((2:()) 4) is meromorphic 
with simple poles in (oq (b))~* (Z) OW. The pole of TR ((2:(6)) a) at a 
point zo in (op, (0). (Z) is expressed in terms of the Wodzicki residue of 
(Q4) at point b € B: 


Res TR ((Q;0)n4) = — res ((Qzo(b)) x)» CD 


1 
(oq (0). (20) 
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Proof. The similar result for ordinary classical VDOs [7] applied to each 
(a (b) jq and each (Q2(b)) ng yields the result. a 


On the grounds of this theorem, the holomorphic regularisation RÈ : At 
AQ, * on differential form valued vertical classical VDOs gives rise to mero- 
morphic maps 


ze (A, Q,z):= TR (A Q,”) 


with simple poles so that it makes sense to extract the finite part at z = 0 
denoted by ¢(A, Q,0)|°". As a consequence of the above theorem, we 
have as in the case of ordinary VDOs, the following formula relating the 
Wodzicki residue with the complex residue at z — 0 


res(A) = qo Res; -oTR (A Q77) = qo Res;-oTR (4 Qi) 


since A Qg? has order opj(z) = —qo z + œj (0) with go the order of Qi. 
Indeed, notice this formula is independent of the choice of Q apart from 
go = ord(Qyo)). 


Definition 5.2. Let Q € A(B,C((£)) be a family of differential form 
valued vertical classical invertible elliptic VDOs with spectral cut @ such 
that Q moreover satisfies assumption (8). Provided the dimension of the 
kernel ker(Q(b)jj) is independent of b, the map b 1 (Hoe) built 
from the orthogonal projection onto this kernel is smooth and for any 


A € A(B,C£(£)), 
tr? (A) 
= lim (rr (4 (Q+ Tio) ^") [k] - “Res:aoTR (4 (Q + Tai jns » 
= C(A, Q, Olik” + tr (Atay Taia) > 
defines a differential form tr? (A) on B called the Q-weighted trace of A. 


Let us compare these weighted traces to the finite part of heat-operator 
regularised traces. 

When Qjo) has non negative leading symbol the operator Ae-*9 is trace- 
class for positive e and we can write (these formulae are similar to the ones 
used by Higson [6] to derive the local formula for the Chern character in à 
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non commutative geometric setup): 


tr (A A 
SD ee du tr (A e™™ 2A Qiao) + e7-1 Q gj etta) 
n20 
c(k) eltlt?n-1 ud 1 (ia) | (ea) 
=) 27 AQiz Qe 9m 
EA [9] ' [»0] , 
rE (k]+n-=1)! tr ( ) 


where c(k) is defined by induction for any multiindex k = (k1, +> , kn) by 
c(k1) = 1 and 


e(ki, kn) = elki, kai) 
: (Ky t Eoi 1) (RE bo IE L1 4n — 1) 
kn! i 
For an operator B, the operator B is also defined by induction; BO := B 
and for any non negative integer i, BO) :— [Qig, B®] so that BO = 
(ad' Qjo)) (B). 
The sum over n is finite for each fixed form degree d whereas the sum over 
k = (kiss ks) € N” is a priori infinite. However, if Qjo] is assumed to 
have scalar leading symbol, then B(? has order b + k(qo — 1) where b is 


the order of B and qo the order of Qio) and AQUD .. QU» has order 
fo] [»0] [»0]/ ta 


a + nqa + |k|(qo — 1) where qq is the order of Qjaj. It follows that for each 
fixed multiindex k, there are coefficients aj,, jk > 0 and 5 such that 








|k|3-2n—1 (ki) (kn) ,—€Qo) 
€ tr AQng Qo e 
aolk|\+ao(2n—1)+jp(a+nag+lki (ag — 1)) -dim My 
c0 > Qj, 20 + Bx loge 
jk 9 
Mad go (2n— 1) jj, -a- nqg I k| - dim M 
~e0 5 Qj, € 40 + Bi loge 
jk —0 


so that the fractional powers of e increase with |k|; in the e — 0 limit, 
they will not contribute for large enough |k|. Extracting a finite part when 
€ — 0, we can therefore define for any non negative integer d: 


fp.-otr (Ae **) la] 


ek) cto (k1) |. lkn) 9€Q 
=È feo | a aay ebd a a 


n>0 [k| 2:0 
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Since for ordinary VDOs A, Q we have (a folklore result, the proof of which 
can be found e.g. in a survey by Paycha [11]) 


fp. otr(Ae ^ *9) = trl (A) + yres(A) 


where y is the Euler constant, weighted traces coincide with heat-kernel 
regularised traces for operators with vanishing residue, so this holds in 
particular for differential operators. 

s : (kı) Alkn) : 
Applying this to each operator (4 Qtso| Qs) id we get that provided 


QjaJ and Aja] are differential operators for any non negative integer d, then: 


fp, otr (Ae 7*9) = tr? (A). (22) 


6. Weighted traces of differential operator valued forms; 
locality 


A connection V on € @ |AM;|? induces a connection VH?" on C£ (£) 
which locally reads VH?" = d + (O,.] if V reads V = d+ O. Applying 
Theorem 5.1 to the holomorphic family Q, = A [V, (Qe + TQw) ^] where 
A € A(B, C((£)) yields: 


Theorem 6.1. Let Q c A(B,C2&(E)) be a differential form on B with 
values in vertical classical elliptic VDOs with spectral cut 0 and with kernel 
Ker Q(b)tg independent of b. Let A € A(B,C((£)). Given a connection V 
on EQ |AMy|? then we have the equality of forms: 





Q Q (—1)2+1 
dtr (A) = tr” ([V, AJ) + S res (A[V, log (Q + 794,)]) 


where qo is the order of Qjo) and where a is the degree of A as a form. 


Proof. For simplicity we assume Q is invertible, but the proof extends to 
the non invertible case replacing Q by Q + 79,,, in the complex powers. 
The proof goes as in [4] where Q was a VDO valued 0-form; indeed we have 
dtr? (A) — tr? ([V, A]) = fp, (4TR(AQg*) — TR([V, A] Q5 ?)) 
= (—1)* fp, ;TR (A[V, Q5 *]) 
A =e 
= (—1)* Res;-o (n (25 Qv )) 


z 


2 1241 
Es Ces (A[V, logs QJ) 
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where we have applied Theorem 5.1 to the holomorphic family Q, = 
A[V, Q5] to get the last identity using the fact that the degree k part 
of Qg” has order —qo z + cst. o 


Applying Theorem 5.1 to the holomorphic family Q, = A (Qə + TQ)” 
where A € (B, C£(£)) is such that Ajj is a differential operator for any 
non negative integer i leads to the a description of the weighted trace of a 
differential operator valued differential form in terms of a Wodzicki residue. 
In order to make these notes self-contained, we include the full proof for 
VDO valued forms although it mimics the proof derived in [12] in the case 
of ordinary VDOs. As in [12] we use the following preliminary lemma. 


Lemma 6.1. Let A c A(B,C&(E)) be a family of vertical VDOs such that 
Aq] (b) is a differential operator on My at any point b € B and for any non 
negative integer i. Then, for any x € My, for any positive real number a 


A fs lel"? "o4 (s, £) dé 


is meromorphic with simple poles and if fp, denotes its finite part at 
z — 0 we have: 


j= f oalb m, E) dE = fp, o] — i£]? *c4 (b, €) d£. 
Tz My Tz My, 


Proof. The fact that x  fz.. Ms J£|-?*c A(b, x, £) d£ defines a meromorphic 
function with simple poles follows from Theorem 5.1 applied to o; (b, z, £) = 
[£|- "^c A(b, z, £) of order a(z) = ~az + & where o is the order of A. let 
us fix a non negative integer i. The symbol of the differential operator 


Aja reads oa; (b, z, £) = Par t ei(b, z, £) where for any multiindex k = 


(k1,--- ,kdimm,), ak(b, £, £) = a(b, x)£* is positively homogeneous. Hence, 
its cut-off integral on the cotangent space at x € My reads (here Bj „(0, R) 
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is the ball of radius R centered at 0 in T7 My): 


f T Aii) (b,x, €) d£ = force | O Aia (b, x, €) d£ 
Tz Mb 


B; „(0,R) 
ordAj; 
= Y aba) Pro | Ea 
k=0 Bj, ,(0,R) 
ord Aji} R 
= Y a4 (6,2) Pro ( f eee f gd 
k=0 0 S* My 
Retre 


=f — k de — 0. 
Similarly, 


ba f daub rOle dE 
T*M, 


m 


ord Aji) 

= M «brush tne 
k=0 Tz Me 
ord Ajay 


R 
Z k+n-z—1 k 
= 5 ak (b, x) fPz=0 (v. | r ar) lar & 


m a (b, x) fp, o [paco d *) 1 £&* dé — 0. 
Sž My 


The fact that the finite part vanishes in the line before last follows from the 
fact that fpg ,,, Rtt? vanishes for Re(z) sufficiently small, as the finite 
part of a meromorphic extension of a function which vanishes on some half 
plane. o 


We are now ready to prove the main result of this section: 


Theorem 6.2. Let Q € A(B,C€(£)) be a differential form on B with 
values in vertical classical elliptic VDOs with spectral cut 0 such that Q 
moreover satisfies assumption (8) and has kernel Ker Q(b)jo with constant 
dimension. Let A € A(B,CE(E)) such that Ajay is a differential operator 
for any non negative integer i then we have the equality of forms: 


1 
tr?(A) = To (A loge(Q + T Qt ) 
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where qo is the order of Qio) and TQ, the orthogonal projection onto the 


Ker Qio . 


Proof. Here again, we prove the result for invertible Q; the proof then 
extends to the non invertible case replacing Q by Q 4- 7 Qi, in the complex 


powers. Since (Q37) (0) = (Qo)io has order —qo z with qo the order of Qjo], 
dropping the subscript 0 to simplify notations, we write for any b € B 
tr? (A)(b) := | dz $ tre (0A Q-«(b 2, €)) 
My ‘My 
= fpo | def dies (rag sb) — E7904 (b, 2) + 
My * Mo 
+ foz- | ax $ d£ |£| ?? *trzo a(b, x, £) 
My Ty My 


=fr | def dits (nao s. — IE 0402.8) 
Ms 2 Mo 
by Lemma 6.1 
= Res..o | ax f dé try (cA QZ (b, T, £)) = JEJ VT (c A (b, x, €) : 
My zMy 


z 
Applying Theorem 5.1 to 


o; (b, 2, £) = Estag-i (5,6) — [iis m e) 


then yields for any d € {1,--- ,dimB} 


tr? (A) (b)i 


1 


M z My Z T 
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2 J as f d£ 
90 |JM, zMy 
d 


UJ. [troc A Q^? (b, T, £) e |£| treo A Q- (b, T, é)| al 
[k] 


dz 
since agpj(z) = ord(o;)p = —Go z + ajk) (0) 
and since [treo A Q- —|£| * *treoa]), 26:0 


1 

xo" i = d£ [treoiog Q A(b, £, £) — go log |£]trzo A (5, £, €)] 14) 

= —l [res (A logQ) li- j 
do 


7. Chern-Weil forms associated with a superconnection 


Definition 7.1. A super connection (introduced by Quillen [16], see also 
[1], [3]) on 7,€ adapted to a smooth family of formally self-adjoint ellip- 
tic VDOsP € A? (B,C(*(£)) with odd parity is a classical VDO À on 
A (B, TE) of odd parity with respect to the Z5-grading such that: 
Alw- 0) = dw ^a - (-1) "lo A A(c) Vw € A(B),o € A(B,m.£) 
and 
Ajo] =P 
where as before, A = 9207 Aij and Aj : A* (B, mE) o A*t (B, mE). 
The curvature of a super connection A is given by A? € A(B,C4(£)) . No- 
tice that Afo] = P? so that A? is elliptic with spectral cut m .We know from 
the previous paragraphs that provided Ker A?(b)j = Ker P(b) is indepen- 
dent of b: 
C(A?5, A? + mp, z) := TR (A?* (A? + mp) 7?) 
-rp will denote the orthogonal projection onto the kernel of P-, is a 
VDO valued form in .A(B, C£(£)) so that we can define its finite part: 
u^ (A?*) = C(A?*, A? Lp, py mer. 
Theorem 7.1. Let A be a super connection on n,E adapted to a smooth 
family of formally self-adjoint elliptic YDOs P € A? (B, C£? (£)) of odd 
parity which satisfies assumption (8). Let us further assume that the kernel 
Ker A?(b)jo) = Ker P(b) is independent of b. 
Then for any non negative integer k, 


Chern-Weil forms associated with superconnections 101 


(1) the associated Chern forms 

ex (A) = tr^" (A25) 
are closed forms on B which are cohomologous in de Rham cohomology to 
tr(A?* Tp) ; 
(2) The corresponding Chern- Weil classes are independent of the scaling of 
A with fized kernel and we have the following transgression formula 


Ore (A) = dr (Ai) 
where 


Th(At) = ktrAt (A. age“) — 5 res (A (A? + mp)*1) 


for any smooth one parameter family A; of superconnections associated with 
P of order p. (3) If P has scalar leading symbol and if A(b) is a differential 
operator at each point b € B then the Chern- Weil classes relate to the Chern 
character by 


fPi=0o (aftr (ew = (-1)*e(A). 


(4) If A(b) is a differential operator at each point b € B then the associated 
Chern forms have a local description in terms of the Wodzicki residue: 


ck(A) = -gue (A?* log(A? + mp)). (23) 
Moreover, Ty is also local and we have: 
Tk(À4) = 
k A. (A2 k-1 2 1 A (A2 k-1 
= res (A, (Ay + 7p)  log(A; + 7p) = po% (À: (A? + TP) ) : 
Proof. (Ad 1) Theorem 6.1 applied to A = A?* and Q = A? with qo = 2p 


yields the closedness. Indeed, using the fact that V = A commutes with 
integer powers of À and with e-^, we have: 


d t^^ (A?*) = fp, ,, (atr(a**e-**")) 
= fp, ,otr([A, A?*] e-*^^) + fp,_,otr(A* [A, e7*^^]) = 0, 


since do tr = tro À. 

Furthermore, from [14] we know that ((A?, —k) := C(A?*, A?, z)|™% is ex- 
act, so that trä (A2*) = C(A?*, A2, z)|™er + tr(A?* p) is cohomologous to 
tr( A75 mp). 


102 Sylvie Paycha and Simon Scott 
(Ad 2) Applying Theorem 6.1 to V = 0, A = A?*, Q := A? with A; a 


smooth family of superconnections parametrised by IR associated with a 
family P; with constant kernel and corresponding projection mp we get 


Seca (At) = tr^? (A25) — je (A2 à, log(A2 + mp) 


DL (Are (As, Adare) 


D i 
E | res (A? (A? + p) 17? [As At] (A? + mp)*) dr 
0 


k 
= Y u^ (APO [A Aare?) 
i=1 
1 
E ((A? + n (A? + 9)717 [8s Ae] (A + py?) dà 


= (anhe a2 =) 


d "is (Ac, Ar ( (A? + mp)* (A2 + np)-*}) 


jat 


= kdtr^ : (AA? We *) - Š dres (À; (A? + mp)*- jJ 


where we have used the fact that 0,A? = [A;, À;] as well as the cyclicity of 
the Wodzicki residue combined with the fact that it vanishes on finite rank 
operators (which we used to replaceA? by A? + p in the third equality). 

(Ad 3) First of all, since Qe” = — fó dse-'-5^  A?e-5^^ (see e.g. for- 
mula (2.6) in [3]) and since the exponential e7*^^ commutes with any power 


of A we have: 
OFch(tA) = OF tr(e7*4”) = (—1)*tr (a ed 


Since weighted traces coincide with the ordinary trace on trace-class opera- 
2 

tors and since the operator valued form e^f^ is trace-class for positive t as 

a consequence of the ellipticity of the self-adjoint operator P and we have 


fp, OF tr (eon) = (—1)* fp,_otr (a? gu 
= (-1)*tr^' (A?*) = (—1)*a.(A). 


Here we have used the fact that the leading symbol of P is scalar to make 
sense of the heat-kernel regularised trace fp,_otr (a7 gue) and formula 
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(22) to identify the weighted trace with the heat-kernel regularised trace 
since, by assumption, all the operators involved are differential operators. 
(Ad 4) Applying Theorem 6.2 to A = A?*, Q :— A? then yields the local 
formula for Chern forms announced in the last part of the theorem. In that 
case, Tk is also local and we have 


k ; * 
Tk (At) = ~ Op res (A: Arte 1) log(A? + zp)) 
1 ; 
== res (A (A? + mp)*-1) 
a res (à: (A? + Tp)! log(A2 + mp) 
2p t p t 
1 j (A2 k-1 
" res (A (Ay + tp) ) 


using here again, the fact that the Wodzicki residue vanishes on finite rank 
operators in order to replace A? by A? + mp. a 
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1. Introduction 


Elliptic differential operators on manifolds play a very important role in mathe- 
matical physics, geometric analysis, differential geometry and quantum theory. Of 
special interest are the resolvents and the spectral functions of elliptic operators; 
the most important spectral functions being the trace of the heat kernel and the 
zeta function, which determine, in particular, the functional determinants of dif- 
ferential operators (see the books Gilkey [29], Booss-Bavnbek and Wojciechowski 
[19], Berline, Getzler and Vergne [18], Avramidi [5] and the reviews Avramidi [4, 
6], Vassilevich [43]). 

In particular, in quantum field theory and statistical physics the resolvent deter- 
mines the Green functions, the correlation functions and the propagators of quan- 
tum fields, and the functional determinant determines the effective action and the 
partition function (see, for example [5]). In spectral geometry, one is interested, 
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following Kac [36], in the question: “Does the spectrum of the scalar Laplacian 
determine the geometry of a manifold" or, more generally, “To what extent does 
the spectrum of a differential operator on a manifold determine the geometry of 
the manifold?" Of course, the answer to Kac's and other questions depends on the 
differential operator. Most of the studies in spectral geometry and spectral asymp- 
totics are restricted to so-called Laplace type operators. These are second-order 
partial differential operators acting on sections of a vector bundle with a positive 
definite scalar leading symbol. 

Since, in general, it is impossible to find the spectrum of a differential operator 
exactly, one studies the asymptotic properties of the spectrum, so-called spectral 
asymptotics, which are best described by the asymptotic expansion of the trace 
of the heat kernel. If L : C??(V) — C™(V) is a self-adjoint elliptic second- 
order partial differential operator with a positive definite leading symbol acting on 
smooth sections of a vector bundle V over a compact n-dimensional manifold M, 
then according to Greiner [33] and [29] there is a small-time asymptotic expansion 
ast > 0 


Tr z exp(—tL) ~ (4n) "/? 7 1070/2 Ay, (1.1) 
k=0 


The coefficients A; are called the global heat invariants (in mathematical litera- 
ture they are usually called the Minakshisundaram-Pleijel coefficients; in physics 
literature, they are also called HMDS (Hadamard-Minakshisundaram-De Witt- 
Seeley) coefficients, or Schwinger-De Witt coefficients). 

The heat invariants are spectral invariants of the operator L that encode the 
information about the asymptotic properties of the spectrum. They are of great 
importance in spectral geometry and find extensive applications in physics, where 
they describe renormalization and quantum corrections to the effective action in 
quantum field theory and the thermal corrections to the high-temperature expan- 
sion in statistical physics among many other things. They describe real physical 
effects and, therefore, the knowledge of these coefficients in explicit closed form 
is important in physics. One would like to have formulas for some lower-order 
coefficients to be able to study those effects. 

The proof of the existence of the asymptotic expansion (1.1) has been a great 
achievement in geometric analysis. Now it is a well known fact, at least in the 
smooth category for compact manifolds. This is not the subject of our interest. 
The main objective in the study of spectral asymptotics (in spectral geometry and 
quantum field theory) is, rather, the explicit calculation of the heat invariants A, 
in invariant geometric terms. 

The approach of Greiner [33] and Seeley [41] is a very powerful general ana- 
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lytical procedure for analyzing the structure of the asymptotic expansion based on 
the theory of pseudo-differential operators and the calculus of symbols of opera- 
tors (we will call it symbolic approach for symplicity). This approach can be used 
for calculation of the heat invariants explicitly in terms of the jets of the symbol 
of the operator; it provides an iterative procedure for such a calculation. However, 
as far as we know, because of the technical complexity and, most importantly, 
lack of the manifest covariance, such analytical tools have never been used for 
the actual calculation of the explicit form of the heat invariants in an invariant 
geometric form. As a matter of fact, the symbolic method has only been used to 
prove the existence of the asymptotic expansion and the general structure of the 
heat invariants (like their dependence on the jets of the symbol of the operator) 
(see the reviews [6, 43] and Kirsten [38]). To the best of our knowledge there 
is no exlicit formula even for the low-order coefficients A; and Ag for a general 
non-Laplace type operator. 

The development of the analysis needed to discuss elliptic boundary value 
problems is beyond the scope of this paper. We shall simply use the well known 
results about the existence of the heat trace asymptotics of elliptic boundary value 
problems from the classical papers of Greiner [33] and Seeley [41] (see also the 
books of Grubb [35] and [19]). Our approach can be best described by Greiner's 
own words [33], pp. 165-166,: “the asymptotic expansion can be obtained by 
more classical methods. Namely, one constructs the Taylor expansion for the 
classical parametrix [of the heat equation] . . . and iterates it to obtain the Green's 
operator. This yields, at least formally, the asymptotic expansion for [the trace 
of the heat kernel]". 'This is the approach exploited by McKean and Singer [39] 
for a Laplace type operator and it is this approach that we will use in the present 
paper for non-Laplace type operators. However, contrary to [33] and [41] we do 
not use any Riemannian metrics but, instead, work directly with densities, so that 
our final answers are automatically invariant. Greiner [33], pp. 166, also points 
out that "Of course, at the moment it is not clear which representation will yield 
more easily to geometric interpretation." 

In spectral geometry as well as in physics the motivation and the goals of 
the study of spectral asymptotics are quite different from those in analysis. The 
analytic works are primarily interested in the existense and the type of the asymp- 
totic expansion, but not necessarily in the explicit form of the coefficients of the 
expansion. In spectral geometry one is interested in the explicit form of the spec- 
tral invariants and their relation to geometry. One considers various special cases 
when some invariant topological and geometrical constraints are imposed, say, on 
the Riemannian structure (or on the connection of a vector bundle). Some of these 
conditions are: positive (negative, or zero) scalar curvature, or positive (negative) 
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sectional curvature, Ricci-flat metrics, Einstein spaces, symmetric spaces, Kaehler 
manifolds etc. Such conditions lead to very specific consequences for the heat in- 
variants which are obvious in the geometric invariant form but which are hidden 
in a non-invariant symbolic formula obtained in local coordinates. For example, if 
the scalar curvature is zero, then for the Laplacian on a manifold without boundary 
A» = 0. Such a conclusion cannot be reached until one realizes that the integrand 
of Ag is precisely the scalar curvature. There are, of course, many more examples 
like this. 

Another property that does not become manifest at all in the symbolic ap- 
proach is the behavior of the heat invariants under the conformal transformation 
of the Riemannian structure and the gauge transformations. This is a very im- 
portant property that is heavily used in the functorial approach of Branson and 
Gilkey [22] (see also Branson, Gilkey, Kirsten and Vassilevich [24]), but which 
is not used at all in the symbolic approach. For conformally covariant operators 
the symbolic calculus is exactly the same as for non-conformally covariant ones 
with similar results because the conformal covariance only concerns the low-order 
terms of the symbol but not its leading symbol. However, the conformal invari- 
ance leads to profound consequences for the heat invariants, zeta-function and the 
functional determinant (see Branson [20]). 

The calculation of the explicit form of the heat invariants is a separate impor- 
tant and complicated problem that requires special calculational techniques. The 
systematic explicit calculation of heat kernel coefficients was initiated by Gilkey 
[28] (see also (29, 43, 38, 6] and references therein). A review of various al- 
gorithms for calculation of the heat kernel coefficients is presented in Avramidi 
and Schimming [17]. The two most effective methods that have been successfully 
used for the actual calculation of the heat invariants are: 1) the functorial method 
of Branson and Gilkey [22] (see also [24, 29]), which is based on the invari- 
ance theory, behavior of the heat trace under conformal transformations and some 
special case calculations, and 2) the method of local Taylor expansion in normal 
coordinates (which is essentially equivalent to the geometric covariant Taylor ex- 
pansions of Avramidi [2, 1]). The results of both of these methods are directly 
obtained in an invariant geometric form. The symbolic calculus approach, despite 
being a powerful analytical tool, fails to provide such invariant results. It gives 
answers in local coordinates that are not invariant and cannot be made invariant 
directly. For high-order coefficients the problem of converting such results in a ge- 
ometric invariant form is hopeless. One cannot even decide whether a particular 
coefficient is zero or not. 

One of the main problems in the study of spectral asymptotics is to develop 
a procedure that respects all the invariance transformations (diffeomorphisms and 
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gauge transformations in the physics language) of the differential operator. Sym- 
bolic calculus gives an answer in terms of jets of the symbol of the operator in 
some local coordinates. Thus there remains a very important problem of convert- 
ing these local expressions to global geometric invariant structures, like polyno- 
mials in curvatures and their covariant derivatives. For a general coefficient this 
problem becomes unmanagable; it is simply exponentially bad in the order of the 
heat kernel coefficient. The number of the jets of the symbol is much greater than 
the number of invariant structures of given order. This problem is so bad that it 
is, in fact, much easier to compute the coefficients by some other methods that di- 
rectly give an invariant answer than to use the results of the symbolic approach. To 
our knowledge, none of the results for the explicit form of the spectral invariants 
were obtained by using the symbolic calculus. 

Every problem in geometric analysis has two aspects: an analytical aspect and 
a geometric aspect. In the study of spectral asymptotics of differential operators 
the analytic aspect has been succesfully solved in the classical works of Greiner 
[33] and Seeley [41] and others (see [35, 19]). 

The geometric aspect of the problem for Laplace type operators is now also 
well understood due to the work of Gilkey [28] and many others (see [29, 43, 38, 
18, 6] and references therein). The leading symbol of a Laplace type operator 
naturally defines a Riemannian metric on the manifold, which enables one to em- 
ploy powerful methods of differential geometry. In other words, the Riemannian 
structure on a manifold is determined by a Laplace type operator. We take this fact 
seriously: geometry (Riemannian structure) is determined by analysis (differential 
operator). In some sense, analysis is primary and geometry is secondary. What 
kind of geometry is generated does, of course, depend on the differential operator. 
A Laplace type differential operator generates the Riemannian geometry. 

As a result, much is known about the spectral asymptotics of Laplace type 
operators, both on manifolds without boundary and on manifolds with boundary, 
with various boundary conditions, such as Dirichlet, Neumann, Robin, mixed, 
oblique, Zaremba etc. On manifolds without boundary all odd coefficients vanish, 
Aək+1 = 0, and all even coefficients A2; up to Ag have been computed in our 
PhD thesis [1], which was published later as a book [5] (see also [29, 2, 15], 
Avramidi [10], Yajima, Higasida, Kawano, Kubota, Kamo and Tokuo [44], the 
reviews [4, 6, 43] and references therein). By using our method [2] Yajima et al. 
[44] computed the coefficient A10 recently. Of course, this remarkable progress 
can only be achieved by employing modern computer algorithms (the authors of 
[44] used a Mathematica package). The main reason for this progress is that the 
heat kernel coefficients are polynomial in the jets of the symbol of the operator 
(which can be expressed in terms of curvatures and their covariant derivatives); it 
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is essentially an algebraic problem. 

On manifolds with boundary, the heat invariants depend on the boundary con- 
ditions. For the classical boundary conditions, like Dirichlet, Neumann, Robin, 
and mixed combination thereof on vector bundles, the coefficients A; have been 
explicitly computed up to As (see, for example, Kirsten [37], Avramidi [3] and 
[22, 24]). 

A more general scheme, called oblique boundary value problem (see Grubb 
[34] and Gilkey and Smith [32, 31]), which includes tangential derivatives along 
the boundary, was studied by Avramidi and Esposito [14, 16, 15] and Dowker 
and Kirsten [26, 27]. This problem is not automatically elliptic like the classi- 
cal boundary problems; there is a certain condition on the leading symbol of the 
boundary operator that ensures the strong ellipticity of the problem. As a result, 
the heat invariants are no longer polynomial in the jets of the boundary operator, 
which makes this problem much more difficult to handle. So far, in the general 
case only the coefficient A; is known [14, 16]. In a particular Abelian case the 
coefficients Az and Ag have been computed in [27]. 

A discontinuous boundary value problem, the so-called Zaremba problem, 
which includes Dirichlet boundary conditions on one part of the boundary and 
Neumann boundary conditions on another part of the boundary, was studied re- 
cently by Avramidi [10], Seeley [42] and Dowker, Gilkey and Kirsten [25]. Be- 
cause this problem is not smooth, the analysis becomes much more subtle (see 
[10, 42] and references therein). In particular, there is a singular subset of codi- 
mension 2 on which the boundary operator is discontinuous, and, one has to put 
an additional boundary condition that fixes the behavior at that set. Seeley [42] 
showed that there are no logarithmic terms in the asymptotic expansion of the 
trace of the heat kernel, which are possible on general grounds, and that the heat 
invariants do depend on the boundary condition at the singular set; the neglect of 
that simple fact lead to some controversy on the coefficient A» in the past until 
this question was finally settled in [42, 10]. 

Contrary to the Laplace type operators, there are no systematic effective meth- 
ods for an explicit calculation of the heat invariants for second-order operators 
which are not of Laplace type. Such operators appear in so-called matrix geom- 
etry (see Avramidi [7, 8, 9, 11]), when instead of a single Riemannian metric 
there is a matrix-valued symmetric 2-tensor, which we call a *non-commutative 
metric". Matrix geometry is motivated by the relativistic interpretation of gauge 
theories and is intimately related to Finsler geometry (rather a collection of Finsler 
geometries) (see [7, 8, 9]). For an introduction to Finsler geometry see Rund [40]. 

Of course, the existence and the form of the asymptotic expansion of the heat 
kernel is well established for a very large class of operators, including all self- 
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adjoint elliptic partial differential operators with positive definite leading symbol; 
it is essentially the same for all second-order operators, whether of Laplace type 
or not. However, a non-Laplace type operator does not induce a unique Rieman- 
nian metric on the manifold. Of course, one can pick any Riemannian metric 
and work with it, but this is not natural; it does not reflect the properties of the 
differential operator and its leading symbol. Therefore, it is useless to try to use 
a Riemannian structure to cast the heat invariants in an invariant form. Rather, 
a non-Laplace type operator defines a collection of Finsler geometries (a matrix 
geometry in the terminology of (7, 8, 9, 11]). Therefore, it is the matrix geome- 
try that should be used to study the geometric structure of the spectral invariants 
of non-Laplace type operators. This fact complicates the calculation of spectral 
asymptotics significantly. Of course, the general classical algorithms described in 
[33, 41] still apply. 

Three decades ago Greiner [33], p. 164, indicated that "the problem of inter- 
preting these coefficients geometrically remains open". There has not been much 
progress in this direction. In this sense, the study of geometric aspects of spectral 
asymptotics of non-Laplace type operators is just beginning and the corresponding 
methodology is still underdeveloped in comparison with the Laplace type theory. 
The only exception to this is the case of exterior p-forms, which is pretty sim- 
ple and, therefore, is well understood now (see Gilkey, Branson and Fulling [30], 
Branson, Gilkey and Pierzchalski [23] and Branson [21]). Thus, the geomerric 
aspect of the spectral asymptotics of non-Laplace type operators remains an open 
problem. 

A first step in this direction was made by Avramidi and Branson in the papers 
[12, 13]. We studied a subclass of so-called natural non-Laplace type operators 
on Riemannian manifolds, which appear, for example, in the study of spin-tensor 
quantum gauge fields. The natural non-Laplace type operators are a special case 
of non-Laplace type operators whose leading symbol is built in a universal, poly- 
nomial way, using tensor product and contraction from the Riemannian metric, 
its inverse, together with (if applicable) the volume form and/or the fundamental 
tensor-spinor. These operators act on sections of spin-tensor bundles. These bun- 
dles may be characterized as those appearing as direct summands of iterated tensor 
products of the tangent, the cotangent and the spinor bundles (see sect 2.1). Alter- 
natively, they may be described abstractly as bundles associated to representations 
of the spin group. These are extremely interesting and important bundles, as they 
describe the fields in quantum field theory. The connection on the spin-tensor 
bundles is built in a canonical way from the Levi-Civita connection. The symbols 
of natural operators are constructed from the jets of the Riemannian metric, the 
leading symbols being constructed just from the metric. In this case, even if the 
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leading symbol is not scalar, its determinant is a polynomial in |£|? = g^" (z)£,£,, 
and, therefore, its eigenvalues are functions of |£| only. This allows one to use the 
Riemannian geometry and simplifies the study of such operators significantly. 

For non-Laplace operators on manifolds without boundary even the invari- 
ant A4 is not known, in general (for some partial results see [12, 13, 9, 11] and 
the review [6]). For natural non-Laplace type differential operators on manifolds 
without boundary the coefficients Ao and Az were computed in [12]. For general 
non-Laplace type operators they were computed in our papers [9, 11]. 

The primary goal of the present work is to generalize this study to general 
non-Laplace type operators on manifolds with boundary. We introduce a “non- 
commutative" Dirac operator as a first-order elliptic partial differential operator 
such that its square is a second-order self-adjoint elliptic operator with positive 
definite leading symbol (not necessarily of Laplace type) and study the spectral 
asymptotics of these operators with Dirichlet boundary conditions. 

This paper is organized as follows. In Section 2 we describe the construction 
of non-Laplace type operators. In Section 2.1 we define natural non-Laplace type 
operators in the context of Stein- Weiss operators [21]. In Section 2.2 we describe 
a class of non-Laplace type operators that appear in matrix geometry following 
[9, 11]; we develop what can be called the non-commutative exterior calculus and 
construct first-order and second-order invariant differential operators. In Section 
2.3 we describe the general setup of the Dirichlet boundary value problem for 
such an operator and introduce necessary tools for the analysis of the ellipticity 
condition. In Section 3 we review the spectral asymptotics of elliptic operators 
both from the heat kernel and the resolvent point of view. In Section 4 we develop 
a formal technique for calculation of the heat kernel asymptotic expansion. In 
Section 4.1 the interior coefficients Áo and Az are computed (which are the same 
as for the manifolds without boundary), and in the Section 4.2 we compute the 
boundary coefficient A. 


2. Non-Laplace type operators 
2.1. Natural non-Laplace type operators 


Natural non-Laplace type operators can be constructed as follows [21]. Let M 
be a smooth compact orientable n-dimensional spin manifold (with or without 
boundary). Let S be the spinor bundle over a spin manifold M and 


V=TM®::-@TM@T*M®:--@T* MES (2.1) 


be a spin-tensor vector bundle corresponding to a representation of the spin group 
Spin(n) and V : C?*(Y) — C**(T*M @ V) be a connection on V. Then the 
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decomposition 
T*M@V=W98---OW, (2.2) 


of the bundle T* M @ Y into its irreducible components W1, ..., W, defines the 
projections P; : T*M @ Y — W; and the first-order differential operators 


Gj = PjV : CP (V) 2 C? (Wj), (2.3) 


called Stein-Weiss operators (or simply the gradients). The number s of gradients 
is a representation-theoretic invariant of the bundle Y. 
Then every first-order Spin(n)-invariant differential operator 


D: C? (y) 2 C?(Y) (2.4) 
is a direct sum of the gradients 
D=cG,4+---+e¢G, = PV, (2.5) 
where c; are some real constants and 
Puy gb. (2.6) 
j=l 
and the second-order operators L : C°(V) — C™(V) defined by 
L-D'D-V'P'v-M'dGiG; (2.7) 
j=l 


are natural non-Laplace type operators. If all c; # 0, then L is elliptic and has a 
positive definite leading symbol. 


2.2. Non-commutative Laplacian and Dirac operator in matrix geometry 


Let M be a smooth compact orientable n-dimensional spin manifold with smooth 
boundary OM. We label the local coordinates z^ on the manifold M by Greek 
indices which run over 1,...,n, and the local coordinates 2^ on the boundary 
OM by Latin indices which run over 1,...,n — 1. We use the standard coordinate 
bases for the tangent and the cotangent bundles. The components of tensors over 
M in the coordinaate basis will be labeled by Greek indices and the components 
of tensors over OM in the coordinate basis will be labeled by Latin indices. We 
also use the standard Einstein summation convention for repeated indices. 

Let S be now an arbitrary N-dimensional complex vector bundle over M (non 
necessarily the spinor bundle) with a positive definite Hermitean inner product 
( , ), S* be its dual bundle and End(S) be the bundle of linear endomorphisms 
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of the vector bundle S. Further, let Aut(S) be the group of automorphisms of 
the vector bundle S and G(S) be the group of unitary endomorphisms of the 
bundle S. We will call the unitary endomorphisms of the bundle S simply gauge 
transformations. 

Let T'M and T* M be the tangent and the contangent bundles. We introduce 
the following notation for the vector bundles of vector-valued and endomorphism- 
valued p-forms and p-vectors 


Ap=(VT*M)@S,  AP-(WTM)&S, Q.8) 


E, =(A°T*M)@End(S),  E?-(^TM)GEnd(S). (2.9) 


We will also consider vector bundles of densities of different weights over the 
manifold M. For each bundle we indicate the weight explicitly in the notation of 
the vector bundle; for example, S[w] is a vector bundle of densities of weight w. 

Since M is orientable there is the standard volume form vol = dx = dz! A 
A dx” given by the standard Lebesgue measure in a local chart. The volume 
form is, of course, a density of weight 1, and, hence, is a section of the bundle 
E,,[1]. The components of the volume form in a local coordinate basis are given 
by the completely anti-symmetric Levi-Civita symbol €,,,...,,- The n-vector dual 
to the volume form is a density of weight (—1) and, hence, is a section of the 
bundle E" [—1]. Its components are given by the contravariant Levi-Civita symbol 
gH», These objects naturally define the maps 


€ : AP|w] > As p[w +1], E: Ap[w] > A"7?[w — 1]. (2.10) 


It is not difficult to see that ££ = ĉe = (—1)»("-PId. 
Further, we define the diffeomorphism-invariant L?-inner product on the space 
C™ (A, [1]) of smooth endomorphism-valued p-form densities of weight 5 by 


(6.9) = | de (Ha) e). (2.11) 
M 


The completion of C9? (A, [i1]) in this norm defines the Hilbert space 
D (Ay [3)). 

Suppose we are given a map T : T*M — End(S) determined by a self- 
adjoint endomorphism-valued vector T € C® (TM & End(S)|0]), which is de- 
scribed locally by a matrix-valued vector T”. Let us define an endomorphism- 
valued tensor a € C% (TM & TM & End(S)(0]) by 


alén, 62) = 5 PEI) + PGE) , (2.12) 
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where £1,£2 € T* M. Then a is self-adjoint and symmetric 


a(£1,&2) = a(2, 1), a(£1, 2) = a(€2, £1). (2.13) 


One of our main assumptions about the tensor a is that it defines an isomor- 
phism 


a:T*MES>TMES. (2.14) 
Let us consider the endomorphism 
H(z, €) = a(6,€) = (T (€), (2.15) 


with z € M, and £ € TM being a cotangent vector. Our second assumption is 
that this endomorphism is positive definite, i.e. H(x, €) > 0 for any point z of the 
manifold M and £ # 0. This endomorphism is self-adjoint and, therefore, all its 
eigenvalues are real and positive for € Æ 0. We call the endomorphism-valued ten- 
sor a the non-commutative metric and the components T” of the endomorphism- 
valued vector T the non-commutative Dirac matrices. 

This construction determines a collection of Finsler geometries [8, 11]. As- 
sume, for simplicity, that the matrix H (z, €) = a(¢, £) has distinct eigenvalues: 


hia; (x, €), a = 1,..., N. Each eigenvalue defines a Hamilton-Jacobi equation 
h(5)(z, OS) = mt, , (2.16) 


where mq) are some constants, a Hamiltonian system 
dr" 10 


"E sa 23e, (59) , Q.17) 
d" 18 
u -37gm e, £), (2.18) 


(the coefficient 1/2 is introduced here for convenience) and a positive definite 
Finsler metric 

1 Aha) 
206,06," 


Moreover, each eigenvalue is a positive homogeneous function of € of degree 
2 and, therefore, the Finsler metric is a homogeneous function of € of degree 0. 
This leads to a number of identities, in particular, 


hay(,€) = oth (xe, €)Eué and é^—gh^(mt£),. (220) 
Next, one defines the inverse (covariant) Finsler metrics 


9a) uv (2, $)g(4) (x, £) = Oy, (2.21) 


(2.19) 





Hay (€) = 
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the interval 
dst) = 9(a) uv (x, È) dz" da” , (2.22) 


connections, curvatures etc (for details, see [40]). Thus, a non-Laplace type oper- 
ator generates a collection of Finsler geometries. 
The isomorphism a naturally defines a map A : A, — A? , by 


(Ag)! nhe = Ame oy. (2.23) 
where 
APU HVI Vp — gle A seele — ae ae Sa a9» P» ; (2.24) 


and the square brackets denote the complete antisymmetrization over the indices 
included. We will assume that these maps are isomorphisms as well. Then the 
inverse operator A~! : AP — A, , is defined by 


Arnie A ae one e (2.25) 
where A^! is determined by the equation 
p Dopnacap dei Ven rs == ona 23 Or . (2.26) 


This can be used further to define the natural inner product on the space of 
p-forms A; via 


l tese 
(p,p) = pi Unus AT OE rr (2.27) 
Let d be the exterior derivative on p-form densities of weight 0 
d: C??(As[0) + C°(Ap+1[0]) (2.28) 


and d be the coderivative on p-vector densities of weight 1 


d = (—1)"?* lide : C™(A?[1]) 2 C**(A?-1[1]). (2.29) 
These operators are invariant differential operators defined without a Riemannian 
metric. They take the following form in local coordinates 


(dp)mr uppi = (PFD Ap i Ppo-pp] and (do)? e = Gpp”! Pei, 
(2.30) 
Now, let B € C?? (I* M & End(S)[0}) be a smooth anti-self-adjoint endo- 
morphism-valued connection 1-form on the bundle S, defined by the matrix- 
valued covector B,,. Such a section naturally defines the maps: 


B: Ap [3] > ^oi [3] Q.31) 
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and 

B = (-1)'?*!zBe : AP [4] > Ar~ [1] (2.32) 
given locally by 
(Be) ur--tper = (PA) Bis Puau] and RTE care 


Finally, we introduce a self-adjoint non-degenerate endomorphism-valued 
density p € C® (End(S) []) of weight 3. Then p? has weight 1 and plays 
the role of a non-commutative measure. 

This enables us to define the covariant exterior derivative of p-form densities 
of weight i 


DC (^, [3]) + C? (^e [3])- (2.34) 
and the covariant coderivative of p-vector densities of weight i 
D = (-1)'**lzpe : c (A? [1])) 2 c? (A? [1), (2.35) 
by 
D=p(d+B)p, D=p'(d+B)p. (2.36) 


These operators transform covariantly under both the diffeomorphisms and the 
gauge transformations. 
The formal adjoint of the operator D 


D: 0% (ty [$]) ^ O° (Ap-1 [A]), (237) 
has the form 
D = —A-71p^(d 4 B)pA, (2.38) 


By making use of these operators we define a second-order operator (that can be 
called the non-commutative Laplacian) 


A: C% (Ap [8) ^ €" (A, [3]. (2.39) 
by 
A--DD-DD. (2.40) 
In the special case p — 0 the non-commutative Laplacian A reads 
A = p^! (d + B)eAp(d + B)p^! , (2.41) 
which in local coordinates has the form 


A = p^ 1 (8, + B,)pa"" p(B, + B,)p ^! . (2.42) 
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Next, notice that the endomorphism-valued vector T introduced above natu- 
rally defines the maps 


r: c? (AP [3]) 2 c? (AP** [5]) (2.43) 
and 
P= (-1)tlere: C™ (Ap [4]) 5 C? (A5. [4]) (2.44) 
given locally by 
(To) Heth = (p+ LTH goa Fetal (Pu dei = TH deis 
(2.45) 


Therefore, we can define a first-order invariant differential operator (that can 
be called the non-commutative Dirac operator) 


D:C? (A, [3]) ^ C? (Ap [3]) (2.46) 
by 
D — iD — ipd +B), (2.47) 
where, of course, 1 = 4/—1. The formal adjoint of this operator is 
D=iA DTA — iA71p-(d-- B)pL A. (2.48) 
These operators can be used to define second order differential operators DD and 
DD. 
In the case p — 0 these operators have the following form in local coordinates 


D = il" (0, + B,)p^! , D — ip (8, + B,)pl" , (2.49) 

and, therefore, the second-order operators D D and D D read 
D D = —I"p(0, + B.)p ^? (8, + B,)pT" , (2.50) 
DD = —p (8, + B,)pT"T"p(8, + B,)p ^! . (2.51) 


In the present paper we will primarily study the second-order operators A, 
D D and D D in the case p = 0, that is, 
A,DD,DD:c*(s(1)—c*(si). 


2 


These are all formally self-adjoint operators by construction. This means that they 
are symmetric on smooth sections of the bundle S [1] with compact support in 
the interior of M (that is, sections that vanish together with all their derivatives on 
the boundary 0M). 
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The leading symbols of all these operators are equal to the matrix H(r,£) = 
a(£, £), i.e. 
OL(A; T, £) = ox DD; x, &) = oL(D D; T, £) T H(z, £) = a(£, £) , (2.52) 


where £ € T7 M. By our main assumption about the non-commuting metric the 
leading symbol is self-adjoint and positive definite in the interior of the manifold. 
Therefore, the leading symbol is invertible (or elliptic) in the interior of M. Notice 
that the leading symbol is non-scalar, in general. That is why such operators are 
called non-Laplace type operators. 


2.3. Elliptic boundary value problem 


Let us consider a neighborhood of the boundary OM in M. Let x = (z") be the 
local coordinates in this neighborhood. The boundary is a smooth hypersurface 
without boundary. Therefore, there must exist a local diffeomorphism 


r=r(z) #-=#(2), i=1,...,n—-1, (2.53) 
and the inverse diffeomorphism 
git = r" iy s B m1,...an, (2.54) 
such that 
r(r)-0 foranyzeðM, r(r) 20 foranyrgOM, (2.55) 


and the vector 0, = O/Ór is transversal (nowhere tangent) to the boundary 0M. 
Then the coordinates 2* are local coordinates on the boundary 0M. 
Let 6 > 0. We define a disjoint decomposition of the manifold 


M = Mint U Mona, (2.56) 


where Mpna = (x € M | r(x) < ô} is a ó-neighborhood of the boundary and 
Mint = M \ Mona is the part of the interior of the manifold on a finite distance 
from the boundary. 

For r = 0, that is, x € OM, the vectors (à; = ð/ 0i) are tangent to the 
boundary and give the local coordinate basis for the tangent space 7,0M. The 
set of vectors {0,, à;) gives the local coordinate basis for the tangent space T;.M 
in Muna. Similarly, the 1-forms d£? determine the local coordinate basis for the 
cotangent space T7 0 M , and the 1-forms (dr, d$*) give the local coordinate basis 
for the cotangent space 77 M in My. 

We fix the orientation of the boundary by requiring the Jacobian of this diffeo- 
morphism to be positive, in other words, for any x € Mbna 


J(r) = val (85,017,043) > O. Q.57) 
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Let o € C?*(T M[1]) be a smooth vector density of weight 1. Then Stokes’ 
Theorem has the form 


f dr dp = I dé N(y), (2.58) 
M oM 


where N is a 1-form defined by 


^ ^ 1 
N(¢) = vol (p, 01,.--,;On—1) = Fre) 


Ox"! Ox"^-1 1 Or 
= Época Op gpr ry" = Ton P. (2.59) 
Notice that this formula is valid for densities, and there is no need for a Rieman- 
nian metric. 

We will study in the present paper, for simplicity, the Dirichlet boundary con- 
ditions e| am = 0 - By integration by parts it is not difficult to see that all operators 
A, D D and D D are symmetric on smooth sections of the bundle S [i | satisfy- 
ing the boundary conditions. One can show that these operators are essentially 
self-adjoint, that is, their closure is self-adjoint and, hence, they have unique self- 
adjoint extensions to L? (S [3]). 

Let L be one of the operators D D, D D , A with the Dirichlet boundary con- 
ditions. Our primary interest in this paper is the study of elliptic boundary value 
problems. Ellipticity means invertibility up to a compact operator in appropriate 
functional spaces (see, for example, [19, 31, 29]). This is, roughly speaking, a 
condition that implies local invertibility. For a boundary value problem it has two 
components: i) in the interior of the manifold, and ii) at the boundary. 

An operator L is elliptic in the interior of the manifold if for any interior point 
x € M and for any nonzero cotangent vector £ € T*M, € £ 0, its leading symbol 
o1(L;z, €) is invertible. Since all operators D D, D D and A all have positive 
leading symbols, namely H(z, £), they are elliptic in the interior of the manifold. 

At the boundary 0M of the manifold we use the coordinates (r, £) and define 
a split of the cotangent bundle T*M = R @ T*8M, so that £ = (£4) = (w, &e 
T*M, where w € R and Ê = (£;) € T?0M. 

Let A € C\ R+ bea complex number that does not lie on the positive real axis 
and H (r, 2,0, é ) be the leading symbol of the operator L. We substitute r — 0 and 
w t+» —10, and consider the following second-order ordinary differential equation 
on the half-line, i.e. r € Ry, 


[H(0, &, —ið,, Ê) — ‘ e =0, (2.60) 
with an asymptotic condition 


lim y=0. (2.61) 


T—0o 
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Let $ = S ləm be the restriction of the vector bundle S to the boundary. 
The operator L with Dirichlet boundary conditions is elliptic if for each boundary 
point 2 € OM, each é € T:0M, each À € CX R,, such that é and are not 
both zero, and each f € C% ($ [1]) there is a unique solution q(A, r,É) to 
the equation (2.60) subject to the asymptotic condition (2.61) at infinity and the 
boundary condition at r — 0 


9(,0,8) = f. (2.62) 
We have 
H(0, #,w, £) = [A(£)u + C(&, P? 
= A?(£)u? + B(&,&)o + C7(4,8), (2.63) 
where A, B, and C are self-adjoint matrices defined by 
A(#)=T(dr), | C(£,) = T(d#) 6, , (2.64) 
B(&, Ê = A(#)C(4, 6) + C(4, O)A(4). (2.65) 


Then the differential equation (2.60) has the form 
(-4?8? — iB, + C? - Al) o =0. (2.66) 


We notice that the matrix [(Aw + C)? — AI] is non-degenerate when w is 
real and À and ê are not both zero, i.e. (A, é) # (0,0). Moreover, when À is a 
negative real number, then this matrix is self-adjoint and positive definite for real 
w. Therefore, we can define 


x $ dw . " 
$(A,y,£)— J mE Pals); (2.67) 
where 
Ro) = {Aw + 08,8) -A (2.68) 


^ 


The matrix (A, y, €) is well defined for any y € R. It: i) vanishes at infinity, 
lim (å, y, =0, (2.69) 
ytoo 


ii) satisfies the symmetry relations 


(à, y, é) = $(A, =y, Ê , (à, Y, -ê = $(A, =y, é) 3 (2.70) 


124 Ivan G. Avramidi 


iii) is homogeneous, i.e. for any t > 0, 


A Ê ; 
®| — vty, = | =t, y, £), 2.71 
( p vey £j (à, y, €) (2.71) 
iv) is continuous at zero with a well defined value at y = 0 
: P i 
DA 90,08 = | m9, (2.72) 


v) has a discontinuous derivative ô (A, Y, é ) at y = 0 with a finite j jump. 
We also notice that the matrix o(A, Ê) is an even function of £ and is self- 
adjoint for real A, i.e. 


$o(A, -£) = Bo(A, Ê) ’ $o(A, &) = Bo(A, Ê) . (2.73) 
Moreover, for real negative A the matrix ®g is positive and, therefore, non- 
degenerate. More generally, it is non-degenerate for ReA < w, where w is a 
sufficiently large negative constant. 
In an important particular case, when B = AC + CA = 0, one can compute 
explicitly 


By, Ê) = ATITA, BoA Ê = FATWA, (2.74) 


where u = y A-1(C? — AI) A-1, defined as an analytical continuation in À of a 
positive square root of a self-adjoint matrix when A € R_. 

One can prove now that the eq. (2.66) with initial condition (2.62) and the 
asymptotic condition at infinity (2.61) has a unique solution given by 


e, r£) = €, r, (Bo, 0]! f. (2.75) 


Thus, the Dirichlet boundary value problem for our operator is elliptic. 


3. Spectral asymptotics 
3.1. Heat kernel 
Let L be a self-adjoint elliptic second-order partial differential operator acting on 


smooth sections of the bundle S [1] over a compact manifold M with boundary 
OM with positive definite leading symbol and with some boundary conditions 


Bvlow =0, (3.1) 


with some boundary operator B. It is well known that such an operator has a 
discrete real spectrum {Ax}? , bounded from below [29], i.e., 


Ay S Ag S++) SA XAMkuR€ee (3.2) 
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Furthermore: i) each eigenspace is finite-dimensional, ii) the eigensections are 
smooth sections of the bundle S [3], and iii) the set of eigensections (qx)52., 
forms an orthonormal basis in L? (S [1]). 

For t > 0 the heat semigroup 


exp(—tL) : L? (S [4]) > L? (S [1]) (3.3) 
is a bounded operator. The integral kernel of this operator, called the heat kernel, 


is given by 


U(t;2, 2’) = Me? & Prl’), (3.4) 
k=1 


where each eigenvalue is counted with its multiplicity. The heat kernel satisfies 
the heat equation 


(® + L)U(t;2, 2’) =0 (3.5) 
with the initial condition 
U(0*; 2,2") = 6(z, 2’), (3.6) 


where ó(z, x’) is the Dirac distribution, as well as the boundary conditions 


BLU t; , f. = 0, 7 
( "E ) rcoM e 
and the self-adjointness condition 

U(t; 2,2!) = U(t;2',2). (3.8) 


The heat kernel U(t) = exp(—tL) is intimately related to the resolvent 
G(A) = (L — A)T}. Let A be a complex number with a sufficiently large neg- 
ative real part, ReA << 0. Then the resolvent and the heat kernel are related by 
the Laplace transform 


G(A) = J dt e^ U(t), (3.9) 
0 
w-Tioo 
U(t) — x ri dye’ GQ), (3.10) 


where w is a sufficiently large negative real number, w << 0. 
The resolvent satisfies the equation 


(L — A)G(A; 2,2’) = ó(v, x^) Q.11) 
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with the boundary condition 


B,G(d; 2, 2’)| =0, (3.12) 


rcoM 
and the self-adjointness condition 


G(A; z, 2!) = G(X; x', x). (3.13) 


The integral kernel of the resolvent reads 


G82) =) 5 Zy Pk 8 Pale PN (3.14) 


where each eigenvalue is counted with its multiplicity. 

For ¢ > 0 the heat kernel U (t; x, x’) is a smooth section of the exterior tensor 
product bundle S [1] & S* [1]; that is, it is a two-point density of weight 3 at 
each point. In particular, it is a smooth function near the diagonal of M x M and 
has a well defined diagonal value U (t; x, x). The diagonal is, of course, a smooth 
section of the bundle S [1], a density of weight 1. 

Moreover, the heat semigroup is a trace-class operator with a well defined 
L?-trace 


Tr z2 exp(—tL) = pe tr sU(t; x, x), (3.15) 


where tr g is the trace over the fiber vector space S of the vector bundle S. The 
trace of the heat kernel is a spectral invariant of the operator L since 


Tr z2 exp(—tL) = ye, (3.16) 


Since the diagonal is a density of weight 1 the trace Tr z2 exp(—£L) is invariant 
under diffeomorphisms. 

This enables one to define other spectral functions by integral transforms of 
the trace of the heat kernel. In particular, the zeta function, ¢(Z; s, A), is defined 
as follows. Let A be a complex parameter with Re À < A4, so that the operator 
(L — A) is positive. Then for any s € C such that Res > n/2 the trace of the 
operator (L — A)^* is well defined and determines the zeta function, 


(L; s, à) = Tr ;(L- A) = NE n tle Ty 72 exp(—tL). (3.17) 
0 


The zeta function enables one to define further the regularized determinant of the 
operator (L — A) by 


8 
a, s, XL. = = log Det (L = A), (3.18) 
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There is an asymptotic expansion as £ — 0 of the trace of the heat kernel [29] 
(see also [2, 4, 5, 6, 43]) 


Tr r2 exp(—tL) ~ (4n) 7? V 106792 AQ), (3.19) 
k=0 
The coefficients A;(Z), called the global heat invariants, are spectral invariants 
determined by the integrals over the manifold M and the boundary OM of some 
scalar densities ay (L; x) and by (L; 2), called local heat invariants, viz. 


A, (L) = je ak(L; x) + » d$ by, (L;2). (3.20) 
M oM 


The local heat invariants a4 (L; x) and bj (LL; ĉ) are constructed polynomially from 
the jets of the symbol of the operator L; the boundary coefficients by depend, of 
course, on the boundary conditions and the geometry of the boundary as well. 

Contrary to the heat kernel, the resolvent is singular at the diagonal and does 
not have a well defined trace. However, the derivatives of the resolvent do. Let 
m > n/2. Then the trace Tr [2 (04) G(A) is well defined and has the asymptotic 
expansion as À — —oo 


Te r 2:00) ~ (4r) SOT [fk — n + 2m + 2)/2] (23) OP D/A LLL) 
oe (3.21) 


Therefore, one can use either the heat kernel or the resolvent to compute the coef- 
ficients Ax. 


3.2. Index of noncommutative Dirac operator 


Notice that the operator A can have a finite number of negative eigenvalues, 
whereas the spectrum of the operators D D and D D is non-negative. Moreover, 
one can easily show that all non-zero eigenvalues of the operators D D and D D 
are equal 


AX(DD)-X(DD) | ifdx(DD)>0. (3.22) 
Therefore, there is a well defined index 
Ind(D) = dim Ker ( D D) — dim Ker (D D), (3.23) 


which is equal to the difference of the number of zero modes of the operators D D 
and D D. 
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This leads to the fact that the difference of the heat traces for the operators 
D D and D D determines the index 


Tr z2 exp(—t D D) — Tr pz exp( -t D D) = Ind(D). (3.24) 


This means that the spectral invariants of the operators D D and D D are equal 
except for the invariant An which determines the index 


Akl DD)= ADD) | fokzn, (3.25) 
and 
A«(D D) — A,(D D) = (4r)"/?Ind(D). (3.26) 


Thus, for n > 2 the spectral invariants Ap, A; and A» of the operators DD 
and D D are equal. Therefore, we can pick any of these operators to compute 
these invariants. Of course, the spectral invariants of the noncommutaative Lapla- 
cian A are, in general, different. However, since the operators D D and DD 
have the same leading symbol as the operator A there must exist a corresponding 
Lichnerowicz-Weitzenbock formula (for the spinor bundle see, for example, [18]), 
which means that the spectral invariants of these operators must be related. 


4. Heat invariants 
4.1. Interior coefficients 


The heat kernel in the interior part is constructed as follows. We fix a point zo € 
Mint in the interior of the manifold and consider a neighborhood of xo disjoint 
from the boundary layer Mina covered by a single patch of local coordinates. We 
introduce a scaling parameter £ > 0 and scale the variables according to 


z" œ zb t e(z" — zb), z'" + rh + e(2'* — zb), tree*t, (4.1) 
so that 
1 1 
0, = Oe ; à, o za. (4.2) 
Then the differential operator L(£, Ô) is scaled according to 

oo 

Le Lv en, (4.3) 
k=0 


where Li?* are second-order differential operators with homogeneous symbols. 
Next, we expand the scaled heat kernel in Mint, which we denote by U?** in a 
power series in € 


UM EU (4.4) 
k=0 
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and substitute into the scaled version of the heat equation. By equating the like 
powers of € we get an infinite set of recursive differential equations determining 
all the coefficients Uin*. 

The leading order operator LiP* is an operator with constant coefficients de- 
termined by the leading symbol 





Litt = H(zo, —ið). (4.5) 
The leading-order heat kernel Uj"* can be easily obtained by the Fourier transform 
P d£ . , 
pint t: Nl i£(z—z')—tH(xo,£) 4. 
0 (2c) (Qn)r ? ( 6) 
R^ 


where £(r — z^) = &,(x" — z'^). 
The higher-order coefficients U; inb k > 1, are determined from the recursive 
equations 


k 
(ð; + LPNU = - M Liru, (4.7) 
j=l 
with the initial condition 
Uj"*(0; x, 2^) = 0. (4.8) 


This expansion is nothing but the decomposition of the heat kernel into the 
homogeneous parts with respect to the variables (x — xo), (z' — zo), and vt. That 
is, 


— i aoe 
Uit; z, z') E (Umi (120 4 uc + eo) . (4.9) 


vt vt 
In particular, the heat kernel diagonal at the point xo scales by 
Ug" (t; xo, 20) = t7 2 pint (1; £0, £0) . (4.10) 


To compute the contribution of these coefficients to the trace of the heat kernel 
we need to compute the integral of the diagonal of the heat kernel U*"* (t; x, x) 
over the interior part of the manifold Mint. By using the homogeneity property 
(4.10) we obtain 


oo 
Jj dz tr sU™ (t 2,2) ~ 5 to m/2 / dz tr sU (172,2) . (4.11) 
Mine k=0 Mane 
Next, we take the limit as 6 — 0. Then the integrals over the interior part Mint be- 
come the integrals over the whole manifold M and give all the interior coefficients 
aj (L) in the global heat kernel coefficients A; (L). 
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Instead of this rigorous procedure, we present below a pragmatic formal ap- 
proach that enables one to compute all interior coefficients in a much easier and 
compact form. Of course, both approaches are equivalent and give the same an- 
swers. 

First, we present the heat kernel diagonal for the operator L = D D in the 
form 





U(t; x a) = J vs —e7*€* exp( t D D)e”? , (4.12) 
R^ 


where €x = £,,z", which can be transformed to 


U(t; x,a) = f Ge em [-t(H+K + DD)]-1, (4.13) 
R^ 


where H = [L'(£)]? is the leading symbol of the operator D D, and K is a first- 
order self-adjoint operator defined by 


K — -I(£)D — DI(£). (4.14) 


Here the operators in the exponent act on the unity matrix I from the left. 
By changing the integration variable £ — t7 !/?£ we obtain 


Ui (£z, 2) = (4rt)-"/2 f exp (-H-Vik-tDD)-1. (415) 
R^ 


Now, the coefficients of the asymptotic expansion of this integral in powers of t!/? 
as t — 0 determine the interior heat kernel coefficients ay (L) via 


tr SUP (t x, x) ~ (4r)? V tE- /2a, (L). (4.16) 
k=0 


By using the Volterra series 


co 1 Tk T2 
exp(A B) c e^ & V fan [dna fan 
0 


k=1 0 0 


x e(17794 Belt -A... elta—T1)ABeMA (4.17) 
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we get 
1 
exp (-H - Xt K -t D D) cup uua J drye™ l 7m)H ge- rH 
0 


1 T2 
t| fin [insti tant 


0 0 
1 


- [ane am D penis 
0 


-O(?). . (418) 





Now, since K is linear in £ the term proportional to t!/? vanishes after integra- 
tion over £. Thus, we obtain the first three interior coefficients of the asymptotic 
expansion of the heat kernel diagonal in the form 


d 
ag(L) = 7 puse, (4.19) 
R^ 
a1(L) — 0, (4.20) 
d 1 T2 
a2(L) = ^ E tr s / dry | dryer 8709 Ket unm 
R^ 0 0 
1 
= f dre 0-70H D pern! . (4.21) 
0 


4.2. Boundary coefficients 


On manifolds with boundary, as far as we know, the coefficients A; have not been 
studied at all, so, even A; is not known. In the present paper we are going to 
compute the coefficient A, on manifolds with boundary for the operators DD 
and DD. The coefficient Ao is, of course, the same as for the manifolds without 
boundary. We will follow the general framework for computation of the heat 
kernel asymptotics outlined in [10, 15]. 

The procedures for the resolvent and the heat kernel are very similar. One can, 
of course, use either of them. We will describe below the construction of the heat 
kernel. 

The main idea can be described as follows. Recall that we decomposed the 
manifold into a neighborhood of the boundary Mena and the interior part Mint. 
We can use now different approximations for the heat kernel in different domains. 
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Strictly speaking one has to use *smooth characteristic functions' of those domains 
(partition of unity) to glue them together in a smooth way. Then, one has to control 
the order of the remainder terms in the limit £ — Ot and their dependence on ô 
(the size of the boundary layer). However, since we are only interested in the trace 
of the heat kernel, this is not needed here and we will not worry about such subtle 
details. We can compute the asymptotic expansion as t — 0 of the corresponding 
integrals in each domain and then take the limit 6 — 0. 

The origin of the boundary terms in the heat trace asymptotics can be ex- 
plained as follows. The heat kernel of an elliptic boundary value problem in Mya 
has exponentially small terms like exp(—r?/t) as t — 0. These terms do not con- 
tribute to the asymptotic expansion of the diagonal of the heat kernel as t — 0. 
However, they behave like distributions near the boundary (recall that r > 0 in- 
side the manifold and r — 0 on the bounda: Therefore, the integral over Mpna, 


more precisely, the limit lims_,o T dê j dr(...) does contribute to the asymp- 


totic expansion of the trace of the heat kernel with coefficients in form of integrals 
over the boundary. It is this phenomenon that leads to the boundary terms in the 
global heat invariants. 

The heat kernel in the boundary layer Mpna is constructed as follows. We fix 
a point ĉo € OM on the boundary and choose coordinates as described above 
in section 2.2. Let € > 0 be a positive real parameter. We use it as a scaling 
parameter; at the very end of the calculation it will be set to 1. Now we scale the 
coordinates according to 


ij ê teli- êh), #94 âh + (2 — 2l), (4.22) 
T ET, r' e er, t e. (4.23) 


The differential operators are scaled correspondingly by 
n La 1 1 
9j 3 zo 0, e zo 3 On œ 29 . (4.24) 


Let L(r, 2, 0,, à) be the operator under consideration. The scaled operator, 
which we denoted by Le, has the following formal power series expansion in € 


oo 
Lo Lem, (4.25) 
k=0 


where Ly are second-order differential operators with homogeneous symbols. The 
leading order operator is determined by the leading symbol 


Lend — H(0, £o, —i0,, —iô) . (4.26) 
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This is a differential operator with constant coefficients. 
Next, we expand the scaled heat kernel in Mena, which we denote by U" in 
a power series in € 


oo 
Up ary TENE. (4.27) 
k=0 
and substitute into the scaled version of the heat equation and the boundary con- 
ditions. By equating the like powers of € we get an infinite set of recursive differ- 
ential equations determining all the coefficients UP. 


The leading-order heat kernel UP"¢ is determined by the equation 
(8 + LbPS)UEP* — 0 (4.28) 
with the initial condition 
Ut" (0; r, r’, 2) = 6(r — 7)0(2, ^), (4.29) 
the boundary condition 
Ur (t. 0, 2, r', 4^) = UP (t: r, 2,0, 8") — 0, (4.30) 


and the asymptotic condition 
lim UP™4(t;r, 2,7, 4^) = lim UP"4(t;r, 2,7, 2’) = 0. (4.31) 
T—00 r'—o0o 


The higher-order coefficients U pnd: k > 1, are determined from the recursive 
equations 


(8, + Lo dug na = — Y LESUPS. (4.32) 
j=l 
with the initial condition 
Up" (0; v. 2, r', $^) =0, (4.33) 
the boundary condition 
UR (60,5 57, 2^) = UR™ (61:4, 0,4). 0; (4.34) 
and the asymptotic condition 
Jim Ur rtt ry Jim UP (t; r, 2,7’, 8) — 0. (4.35) 


This expansion is nothing but the decomposition of the heat kernel into the 
homogeneous parts with respect to the variables (2 — ĉo), (' — ĉo), r, r' and vt. 
That is, 

(ĉ — ĉo) r' A (2 m = 


JU ur Up 


UR" (tr, aM ee op (1 — dod z 
(4.36) 
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In particular, the heat kernel diagonal at the point (r, ĉo) scales by 


Up (tir, 40,70) = tema (5. (437 


Je ,$9,— NT. ria) ` 

To compute the contribution of these coefficients to the trace of the heat 
kernel we need to compute the integral of the diagonal of the heat kernel 
Und (t; r, 2, r, £) over the boundary layer Mpna. This heat kernel diagonal can be 
decomposed as the sum of two terms, the first coming from the standard interior 
heat kernel on manifolds without boundary (that does not satisfy the boundary 
conditions) and the second *compensating' part, which is the crucial boundary 
part and whose role is to make the heat kernel to satisfy the boundary conditions 
(for more details see [10]). The integral of the ‘boundary’ part over the boundary 
layer in the limit when the size of the boundary layer goes to zero produces the 
boundary contributions b; (L) to the global heat kernel coefficients Aj (L). 

By using the homogeneity property (4.37) we obtain 


n dx tr SUP?*(t; 2, x) = pres r,ĉ,r,ĉ) 


Mbona 


6/ vt 
Y aenea hi J du tr sU?" (1; u, &, u, £) 
k=0 ƏM 0 


(4.38) 


where u = r/4/t. Notice the appearance of the extra power of vt in the asymp- 
totic expansion. Of course, if one takes the limit lims—o for a finite t, then all 
these integrals vanish. However, if one takes the limit limo first for a finite 6, 
and then the limit lims. ,o, then one gets finite answers for the boundary coeffi- 
cients b (L). 


4.2.1. Leading-order heat kernel 


To compute the coefficient A; we just need the leading-order heat kernel U5^9, 
We will, in fact, be working in the tangent space R} x 72,0M at a point ĉo 
on the boundary and reduce our problem to a problem on the half-line. The 
operator LB"4 acts on square integrable sections of the vector bundle S (1] in 
a neighborhood of the point ĉo. We extend the operator appropriately to the 
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space L?(S[1], R4, R"-!, dr d£) so that it coincides with the initial operator 
in the neighborhood of the point 29. When computing the trace below we set 
$9 =£=2'. 

By using the Laplace transform in the variable t and the Fourier transform in 
the boundary coordinates ĉ 


wtioco " 
1 d "m j 
wean se eae f A f Gare ih nA, 
R^-1 


"i J 
(4.39) 

we obtain an ordinary differential equation 
(—A?a? — iB8, + C? — AI) F(A, r,r’, = Iô(r — r’) (4.40) 


where the matrices A, B and C are defined in (2.64), (2.65), and are frozen at the 
point Zo (they are constant for the purpose of this calculation), with the boundary 
condition 


F(A,0,,£) = F(,7,0,) =0 (4.41) 
the asymptotic condition 
Jim FQ,r, r, = Jim F(A, r,r, é)=0, (4.42) 
and the self-adjointness condition 
F(A,7,1/,€) 2 F(A,1’,7,€). (4.43) 


It is easy to see that F is a homogeneous function 
F | 2, Vir, Vir! £ J-esr (^ r,r’ 3 (4.44) 
t , , , Jt’ TT , 


We decompose the Green function in two parts, 
F = Fo +Fpg, (4.45) 


where Foo is the part that is valid for the whole real line and Fg is the compen- 
sating term. The part Fs; can be easily obtained by the Fourier transform; it has 
the form 


Fo (Ar, 7, E) = (A,r — 1,6), (4.46) 


where (A, r, É ) is defined in (2.67). It is not smooth at the diagonal r — r' and 
is responsible for the appearance of the delta-function ó(r — r^) on the right-hand 
side of the eq. (4.40). 
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The corresponding part of the leading heat kernel is then easily computed to 
be 





eta 2 ym Le ry ene SUE (4.47) 


where zo = (0, ĉo). This part does not contribute to the asymptotics of the trace 
of the heat kernel in the limit 6 — 0. By rescaling £ — £/4/t we obtain 


J esos (t; x, x) = (Ant) "/? J to [a 


Mbona Mona 





strse F9, (448) 


and in the limit 6 — 0 this integral vanishes. 

However, F5, does not satisfy the boundary conditions. The role of the bound- 
ary part, Fp, is exactly to guarantee that F satisfies the boundary conditions. The 
function Fg is smooth at the diagonal r = r’. It can be presented in the following 
form 


Fg(A,r,r,£) = —8(A, rÊ [Bo (A, 6] 19(4, —r^, Ê. (4.49) 


4.2.2. The coefficient A; 


The coefficient A; is a pute boundary coefficient that is computed by integrating 
the boundary part Ups of the heat kernel. We have 


dr tr s Up XU r, T) (4.50) 
Mbona 
"dà " 
dz [d Le ; 
E 7 T Jæ j ay oni’ tr s Fg(A,r,r, £) 
w-—ioo 
Now, by rescaling the variables 
Ae Â, r= vi, Ê» a, (4.51) 
and using the homogeneity property (4.44) we obtain 
dz tr g USt; £, 2) (4.52) 


Mbona 


uT 


ei s Jæ Gy = fs J: Sete s Fp E 


w—too 
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Therefore, the coefficient A, is given by 


ise dr te LEE: es Fs (An). 


w— ioo 
(4.53) 
Thus, finally, by using eq. (4.49), eliminating the odd functions of Ê (since the in- 
tegrals of them vanish), using the property (2.70) of the function © and extending 
the integration over r from —oo to +00 (since the integrand is an even function) 
we obtain 


Ai = J dê 2, a 1(€) (4.54) 
where 
oo wHioo d 
--Yt Ja JT 5:6 ^ € s [BoA O7! (4.55) 


x faa 7, ÊB, -rÊ +P, =r, ÂA rÂ}. 


Recall that w is a sufficiently large negative constant. 
Now, using eq. (2.72) and integrating over r we obtain finally 


i - ioo 


dA ð 
T(= -v7 a Se tr s (BAAD 990,6) 
MET d 
ae = ]m Ž log det (2, ê]. (4.56) 


Thus, the problem is now reduced to the computation of the integral over À. 
This is not at all trivial because of the presence of two non-commuting matrices, 
essentially, A! (AC + CA)A^! and A !(C? — AI)A-!, where the matrices 
A = I"(2) and C = I? (2)€; are defined by (2.64). We will report on this 
problem in a future work. Here let us just mention that in the particular case when 
B = AC + CA = 0 (for example, this is so in the case of the original Dirac 
operator) we get 


tr s [dA] Ža, é) = strs (C 2AN, (4.57) 
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and, therefore, one can compute the integral over À to obtain 


T 5 4 = A £y2 
Ai = fa ie trse ICG (4.58) 
8M R 


n-1 


Of course, for Laplace type operators, when [C (2, £p? = Ig? (SEE j» the integral 
can be computed explicitly, which gives the induced Riemannian volume of the 
boundary, Ay = —(y/7/2) N vol (M), and coincides with the standard result 
for Dirichlet Laplacian [29]. 
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For a compact manifold with boundary, M, there are well known local boundary 
conditions that make the de Rham operator A = d+6 elliptic, namely the absolute 
and relative boundary conditions. We study the eta invariants of such elliptic 
boundary value problems under the metric deformation 


dx? 


pe TH 


Ge 


where x € C'™(M) is, near the boundary, the geodesic distance to the boundary, 
and g is a Riemannian metric on M which is of product type near the boundary. 
Under certain acyclicity condition we show that when M is odd dimensional 


n(Aa) = n(Ar) = m (A0), 


where the subscript a (r) indicates the absolute (relative) boundary condition, and 
Tj, (Ao) is the b-eta invariant of the limiting operator Ao. If M is even dimensional 
then 


1 
(Aa) = —n(Ar) = 3 (4aw). 
Most of the analysis extends to analytic torsion, yielding 
log T. (M, p) = log "T(M, p) + r1 (€)  r2(c) loge 
when dim M is odd, and 
1 
log Tc (M, p) = tj log T (8M, p) + ri(e) + r2(€) loge 


when dim M is even. Here the sign + depends on the choice of the boundary 
condition and r1,7r2 vanishes at e = 0. 
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1. Introduction 


The eta invariant for a closed manifold is introduced by Atiyah-Patodi- 
Singer [1] as the boundary correction term in the index formula for manifold 
with boundary. It has found many significant applications in diverse fields 
of mathematics and physics. There are now various works generalizing it to 
manifolds with boundary. Using his cone method, Cheeger [5] introduced 
an eta invariant in the context of manifolds with conical singularity. In [9] 
Gilkey and Smith considered eta invariants for local boundary conditions. 
On the other hand, Douglas and Wojciechowski defined and studied eta 
invariants for generalized APS boundary conditions [8] (see also Bunke [4], 
Lesch-Wojciechowski [12], Müller [19]). Also, in the context of manifolds 
with asymptotically cylindrical end Melrose introduced a regularized eta 
invariant, the b-eta invariant [18]. Meanwhile Müller [19] introduced an 
L?-eta invariant for manifolds with cylindrical end, which turns out to 
be the same as the b-eta invariant. We also note that in his work on 
Casson invariant [23], Taubes used the local boundary condition, while in 
the subsequent work by others it is the APS boundary condition that is 
used, see, for example, Yoshida [25]. Thus it is à natural and interesting 
question to clarify the relationships among the various generalizations. 

In the very interesting work [19] Müller considered the relationship be- 
tween the eta invariants for generalized APS boundary conditions and the 
L?-eta (or the b-eta) invariants. Using scattering theory he showed that 
they are essentially the same. Earlier Douglas and Wojciechowski [8] have 
considered the situation where the boundary operator is invertible. 

In this work we consider the relationship between the eta invariants 
for local boundary conditions and the b-eta (or L?-eta) invariants for the 
(twisted) de Rham operator A = d+ 6. Under certain acyclicity condition 
we show that they are the same. Thus, at least for de Rham operators, 
the three generalizations of eta invariant to manifolds with boundary, us- 
ing local boundary condition, generalized APS boundary condition, or L? 
condition, all coincide. 


Theorem 1.1. Let M be a compact manifold with boundary and € a flat 
unitary bundle over M such that H*(OM, €) = 0 and Im(H*(M,0M;£) > 
H*(M;£)) =0. Then if dim M is odd we have 


n(Aa) = n(Ar) = fis (Ao), 


where subscript ‘a’ (‘r’) denotes the absolute (relative) boundary condition, 
and Ao is the de Rham operator on the complete manifold obtained from 
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M by attaching an infinite half cylinder. On the other hand, if dim M is 
even, then 


n(Ae) = ~n(Ar) = 3n (Aon) 


The theorem is proved by considering the behavior of the eta invariant 
on the manifold with boundary under a metric degeneration in which the 
boundary is being ‘pushed’ to infinity. This is motivated by the work [14] 
of R. Mazzeo and R. Melrose who studied the behavior of eta invariant on 
a closed manifold under the metric deformation 
_ da? 
Es T2 + e 
where «x is a defining function for an embedded hypersurface. The limit- 
ing metric go for (1.1) is an exact b-metric on the compact manifold with 
boundary obtained by cutting along the hypersurface. (An exact b-metric 
gives the manifold with boundary asymptotically cylindrical ends.) Under 
the assumption that the induced Dirac operator on (a double cover of) the 
hypersurface is invertible, Mazzeo and Melrose showed that 


n(D.) = m(Do) + r1(e) + ra(e) loge + A(€), (1.2) 


where D, is the Dirac operator associated to the metric ge, and (Do) is 
the b-eta invariant of the (b-)Dirac operator Do associated to the metric 
go. Also, ri, r2 are smooth functions vanishing at e = 0. Finally, #(e) is 
the signature of the small eigenvalues of D,. This analysis is extended to 
analytic torsion by Hassell in [10]. 

We consider the corresponding case for manifold with boundary and let 
the boundary play the role of the hypersurface in [14]. We study the eta 
invariants of elliptic boundary value problems under the metric deformation 
(1.1). In this case a formula similar to (1.2) holds. We also show that the 
eta invariant does not change under this deformation. 

Another source of inspiration comes from a paper of I. M. Singer, [22], 
and the subsequent work of Klimek-Wojciechowski [11]. Singer considers 
the difference of two eta invariants of Dirac operators with local boundary 
conditions and shows that the limit of the difference under stretching is 
the log determinant. The result is viewed as an analog of the identity that 
the difference of the indexes of the two elliptic boundary value problems for 
Dirac operators is given by the index of the Dirac operator on the boundary. 
This is given full mathematical treatment and generalized in [11]. 

The consideration in [22] is motivated by E. Witten’s ‘adiabatic limit’. 
For this and related topics we refer to Witten [24], Bismut-Freed (3], 


ge +h, (1.1) 
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Bismut-Cheeger [2], Cheeger [5], Dai [6], Mazzeo-Melrose [13] and Singer 
[22]. 

The idea of studying the behavior of eta invariant under singular de- 
generation probably goes back to [5] where the particular case of conical 
degeneration is briefly discussed. Conical degeneration has been discussed 
to greater extent by R. Seeley and Singer, see Seeley [20] and Seeley-Singer 
(21]. 

Finally, let us mention that the same analysis applies to analytic torsions 
as well, see 83 for the statement of the result (Theorem 3.3). 


2. Elliptic boundary value problem and eta invariant 


Let M be a compact manifold with boundary and V a vector bundle over 
M. Let 


P: C? (M,V) 2 C™(M,V) 


be a differential operator of order d and B a boundary condition. By Pp we 
denote the realization of the boundary value problem (P, B); namely, Pg is 
the operator P acting on the space of smooth sections verifying B(¢|am) = 
0. Let 


C = (z: |Rez| € |Imzl] 


be the closed 45? cone about the imaginary axis in the complex plane. 
According to [9], when (P, B) is elliptic with respect to C, Pg has discrete 
spectrum with finite multiplicity, all except finite of which lie inside C. 
Let (Aj) denote the spectrum of Pg where each spectral value is repeated 
according to its multiplicity. Gilkey-Smith defined 


ns,P,B)= 3 X'- M (Ha) 
ReX;»0 Rear; <0 


for Res >> 0 and showed that 7 has a meromorphic extension to the whole 
complex plane with isolated simple poles. Unlike the case when M is bound- 
aryless, s = 0 may be a simple pole here. However, the residue being a local 
homotopy invariant, one defines the eta invariant 


n(P, B) = finite part of n(s, P, B) at 0 = (sn(s, P, B))'|s=0. 


When Pg has no eigenvalues lying inside C, (s, P, B) can be expressed 
in terms of heat kernel as is the case when OM = (): 


Log. 
vs P,B) = zs | t 
T(*22) Jo 





"Tr(Ppe *£5)at. (2.3) 
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(When Pg does have eigenvalues lying inside C, one just have to treat them 
separately.) Here Ppe—*?. 5 is defined via functional calculus 


Ppe-tPe = zt [ee — A)! Ae!" dA 
20i r 


with T an appropriate contour. 
Thus defined, this invariant behaves much like the usual eta for manifold 
without boundary. For example, one has the following variation formula 


[9]: 
Theorem 2.1. Let (P,, B) be a smooth one-parameter family which is 
elliptic with respect to C. Then 

d 

qu Uess-on(s, Pus B)) =0. 


Further, if no eigenvalues lie inside C, then the variation of eta itself is 
given by a local formula 


ah B) = f aly, Pi, P,)dwol(y) + | a(z, P! , Py, B)dvol(z), 
du M ðM 


where the a(y, P], Pu) and a(z, Py, Pu, B) are the coefficients of t-/? in 
the asymptotic expansion for tr(Ple-!P«.5). 


We now specialize to the de Rham operator. Let M be an odd dimen- 
sional compact manifold with boundary and g be a Riemannian metric on 
M which is of product type near the boundary 


g = da? + gam, 


where z is the geodesic distance to the boundary. Let € — M be the flat 
bundle associated to a representation p : ™(M) — O(k). By de Rham 
operator we mean 


A=d+é: C? (MiA(M)G£) — C? (M; A(M) @ €). (2.4) 
At the boundary we have the splitting 
A(M) 6€&lau = A(0M) 8 E @A(OM) WE (2.5) 
corresponding to the decomposition for a form 0 € C9? (M; A(M) & €): 
0 = 01 4- dz ^65, 91, 02 € CC (M; A(OM) & €) 
near the boundary. Define a linear map o: 


o(0) = 6, — dz ^ 6s. 
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Then c is self adjoint and c? = 1. Moreover the splitting (2.5) corresponds 
to the decomposition into the +1-eigenspace of c. 
From the splitting we define two projections 


Py, P. : C? (0M; A(M)G Elam) —^ C? (M; A(OM) 8 £), 
P,(0) = 92.\am;  P,(0) = biləm. 


I.e., P, is the orthogonal projection onto the —1-eigenspace of c and P, the 
orthogonal projection onto the +1-eigenspace. Let Ag (resp. Ar) be the 
de Rham operator equipped with the boundary condition P, (resp. P). 
Then Aa, A, are elliptic boundary value problems; in fact they are also self 
adjoint. Hence n(Aa) and 7(A;,) can be defined and moreover, because of 
the self-adjointness, the eta functions are actually regular at 0. 


3. Deforming eta invariant 


Now, for € a positive parameter, consider the family of metrics 
UE dg? 

| 2 + 
The limiting metric go is an exact b-metric on M, in the terminology of 
Melrose [18]. Let Aea (Aer) be the associated elliptic boundary value 
problems. We note in the passing that the metric deformation (3.6) leaves 
invariant the projections P, (P,), hence the boundary conditions. Let us 
also denote by Ag the b-de Rham operator associated with go (see [18]). 


Ge +g. (3.6) 


Theorem 3.1. Assume that H*(OM,£) = 0 and Im(H*(M,ðM; £) —> 
H*(M;£)) — 0. Then if dim M is odd 


(Aca) = m (Ao) + ri(e) + r2(e) loge, (3.7) 
n(Ag,r) = m(Ao) + r1(e) + r2(e) loge. (3.8) 
And if dim M is even, 
n(Ae,a) = 5Aoa) tn (€) +72 (€) log e, (3.9) 
(Aer) = —5n(Aom) + ri(e) + ra(e) log e. (3.10) 


As before, r1, ro are smooth functions of € vanishing at 0. 


Remark. 1. Without the assumption that H*(OM,£) = 0 and 
Im(H*(M,OM;£) — H*(M;£)) = 0, the analysis of the small eigenval- 
ues is much more complicated. In [19] this is dealt with via the scattering 
theory. Similar idea should apply here, which will be treated elsewhere. 
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Remark. 2. Intuitively the formula can be seen as follows. As e — 0 
the boundary is pushed to the infinity and in the heat kernel the interior 
contribution and boundary contribution separate. So in the end one is left 
with a manifold with cylindrical end and an infinite half-cylinder. The 
b-eta invariant comes from the former, and, depending on the parity of 
dimension, the contribution from the half-cylinder is either zero or the eta 
invariant of the boundary. In our proof this intuitive picture is realized 
geometrically by method of boundary-fibration structure of Melrose [17], 
[16]. 

When (M, g) is of product type near the boundary the eta invariant can 
actually be shown to be invariant under this deformation. Thus we have 


Theorem 3.2. Assume additionally that (M,g) is a product near the 
boundary. Then (Aca) = n(Aa) is a constant independent of e. The 
same is true for 1( Aer). 


Proof. Since (M, g) is a product near the boundary we can assume that 
near the boundary 


dz? 
te 


where gam is a metric on the boundary independent of both x and e. Put 


Je = ze Jam; 


— f* d 
yz TAE Then 
Je = dy? + gom, 
with y € [0, R(e = f dr — oo as € — 0. Now choose a 





diffeomorphism iu : Ex 2 [0, Rio} such that y,(t) = t, t € [0, 1/4] and 
pelt) = t+ R(e) — 1, t € [3/4,1], and yi (t) symmetric with respect to 
t = 1/2. Then 


= (v (0)? d£ + gam. 


By Theorem 2.1 the variation of 7(A¢,q) is the same as that of n( Ae), where 
A, is the corresponding operator on OM x S! with the metric (v (t))?dt? + 
gəm. By the symmetry of y(t}, we have n(A.) = 0. Therefore 


d E 
de (Aca) =, 0. o 


Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2. 
The same analysis (except the invariance under the deformation) also 
applies to the analytic torsion. Thus let T2(M, p) (T? (M, p) resp.) denote 
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the analytic torsion associated to the representation p : mı(M) — O(k) 
and the absolute (relative resp.) boundary condition on M with the metric 
(1.1). 


Theorem 3.3. Assume that H*(0M,€) = 0 and Im(H*(M,0M;£) — 
H*(M;£)) 2 0. Then if dim M is odd 
log T. (M, p) = log "T (M, p) + r1(€) + ra(c) log e, (3.11) 


where °T(M, p) is the analytic torsion for manifold with cylindrical end (the 
b-torsion [18]). Here the analytic torsion on M is with respect to either of 
the boundary conditions. If dim M is even 


log 7? (M, p) = ; log T (OM, p) + r1(€) + ra(e) log e, (3.12) 
and 
log 77 (M, p) = - log 7 (0M, p) + ri(e) + r2(c) loge. (3.13) 


The proof of Theorem 3.1 will be deferred to the last section, after the 
study of the uniform structure of the heat kernels involved. The rest of 
the paper is organized as follows. After the model case of the half infinite 
cylinder is discussed, we first show that for e sufficiently small, the spectrum 
of Ae a falls uniformly outside a small neighborhood of the origin. This gives 
us sufficient control over the large time behavior of the heat kernel. Then for 
the finite time behavior the uniform structure of the heat kernel is examined 
by constructing the heat surgery 0-calculus, which is then exploited via 
Laplace transform to also extract information about the resolvent. The 
large time behavior of the heat kernel follows. Finally combining all these 
analyses we prove Theorem 3.1. 


4. Computation on the half-cylinder 


Our heat operator is defined via functional calculus: 
—tA?2 i -15-tA? 
e ^^» = — | (Aa A) ^e dA. 
2T f A 
Clearly, it satisfies the heat equation 
(8, + A3)e-t^$ = 0 
with the correct initial condition: 


—:A? 
e * ^|. .g = Id. 
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From its definition, and the fact that 
-tA _ d NETS 
Aae > 7 (Aa — A 3e qa, 


it also satisfies the following boundary conditions: 


P;e7t^i|, o = 0 
= 4.14 
l P Ae~*Ae|,9 = 0. TAE 


For our purpose it is easier to deal with heat kernels satisfying such bound- 
ary conditions. As we are going to show later that the heat kernels satisfy- 
ing such boundary conditions are unique, they are the same as defined via 
functional calculus. 

For later purpose, and also to get a flavor of the boundary condition, 
we now consider the situation on the infinite half-cylinder: 


H — 0M x (0,00). (4.15) 
In this case we have the global decomposition 
A*(H) = A*(OM) @ A* (0M). (4.16) 


With respect to this decomposition 0, + du ^ 05 corresponds to (01,04) 
(where we now use u to denote the variable in [0, oo). Therefore 


E dam 0 
a= (0 EX 


A — y8, - c Aou, (4.17) 


v= (To) e= (04): 


We consider only AŽ, the other being similar. Its heat kernel E satisfies 
(4.14). Write E in terms of the decomposition (4.16): 


E= t =) 
Ez, E22 
Then the equation (4.14) becomes four parabolic boundary value problems: 


(Gk T 02 + A2w)Eu = 0, 
E\1\t=0 m Id, (4.18) 
(OuE11 — Aam Ez )lu=0 = 0. 


Hence 


where 
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(ð; — 0; + Abn) Eia = 0, 
Ei2|izo = 0, (4.19) 
(3 E12 — Aam Ez2)|u-o = 0. 


(8 — 02 + A244) Ez — 0, 
E2i|i-o = 0, (4.20) 
Ezlu=0 = 0. 


(8 — 02 + A34) Ez2 = 0, 
E»»|i-o = Id, (4.21) 
Eo2|u=0 = 0. 


The same discussion applies to the heat kernel on our manifold with 
boundary, restricted to the cylindrical] part, since everything is local. From 
here we have the uniqueness of the heat kernel. 


Proposition 4.1. Let M be a compact Riemannian manifold with bound- 
ary, with product metric near the boundary. Let Aq be the de Rham opera- 
tor equipped with the absolute boundary condition defined above. The heat 
kernel E satisfying 


Elzo — — Id 
P,Eļu=0 =0, P,AE|u-o = 0 


is unique. 


Proof. If E and E' are two heat kernels satisfying the above equations, 
then E — E — E' satisfies the same set of equations except the initial con- 
dition, which should be replaced by E [izo = 0. We first look at E near the 
boundary where it decomposes into Bs Ea satisfying, respectively, 
(4.18) - (4.21), but once again with initial conditions replaced by zero ones. 
Now (4.20), (4.21) are heat equations with Dirichlet boundary condition, 
therefore by the energy estimate, we have Ex z 0, E20 (on the cylin- 
drical part). From this, we find that (4.18), (4.19) reduce to heat equations 
with Neumann boundary condition. Hence again by the energy estimate 
we have Ej; = 0, E\2 = 0 on the cylindrical part. Now this implies that E 
satisfies a heat equation on the whole manifold with completely decoupled 
Dirichlet and Neumann boundary conditions. Therefore again we invoke 
the energy estimate to deduce that E -0on M. o 
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We now return to the half-cylinder. The last equation is a Dirichlet 
problem and can be solved explicitly in terms of the heat kernel on OM: 


Ez = fp(t, u, v)e-*4ou, (4.22) 
where 


(e- 7 /At = ec (etat 


fo(t,u,v) = 





The third equation has the trivial solution E21 = 0. Hence the first equation 
(4.18) becomes a Neumann problem while the second also gives the trivial 
solution: 





En = fry(t,u,vje iow, (4.23) 
where 
fn(t,u,v) = (en (7 I6 gerat. 
Ant 
It follows that 
QUAL e-tAbm [ ÎN 0 
e e $a (4.24) 
Similarly 
et? — etiam fp 0 
É e fu]. (4.25) 


We now compute the pointwise trace tr(Age~*4«). Using (4.17) and 
(4.24) we find 


tr(Ag e tA) = E A e^" /ttr(Agye*4om), (4.26) 
Integrating (4.26) gives 
1 
Tr(Age*42) = 5 Tr(Aoue bn), (4.27) 
Consequently we deduce 


Proposition 4.2. For the infinite half cylinder, 


(Aa) = -1(Ar) = Aou). (4.28) 
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5. Surgery 0-calculus 


The proof of Theorem 3.1 depends essentially on the analysis of the uniform 
structure of the heat kernels for the elliptic boundary value problems. As 
in [14] this will be examined from the point of view of boundary-fibration 
structure (see [17]). That is, a calculus of pseudo-differential operators will 
be constructed, quite geometrically in the sense that the Schwartz kernels 
of these operators are to live on a space obtained from the usual space by 
blowing up certain submanifolds. The blowup resolves, analytically and 
geometrically, the singularities of the Schwartz kernels of these pseudo- 
differential operators. The construction in our case, loosely speaking, in- 
corporates the Vo-calculus (see Mazzeo-Melrose [15], [17] and the references 
therein) into the calculus of [14]. 

In this section the elliptic part of the calculus will be discussed, leading 
to the construction of the uniform resolvent and the uniform structure of 
the spectrum. 


5.1. Single surgery space 


The single surgery space is à natural compactification of the geometric 
degeneration, and the structure algebra defined on it captures the degen- 
eration of the geometric operator, the de Rham operator in our case here. 
The space is defined as (Cf. [14] for the blowup notation): 


X;o = [M x [0, 15; 0M x (0]]. 


Here [0,1] is the parameter space for e. 

This is a manifold with corner, with the "trivial" extension boundary 
at e = 1. The more interesting boundary hypersurfaces are: Bss resulting 
from the blow up; By, from the lift of {e = 0); and Bo, from the lift of 
OM x [0, 1]. 

The boundary face Ba is diffeomorphic to M while the interior of Bss 
is diffeomorphic to the normal bundle of OM in M. The two intersect at 
the corner QM. On the other hand, the boundary face Boy is diffeomorphic 
to OM x [0, 1]. 

Let 


Bso : Xs — X — M x (0, 1] 
be the blow-down map. Composed with the projection 


Te : X — [0, 1] 


Eta invariants for manifold with boundary 153 


we get a b-fibration map 
T. = Te o Bso : Xso > [0, 1]. 


Note that for e > 0, the fibers of ñe are diffeomorphic to M while at e = 
0, 3, 1(0) = Bss U Bp. This b-fibration captures the metric degeneration. 
In this picture, the geometric degeneration appears as the creasing of M 
into M together with the normal bundle of 0M. 

The structure algebra Vso(Xso) is defined as 


Vso(Xs0) = (V € Vs(X50); (14), (V) — 0, and V |p,, = 0}. 
This determines the structure bundle °T X, by the equation 
Vso(Xs0) = C?? (X0; TX a). (5.29) 


That *9T X, is a well-defined smooth vector bundle over Xo follows from 
a general statement in [7] (see also [14]). In fact, over the part of X s where 
e > 0, *UT X,o is simply the pull-back of °TM while restricted to Ba it is 
canonically isomorphic to the b-tangent bundle of this compact manifold 
with boundary. When restricted to B,, it is canonically isomorphic to the 
b-tangent bundle of this manifold near the boundary that meets Bp, and 
the 0-tangent bundle near the boundary that meets Bop. 

The structure algebra V,o(Xs0) is a Lie algebra of vector fields which 
degenerates in the same manner as the de Rham operator in this geometric 
degeneration (except at the boundary where the degeneration is created for 
treating the boundary problem). To analyze the de Rham operator via 
microlocal analysis we first construct from it the space of s0-differential 
operators Diffz; (M; E, F) (E, F vector bundles on X,9) in the usual way. 
Indeed, the space Difff,(M; E, F) consists of those differential operators 
from C??(X,o; E) to C??(X,o; F) which are given, with respect to local 
basis of E and F, by sums of up to k-fold products of elements of Vso(Xs0). 

A s0-differential operator can be analyzed by its symbol plus the so- 
called normal homomorphisms. The symbol sort of measures its "interior 
strength”, and is defined as follows. By (5.29) and the natural isomorphism 
between a vector space and its double dual, a vector field in V;o(X,0) can 
be naturally identified with a C*? function on *9T* X,9 that is linear along 
the fiber. This gives rise to the symbol map 


905 : Diff (M; E, F) > S" (9 T* X,o; hom(E, F)). 


'The normal homomorphisms, on the other hand, capture the leading 
terms in the degeneration. These are defined by restriction. The restriction 
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of the Lie algebra V,o( X50) to the boundary hypersurface By, gives the full 
algebra V,(Byp), the space of vector fields on By, tangent to the boundary of 
By, and its restriction to Bss gives the algebra Vos( Bss), the space of vector 
fields on B,, tangent to one boundary component, Bss N Bp, and vanishing 
at the other, Bss Bop. As a consequence, the space Diffz; (M; E, F) comes 
equipped with the normal homomorphisms 

N, : Dif (M; E, F) > Diff (M; E, F), 

N, : Dif; (M; E, F) > Dif (B,,; E, F). 

Here the image space Difff has a normal homomorphism itself, called 
the indicial homomorphism: 
I: Diff (M; E, F) — Diff] (8M x (0, oo); E, F), 


where the space with the subscript J denotes the subspace of R*-invariant 
operators. Similarly the indicial operator of an element of Diff5, (Bss; E, F) 
at the b-boundary OM is also an element of Diff? (0M x [0, oo); E, F). The 
compatibility condition between the normal operators is just 
d f 
Nom (P) 8 r(N((P)) = I(N.(P)), P € Dif (M; E, F), 


which is a consequence of (5.29). 

If we choose local coordinates (x, y) on M near the boundary, where y 
is a local coordinate on OM and z the geodesic distance to the boundary, 
one obtains defining functions for the various boundary hypersurfaces: 


Pss V X24), y — AE fob = ATIS 
From (4.17) we have for the de Rham operator Ae 
A, = yx? + 0, + o Aou = 9350. + TAM. (5.30) 
This is not yet a s0-differential operator. However 
poA: € Diffig(M; F), 
and 


N,(porAe) = poAo € Diff; (M; F). (5.31) 
N,(povAc) = p AB., € Diffo,(Bss; F). (5.32) 


Moreover the restriction at the corner Bss N Boy = OM is given by 


Raw (posAc) = pos Aam € Diff! (OM; F). (5.33) 
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5.2. Double surgery space 


We analyze the degenerating de Rham operator by looking at the resolvent 
and the singularity of its Schwartz kernel. This is done by constructing a 
pseudo-differential calculus in which lies the resolvent of the degenerating 
de Rham operator. This pseudo-differential calculus comes from microlo- 
calizing s0-differential operators. 

To microlocalize the Lie algebra of vector fields V;o(X,0) we now define 
the double surgery 0-space, on which live the kernels of surgery 0-operators 
(or s0-operators): 


X2, , = [M? x [0, 1]; (OM)? x {0}; 9M x M x {0}; 
M x OM x (0); A(0M) x [0,1]], 
where the subscript f indicates that this is a full blown-up version of the 
double surgery 0-space. The blow down map will be denoted by 82. 
There are seven boundary hypersurfaces besides the trivial extension 
face (c = 1), which we will ignore. We have Bg, from the first blow up; Bis, 
B,, from the second and third respectively; and Bo, from the last blow up. 
Finally the original boundary hypersurfaces (e = 0), 0M x M x (0, 1], and 
M x80M x(0, 1] lift to boundary hypersurfaces Bas, By, and B, respectively. 
Also the diagonal A(M) x [0,1] lifts to an embedded submanifold Aso 
meeting only Bas, Bap, Bo, and does so transversally. 


Let Tr, mr denote the projections of X? def ya x [0,1] onto X by 
omitting the right and left factors respectively. These lift to b-fibrations 


.y2 
T50,L : X50,f  Xso, 


. y2 
TsO,R : X50,f — Xo. 


Both restrict to Aso to a diffeomorphism: Asọ € X,o. Moreover, by ana- 
lyzing the lifting properties of V;o(.X,o), it is not hard to see that there is 
a natural isomorphism: 


N(Ago) € *9?T X,o. (5.34) 


Let po, be a defining function of Bos. Define the kernel density bundle 
KD so that 


—n/2 
C? (X5, KD) = pos C? (Xs, p P (A p). 
The small surgery 0-calculus is 


VO (M; E, F) = peep pre RITT (X2. p Aso; Hom(F, E) & KD). 
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This is a microlocalization for Vso(Xso) since Diffz;(M) C U%,(M). How- 
ever this calculus is too small to contain the inverses of its elliptic ele- 
ments. Thus one has to enlarge the calculus to include boundary terms. 
Let us denote by .A(X2, pi Hom(F, E) & KD) the space of all sections of 
Hom(F, E) & KD smooth in the interior and conormal to all boundary 
faces. For a positive number 7 define 


At (X2, fi Hom(F, E) & KD) 


= =N Pas id Pis Spr, 5» °A(X2, pi Hom(F, E) e KD) 
6>0 
= (75 A(X%, j; Hom(F, E) € KD). 
6>0 
We call + the conormal bound for the conormal sections in AT. 
Using this notation the residual calculus is defined as 


Yio (M; E, F) = AL (X25 5; Hom(F, E) ® KD) (5.35) 


This is the space of ‘good’ error terms in the sense that they vanish at a 
positive rate at e = 0. 
The space of boundary terms is defined as (using the notation of [14]) 


V;o*" (M; E, F) = Bag A (X2, pi Hom(F, E) @ KD), (5.36) 


where dB = {ds,db,0s} and 7 is a positive number. Roughly speaking 

V.o^" consists of all sections smooth in the interior and conormal to the 

boundary faces (with conormal bound 0) and vanish at rate 7 at the bound- 

ary faces Bj, B-s and have some partial smoothness up to Bas, Bay, Bos. 
Now the 'calculus with (conormal) bounds' is defined as 


VO (M; E, F) = 0%(M; E, F) + V," (M;E,F). (5.37) 
Since 
so(M; E, F) n V," (M; E, F) = Y° (Mi E, F), 
the first thing to note here is that the symbol map for conormal distributions 
om : VA(M;E,F) > S™(T X45; E, F) (5.38) 


extends to the whole calculus. 

The symbol map alone is not enough to invert the elliptic elements 
modulo compact errors. The utility of the calculus constructed above lies 
largely in the existence of additional, non-commutative ‘symbols’. These 
are obtained by restricting the elements to each of the boundary faces Bas, 
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Bab, Bos, Bis, Brs. Since an element of VT," is required to vanish at a 
positive rate at the boundary faces B),, B,,, the restrictions will be trivial 
there and will be ignored. The only nontrivial ones are at Bab, Bas, Bos, 
called the b-normal homomorphism, the surgery normal homomorphism, 
and the 0-normal homomorphism respectively. 
Clearly the b-normal homomorphism N; maps onto the b-calculus with 
conormal bounds on M: 


NV: VT (M; E, F) — WP" (M; E, F). (5.39) 


The name homomorphism indicates that Ny respects the composition (in 
the sense of operators acting on distributions, see Proposition 5.1). But 
only the weaker form N;(P o A) = N,(P) o N,(A), P € Difft, will be used 
here. This will be discussed below (Proposition 5.2). 

Similarly the surgery normal homomorphism is a map 


N, : VS (M; E, F) > Vo" (F; E,F). (5.40) 


Here H = OM x [0,1] is the compactification of the half normal bundle of 
OM, or in other words the half infinite cylinder. And the image lies in the 
Ob-calculus which will be briefly discussed in the next section. 

Finally for the 0-normal homomorphism note that Bos can be identified 
with a natural compactification of the half tangent bundle of M at 0M 
lifted to OM x [0,1]. By definition then, one finds that No maps onto the 
conormal distributions conormal to the section of the lifted normal bundle 
over 0M x [0,1] given by (1,0,---,0) and which are smooth up to the 
boundaries. 

From definition it is not hard to see that, for an element in V7," its 
various ‘symbols’ have to be compatible in the sense that restricted to the 
common corner or the intersection with the diagonal the resulting ‘symbols’ 
have to agree. Moreover these are the only obstructions for the existence 
of surgery 0-calculus with prescribed ‘symbols’. 

Although defined as distributions the surgery 0-operators can be made 
to act on distributions on X;o, thus justifying the name. We state the 
mapping properties in the following 


Proposition 5.1. An element A of Vo (M; E, F) defines a bounded lin- 
ear map 


A: O-9(X, E) SC"? (X F) 
which restricts to 


A: A (Xs; E) > AT (Xo; F), 


158  Xianzhe Dai 


ifr <T. Moreover, if m € 0, T » 0, then 
A: (X, ES 0l) > L? (X0; F 8 01?) (5.41) 


is also bounded. Here QV? (X,9) = pg ^ QV? (X). 


Proof. Recall that the projections 775, mr from X? = M? x (0, 1] to X, 
obtained by dropping the right and left M factor in X? respectively, lift to 
b-fibrations 


~ z 2 
TL, TR: X50,f — X50. 


Similarly the projection onto the e variable, me : X? — (0, 1], lifts to 
b-fibration 


Te XI re (0, 1). 
Now the equation 
Au = (14A - Gg)" (U) G9)" (lde?) 


defines the action of A € V75" (M; E, F); the fact that it is well defined is 
a consequence of the calculus of wave front sets. This proves the first part. 
The second follows from the calculus of conormal functions (Cf. (14]). 

To show the L? boundedness, it suffices to show that for A € Yg” 
(by Hórmander's lemma). We decompose A into four pieces, A = A, + 
A2 + A3 + A4, where A, is supported near Bos; Az supported near Bp, but 
away from Bos; A3 supported near Brp, but away from Bos; and the final 
piece A4 supported away from B» U Bos U Bro. 

By its support property, the L?-boundedness of A44 is a consequence of 
[14]. For A2, A3, since the result of its action will always have support away 
from Bo;, the L?-boundedness also follows similarly. The L?-boundedness 
of A; is a uniform version of the result in [Ma] and can be shown in the 
same Way. o 


We now turn to the composition with s0-differential operators. 


Proposition 5.2. If P € Diff (M;E,F), A € Vy (M; E, F), then Po 
A € Wi, (M;E,F). Further 


N,(P o A) = No(P) o Ny(A) (5.42) 


and similarly for the other homomorphisms. 
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Proof. EATER if Pc Diff*, A € V5, then PoA € mte Also if 
A € V,5?". then Po A € V,5?". Now if V € Diffly, we have N,(V o A) = 
T:9.LV (A) pa, = To, VlBa (Alps) = No(V) o No(A). The general case 
follows. a 


The residual space V5, res is the space of good error terms. Crucial to 
our construction is the ‘semi-ideal property’ that this space satisfies. Define 
Cc(M) to be the algebra of bounded operators on L?(X;o; Q b 1/2 ) which 
depends Parametrically and conormally on e, i.e. an element of LoM ) is 
aBe L£(L?(X 0; /2) such that 


[e, B] 2 0 and (2) EB € L(L?(X40; 2447) for all k > 0. 
Clearly Vio .,,(M) C £c(M) is a subalgebra, but more is true. 


Proposition 5.3. If 7r » 0, then 
Vo. res (M): £c(M)- Woo, ses M) c Wired (M). 


Proof. Let A, B € V5 .,, (M), and K € Lo(M). We need to examine 
the kernel of BK A and show that it has the required regularity. For this 
purpose, we apply the operator BK A to certain weighted delta half-density. 
For z € M, let 6, € C-9* (M; (1/2?) be a delta half-density at z. This gives 
a continuous map 


M > z= dq? e H-*(X;QV2), fork» ; id. 


The continuity is a consequence of the Sobolev Embedding Theorem. Since 
this family of half-densities is e-independent, it follows that the lifts to Xo 
of the following weighted half-densities give rise to a continuous map 


M 3 z o (a? + )/^ev-15,|de|? € Hz *(X,9; QU?), vv » 0. 


By the assumption on K and the mapping properties of V7, ..,,(M), we 
obtain a continuous map 


ze ec" BK A((x? + e) tei slde?) € H(X; Q), Yr <r. 


However the space He (Xo: OY ?) consists of half-densities of the form 
e~1/2ay, where a is continuous on X, and p is a non-vanishing smooth half- 
density on X;o. This implies that the Schwartz kernel of BK A is of the 


form 


e?" buo & |de|- 2, 


v 
(x2 + 214 
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where b is continuous on X,o x M and 7' < 7 arbitrary. Lifting to X2, 
shows that the kernel is the product of e?" and a continuous section of 
the kernel density bundle. Since this regularity is clearly stable under the 
repeated action of «0, and of Vs(Xso) lifted from either the left or the right 
it follows that 


V ores M) i £c(M) -Y (M) c V25 Les (M). a 


F 
sO,res 


For its role in the heat surgery 0-calculus, the reduced double surgery 
space is defined to be 


X2, = [M? x [0, 1]; (9M)? x {0}; OM x M x (0); M x OM x (0)]. 


It can be obtained from X 2, y by blowing down the boundary face Bos. 
The elements of U5,°(M; E) are smoothing operators on M, hence trace 

class. By Lidsky’s theorem the trace is the integral over the diagonal of the 

point wise trace of the kernel, which can be interpreted as a density: 


Hom(E) 9 Q1? (X2))|4,, S hom(E) & Q(X;o). 


Thus the trace of A € Y (M; E) is, as a function, the push-forward to 
(0, 1] of the density 


(tr A)|A,, € C” (Xs0; Q). 
The following lemma is from [14]. 
Lemma 5.4. As a map 


Tr: V4? (M; E) > C®([0, 1]) + loge C^" ([0, 1]). 


Tr(A) = ra(e) + loge f A(e), 
for rA, f4 smooth functions of e. Moreover for the leading terms 


EM [ n Allon (5.43) 
r4(0) = b-Tr(N,(A)) + b-Tr(NV (A). (5.44) 


5.3. The Ob-calculus 


To construct a good parametrix for an elliptic s0-operator we need to invert 
its various normal operators. The normal operator at Bo, lands in the 0b- 
calculus, which we discuss here in somewhat more detail. 
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Let H = OM x [0,1] be the compactified normal bundle of 0M. The 
structure algebra Vos is defined to be the Lie algebra of all vector fields that 
vanish at OM x {0} and tangent to OM x {1}. The structure bundle °TH 
is defined, as usual, via 

C (A, TĒ) = Vo. 
From the structure algebra we construct the 0b-differential operators in the 
usual way. 

To define 0b-pseudodifferential operators we construct the double 0b- 
space 


Hy = (H*; (8M) x (0); (8M)? x (1)]. 


Denote by Ao, the lifted diagonal. There are six boundary hypersur- 
faces for H3, namely Bao, Bay from the blow-up operations respectively; 
Bio, Bro, Big, Bro from the lift of the original boundary faces. The lifted 
diagonal intersects only Bag and Bab and does so transversally. 

Now the space of 0b-pseudodifferential operators is defined to be (7 > 0) 


Vo," (H, Q?) = pis propi ProT” (Hoy; Ao; KD) + AT (Hoy; KD), 
where kernel density bundle K D is defined so that 
C” (Hà; KD) = os ^ C (Hà, 9). 
We will denote V7(H;01/) = U50°7(H, 01/2) = AT (Hà; KD). Since 


this is just a mixture of the 0-calculus and the b-calculus, it is quite clear 
that their common properties carry over. 


Proposition 5.5. 


(1) The 0b-differential operators are 0b-pseudo-differential operators. 
(2) The symbol map is a homomorphism: 


oo: Wo (A, 01?) + S™(OPT*H). 
We also have the 0-normal and b-normal homomorphisms: 
No : Vo" (H; QU?) 5 yo" (A; 92), 
No : Voy" (B; Q7) = wp gr ov). 
(3) Elements of vo (Ë , 01/2) define continuous linear operators: 
C-*(H; 08/2) > c-(, 01/2), 
Ar (H; Q7?) 5 A (A; 0172). (r « 7) 
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(4) We also have L?-continuity: A € Vo," (B; Q?) defines a continu- 
ous linear map 
A: P H§,(H; KD) > pg HE-"(H; KD), KD = pa Q., 
Crucial to our discussion is the so-called semi-ideal property of the resid- 
ual calculus. Let C,(L?(H; K D)) = n, £(p? L?(H, K D)). 


Proposition 5.6. If 7 » 0, V'(M) is a semi-ideal in C, (L?(H; K D)), i.e. 
for any K a continuous linear operator on p* L? (H; KD) for all z and any 
A, B € V' (M), 


BKA e V?'(M). 

Proof. To examine the Schwartz kernel of BK A, we apply it to the delta 
densities. For z € H, let 6, € C- ?(H; QV?) be the delta half density at z. 
As a map, 

B > z 6, € H,*(H;Q9), k> 7 
is continuous. It follows that 

H5 zœ Ad, € HE (H; 0?) 
is also continuous. Therefore 
H 3z BKAô, € HX (Ë; Q?) 


is continuous as well. But an element in H£?(H; Q!/2) can be written as a 
continuous section of the half-density bundle divided by the square root of 
a defining function to the boundaries. This shows that the kernel of BK A 
can be lifted to Hop. o 


Recall that A = d + 6 is the (twisted) de Rham operator. We use Ag 
to denote the de Rham operator on H. Now we can show 


Proposition 5.7. The resolvent of Ai, lies in the Ob-calculus, i.e. 3r > 0 
such that 


(45 - Ay! e v2 (B; 0”). 


Proof. First of all, by taking the Laplace transform of (4.24), we have 
(Ag - 97! e cQ? (ir a!?)). 
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On the other hand, using the 0b-calculus, one can easily construct left and 
right parametrices for D?, — X: 


(A5 — 3)G; 2 Id - Ri, 
G3(A7, — X) = Id + Ro, 


with Gi, Gz € Vg?" (H; QU?), Ri, Re € V'(H;QV?). Applying (A 


2 
A 
A)~! to both equations we obtain 


I 


(44 -At = Gi — (AR, -A)R 


—G2R, + Ro(A%, — X)! Ry € V2" (H; 1?) 


i 


by Proposition 5.6. a 


As before, all the constructions and the discussions apply to operators 
acting on sections of a vector bundle. From now on, we denote by E the 
vector bundle 


E = A(M) @€. 


5.4. The uniform structure of the resolvent 


Let Ag denote the (twisted) de Rham operator associated to the exact 
b-metric go on M. Also, denote by Aea (Ac, resp.) the (twisted) de 
Rham operator associated to ge with the absolute (relative resp.) boundary 
condition. With all the machinery developed so far we can now prove 


Proposition 5.8. Assume that Aam is invertible and also 0 is not in the 
spectrum of Ao. If €) C C is an open bounded set with closure disjoint from 
the spectrum of Aj, then for some T > 0 and eo > 0 the resolvent of Az, 
(A2... resp.) is a holomorphic map 

N — V" (MiE) 

AW R(X). 
In particular the spectrum of A? , (A2, resp.) falls outside a neighborhood 
of the imaginary azis. 


Proof. One tries to solve the equation 


l (42, — X)RQ) = Id 


R(A) satisfies the boundary condition 9) 


164 Xianzhe Dai 


by solving the corresponding equations for the symbol map and the normal 
homomorphisms. The symbol for R(A) can be solved via 


o2(R(A)) = |£|?14, 
as does the b-normal homomorphism, 
N(RQ)) = (48 - 97! € v; ^" (M; E). 
For the surgery normal homomorphism we note that 
N,(RQ)) = (Ah - A)? 


is the solution for the corresponding equation for the half infinite cylinder. 
By taking the Laplace transform of (4.24) we find 


N,(R(A)) € Vg?" (B; E). 


Finally the 0-normal homomorphism of R(A) satisfies a family of Laplace 
equations on the half Euclidean space with the boundary condition. Hence 
it can be solved similarly as in the half cylinder case. 

These solutions for the normal homomorphisms and symbol clearly sat- 
isfy the compatibility condition. Thus there exists a family of surgery 0- 
operators E'(A) € U7 (M ; E) with the correct symbol and normal homo- 
morphisms. This means that E'(A) is already a parametrix for the resolvent 
family. 

To get a better parametrix, note that the interior singularity can be 
removed in the small calculus. It follows then that there is à correction 
term G5(À) € V; (M; E) such that E = E' — G} is a parametrix in the 
strong sense that 


(A? , = A)E(A) =Id- G(A), G(A) € V rores (Ms E). 


Now G(A) vanishes at a positive rate at € = 0. Hence where c is small the 
Neumann series provides an inverse for Id—G(A) and 


R(X) = E(A)(Id — G(A))!. o 


6. Heat surgery 0-calculus 


After the discussion of the elliptic calculus we now turn to the parabolic 
calculus and examine the uniform structure of the heat kernel. 
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6.1. Heat surgery 0-operators 


To construct the heat surgery 0-space we note that A.o intersects the 
boundaries of X2, at Bas, Bæ, and at the lift of (8M)? x (0, 1] which 
is a corner. This means that in defining the heat surgery 0-space one needs 
to first blow up the intersection at the corner, which is A(OM) x [0, 1]: 


X50 EX [Xo x [0, 00); A(8M) x (0, 1] x {0}, 5; Aso X {0}, S], 


where S is the parabolic bundle sp(dt) (see [14]). The blow down map is 
denoted by h. 

For analyzing the normal homomorphisms we look at the structures of 
the boundary hypersurfaces of X? iso’ There are three of them lying above 
{t = 0): By; from the blow up of A(9M) x (0, 1] x {0}; Bry from the blow 
up of Aso x (0); and Br, the lift of {t = 0}. The first two are fibered over 
the submanifolds to be blown up. In fact By; can be viewed as the natural 
compacitification of the lift to OM x [0, 1] of the half tangent bundle of M 
at OM times [0, o0) and B,; S T X,o. 

The rest of the boundary hypersurfaces arise from the lift of those of 
X2. Precisely we have 


Bas( (X20) = [Bas( x? o) X [0, oo); A(0M) x {0}, S; Ads X {0}, S], 
Bay(X2,9) = Bas (Xe) x [0, 00); Aap x {0}, S], 
Bis (X59) = Bis (X39) x [0, 00), 
Brs(Xigo) = Brs(Xéo) x (0,00), 
By(Xitso) = [Bu(X3 7 (0, 00); A(3M) x [0, 1] x {0}, 5], 
By (X£59) = [Br (X39) x [0, 00); A(3M) x [0, 1] x {0}, S], 


Note that Bir only meets Bff, Bis, Bay and Bas. 
The kernels of the heat surgery 0-operators are normalized with respect 
to the half-density 


KDhso = pop eg a ho: 


Let I denote the index set {k1, k2, k3, k4}. The space of the heat surgery 
0-operators is defined to be 


ke „k3 


Vico = pF Pe? 03. pak Pes Pes Phe C (X osos K Dnso). 
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6.2. Normal homomorphisms 


The normal homomorphism at B; is defined by dividing by p and re- 
stricting to Bf: 

Nhs0;f,kx : Vj o => pto pRO” (Br; K Dnso|p;,). 
By the previous discussion on the structure of By; we see that it can also 
be thought as the front face of the heat 0-space of the half normal bundle 
of OM. Therefore the range of Nhrso;f,k, is also the range of the normal 
homomorphism of this heat 0-calculus at the front face. 


The normal homomorphism at B;;, or the heat homomorphism, is de- 
fined similarly. 


k3 ok 
Naso, | iso > Propao C (Biz; K Dnsolp,,)- 


Since K D;o|p,, is canonically isomorphic to the fiber density bundle of 
sT X 9, the heat homomorphism can be rewritten as 


Nasoyh,ke © Vhso > PryPisPabS C. T X 503 ber): 
Restricting to Bay gives us the surgery homomorphism: 
Nnso;b: Vnso(M) > Vns(M), 


while restricting to Bas gives a normal homomorphism which maps onto 
the heat 0b-calculus of the compactified half normal bundle of 0M: 


Nnso;s : Vnso(M) — Vnos(N+(0M)). 


These normal homomorphisms are nontrivial only for ka = 0, k4 = 0. 
Moreover if Naso; (.4) = 0 and Nhrso;s( A) = 0 for A € Vpso(M) then 
A= eB for B € V;50(M). This will be used in the construction of the heat 
kernels. 

Individually, each normal homomorphism is surjective. However the 
normal operators for an element of V,,59(M) have to agree at the common 
corners. These are the compatibility conditions. On the other hand, since 
essentially just smooth functions are involved, the compatibility conditions 
are the only obstructions to the existence of heat surgery 0-operator with 
given normal operators. 


6.3. Uniform structure of the heat kernel 


It suffices to consider the heat kernel for A? ,, the other boundary condition 


being similar. The proceeding construction enables us to prove the following 
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Theorem 6.1. There is a unique H € Vl o(M;E) where I = 
(72, —2,0,0} such that 


a? (ô; + A2)H — 0 in Yo (M; E) (6.46) 
for I' = (—2,0, —2,0), and 
Nhs0;h,-2(H) = Id, (6.47) 
and H satisfies the boundary condition 


P,H|g, =0, PyAcH|By, = 0. 


Proof. Equation (6.46) and (6.47) translate to conditions on the four nor- 
mal operators of H: 


1 
("os (5^ 4 5 Goo) Nison -2(H)=0, f Nason.~a(H) = Id, (6.48) 
er 


z? (0, + N4(A2)) Ns o, (H) =0, (6.49) 
Py (B + N,(A2))Nns0o;s(H) = 0, (6.50) 
sp + Az) Nngo,(H) = 0. (6.51) 


Finally the boundary condition translates to boundary conditions for (6.51) 
and (6.50). 

The first equation is a fiber by fiber differential equation and can be 
solved uniquely subject to the integral condition. Furthermore, because of 
the compatibility condition, this fixes the integral conditions for (6.49) and 
(6.50). Thus the two normal operators N;;,o;,(H), Nnso;s(H) are necessarily 
the heat kernels for the elliptic b-differential operator N;( A2) and elliptic Ob- 
differential operator N;(p2,A2). As such they are unique and are elements 
of the corresponding small heat calculus. These two operators have the 
same indicial family, so using the existence part of the compatibility it 
follows that there is an element H’ € V1.,(M; E) satisfying the symbolic 
conditions (6.48), (6.49), (6.50), (6.51). 

This first approximation therefore satisfies 


z? (0, + A2)H' = —Ry, Ry € V5 (M; E). (6.52) 


Now we proceed exactly as in [14]. m 
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7. Large time behavior of heat kernel 


The implication of the previous construction of the uniform heat kernel will 
be further exploited in this section following the ideas of [14]. 


7.1. The resolvent near infinity 


The resolvent and the heat kernel are related by the Laplace transform 


(A2,-A) = i eMe t^t, qt, 
o (7.53) 


2ri 


eau. / e (A? a — X)^1dÀ, 
r 


where T is a contour enclosing the spectrum of 42. This makes it possible 
to obtain information about one from the other. In fact, the large spectral 
parameter behavior of the resolvent corresponds to the small time behavior 
of the heat kernel and the large time behavior of the heat kernel corresponds 
to the small spectral parameter of the resolvent. 

To estimate the resolvent as the spectral parameter tends to infinity 
outside a sector containing the spectrum we use the discussion of the heat 
kernel in the last section. Choose ¢ € C??(R) with #(t) = 1 in [t| < 1 and 
p(t) = 0 in |t| > 2. Let 


R)- [i B eM o(t)e-t^*a qt. (7.54) 
Then 
(A2, — A)Ri(A) = Id - Ei (A), (7.55) 
where the error term 
E (A) = f i eX (t)e-*^ «dt € Wie" (M), (7.56) 


is in the small calculus, and since ¢’(t) has compact support in (0, oo), 
vanishes rapidly as || — oo in any closed sector in Re A < 0. 
To improve on the parametrix we now solve the equation 


(A2, — A)R2(A) = E1 (A) - €B2(A). (7.57) 


This reduces to solving for the resolvent of the normal operators. It follows 
that we can solve Ro € V,9^" (M) with the error E;(4) € V," (M). 
Therefore 


(A2, — A) (A) + Ra(A)) = Id — €E2(4). (7.58) 
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For small e, Id — €E2(A) can be inverted in L? by the Neumann series. 
Writing the inverse as Id —S(A), one sees that the norm of S(A) is rapidly 
decreasing as |A| — oo. Moreover, S(A) is conormal in e, and therefore, 
belongs to £,. Again from the Neumann series, 
S(A) = €B2(A) + €? B2(A) EX(4) + 9 E2(A)S(A) ES (4). (7.59) 
Thus, by the semi-ideal property, S(A) is also in the surgery calculus and 
rapidly decreasing in A. 
Hence we have 
(Az, — A)? = Ri (A) + Ri (A) (7.60) 


with R1(A) = R3(A)(Id — S(A)) € Yo” (M) being holomorphic in À and 
rapidly decreasing as |A| — oo. 


7.2. Large time behavior of heat kernel 
We can now determine the large time behavior of the heat kernel. By (7.53), 
(7.54), (7.60), one has 
1 
(1—9(t))et42e = Ll. f e^ Ry (A)dd. (7.61) 
r 


27i 


By our assumption, the contour T can be deformed to a contour lying in the 
right half plane but still below the spectrum. It follows then that en tA 
is exponentially decreasing, with all t-derivatives, as t — oo with values 
in V9?" (M), where r > 0 is the largest 7 for which the resolvent takes 
values in Vj ^'^ (M) along the new contour. 


7.3. Proof of Theorem 3.1 
Finally we are in a position to prove Theorem 3.1. 
Proof. Let i: Anso > Xj, be the embedding of the lifted diagonal. We 
have 
Anso = [Xso x [0, oo); Bow x {0}, S] (7.62) 


which blows down to X;o x [0, oo). Denote the blow down map by 8. On 
the other hand, the projection me: M x [0, 1] — (0, 1] lifts to a b-fibration 


Tso : X50 = (0, 1]. 
Let us use the same notation to denote the induced b-fibration 


Tso: Xso X [0, oo) — [0, 1] x [0, oo). 
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Finally let ms = Tso o f and 7; be the projection [0, 1] x [0, oo) — [0, 1]. 
Then we can rewrite the eta function as 


A 2 i*trF], F = oe Ac ae t* 7.63 
n( eas S) = (Ti)« (75). [i tr 1, = T(G41)/2) c,a€ ea, (7. ) 


The polyhomogeneity of i*trF follows immediately from Theorem 6.1. 
Now for each t > 0 the computation of the pushforward (7,). falls into 
the realm of Lemma 5.4. To apply this result we must compute the three 
terms in (5.43). By (5.32) the leading term for the log term is the integral 
of tr(Ae7tA5)|o M where A lives on the half infinite cylinder. By (4.24) and 
(4.17), 


tr(Ae 715) = tr(yd,e*42) + tr(o Agyre t^a) = 0. 


Here the second term is identically zero by the splitting (4.16). Thus, the 
leading log term vanishes. The leading coefficient for the other term is given 
by 


b-Tr(Ns(i* F)) + b-Tr(Ns(i* F)). 
It follows that, when dim M is odd, 
"n(Aca) = b-Tr(NyG* F)) + b-Tr(N,(* F)) + ri(e) + r2(e)log e. 


The first term is by definition rg (Ao), while the second one is computed in 
Proposition 4.2. Note that n(Aay) = 0 in this case. 

For the even dimensional case, the term tr(Agywe~'4e™ ) no longer van- 
ishes and it gives rise to the eta invariant for Aam, whereas the b-eta term 
vanishes because of the parity of the dimension. o 


We now explain how the analysis extends to the analytic torsion. The 
analytic torsion is defined in terms of the zeta function 


¢r(s) = O / t®-!Tr,(Ne"S)dt, Rs >> 0, 
0 


where Tr, is the supertrace associated to the usual Zo-grading via even/odd 
degree, and N is the number operator acting as multiplication by k on k- 
forms. Also, A denotes the Laplacian restricted to the orthocomplement 
of its null space. In our situation, the acyclicity condition rules out the 
null space and so it is just the Laplacian. This zeta function extends to 
a meromorphic function on the entire complex plane with s = 0 a regular 
value. We define the analytic torsion of Ray and Singer by 


log T(M, p) = Ct (0). 
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For the half infinite cylinder, using (4.24), (4.25), one derives for A = A? 





te; (Ne 5) 
1 1 
= sage te aue ther) — ror + ew It yg 9M (p-tBom ) 
Hence 


Tr.(Ne~*4) = 5k! (Noye7thon), 


Here we have used the fact that Tr?M(e-t^ow) = x(8M,£) = 0 by our 
assumption. It follows then that for half infinite cylinder, 


1 
Ta(M, p) = 31(0M, 0), 
and similarly 
1 
T,(M,p) = -; T (9M, p). 


Even though the analytic torsion is defined in terms of analytic continu- 
ation, it has an explicit heat kernel representation involving the coefficients 
of the asymptotic expansion of Tr,(Ne-'^), see for example Dai-Melrose 
(7] where all negative powers except t~'/* are shown to vanish. Using this, 
one can proceed as before and derive the results for the analytic torsion. 
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Dedicated to Krzysztof P. Wojciechowski on his 50th birthday 


Since the heat kernel of the sub-Laplacian on Heisenberg group was constructed 
in an explicit integral form by A. Hulanicki, we have several ways to construct the 
heat kernel for the sub-Laplacian and the Laplacian on 2-step nilpotent Lie groups. 
In this note we explain a method effectively employed by Beals-Gaveau-Greiner, 
the so called complex Hamilton-Jacobi theory, and illustrate the construction of 
the heat kernel for general 2-step cases. We discuss the solution of the generalized 
Hamilton-Jacobi equation and a quantity similar to the van Vleck determinant and 
their roles in the integral expression of the heat kernel. We expect this method will 
work also for 3-step cases to construct the heat kernel together with the theory of 
elliptic functions. So as an example, we consider the solution of the generalized 
Hamilton-Jacobi equation for the lowest dimensional 3-step nilpotent Lie group 
(Engel group). Then we discuss a hierarchy of heat kernels for the three dimen- 
sional Heisenberg group and Heisenberg manifolds as a simple example. 
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1. Introduction 


The existence of the heat kernel is guaranteed for a fairly large class of 
second order operators in the frame work based on hypoellipticity and the 
spectral decomposition theorem. Our concern here is to construct the heat 
kernel in an explicit form for invariant sub-Laplacians and Laplacians on 
nilpotent Lie groups in terms of a certain class of special functions. 

Since A. Hulanicki ([14]) constructed the heat kernel for the invariant 
sub-Laplacian on the Heisenberg group by a probability theoretic method, 
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we have several ways to construct the heat kernel for the sub-Laplacian 
(and the Laplacian) on 2-step nilpotent Lie groups (cf. Gaveau [9], Beals, 
Gaveau and Greiner [2], [3], [5], Klinger [15], Furutani [7] and references 
therein), and for any 2-step nilpotent Lie group the heat kernel for the in- 
variant sub-Laplacian is expressed in an integral form on a subspace in the 
complexified cotangent bundle of the Lie group with the integrand consist- 
ing of hyperbolic functions. However, until now, no explicit construction of 
the heat kernel has been given for 3-step nilpotent Lie groups, even for the 
lowest dimensional case. 

This is à mostly expository article toward the construction of the heat 
kernel of the sub-Laplacian (and of the Laplacian) on 3-step nilpotent Lie 
group. 

In 82 we start from the fundamental property of nilpotent Lie groups 
and we introduce the invariant sub-Laplacian. In 83 we explain the com- 
plex Hamilton-Jacobi theory for 2-step nilpotent Lie groups and construct 
the heat kernel for the sub-Laplacian and for the Laplacian in two ways. 
In 84 we discuss the Hamiltonian system and a solution of generalized 
Hamilton-Jacobi equation as a first step to construct the heat kernel for 
a sub-Laplacian on the 4-dimensional 3-step nilpotent Lie group, which is 
the lowest dimensional 3-step group. In $85 we discuss a "hierarchy" of 
heat kernels, by which we mean that heat kernels on homogeneous spaces 
of nilpotent Lie groups are obtained in terms of fiber integration of heat 
kernels on the whole group. Here we only illustrate concrete calculations 
for the 3-dimensional Heisenberg group, as a simple example. 


2. Sub-Laplacian on nilpotent Lie groups and the heat 
kernel 


2.1. Nilpotent Lie groups and problems 


Let G be a connected and simply connected nilpotent Lie group. The basic 
fact about such nilpotent Lie groups is that the exponential map 


exp : g — G 


is a diffeomorphism. Owing to this fact we can work on the linear space g 
instead of the group G together with the help of the Campbell-Hausdorff 
formula : 


exp X - expY 
=exp(X + Y + 1/2[X, Y] + 1/12]|X, Y], Y — X]+---). 
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Under the identification exp : g —> G the group law written on g is, 


if exp X - expY = expZ, then we write X «x Y = Z, and Z is given by 
Z =X +Y -1/2/X, Y] + 1/12([X, Y], Y — X]+--- (finite sum). 


_ Let {X;}™, be linearly independent elements of the Lie algebra g, and 
X; corresponding left invariant vector fields on the group G (= g). 
Let 


Is 
— Asub = Rn m < dimG =n 
i=l 
be a second order differential operator. 


Proposition 2.1. In general, if the vector fields (X )£. and a finite num- 
ber of their brackets generate the whole tangent space at each point, then 
Asub 1s a hypo-elliptic operator. Of course for left invariant vector fields it 
is equivalent to assume that (X 7*4, and their brackets generate the whole 
Lie algebra g. 

In this case we call the operator Asu» the sub-Laplacian, and we shall as- 
sume that the subbundle spanned by {X;} is equipped with the inner product 
which makes (X;) an orthonormal basis of this subbundle. 


Note that the invariant vector field X is anti-symmetric (X € g): 


ESG XXY2)g(z)d =- Í f(a)X(g)(a)dz, f, 9 € ORC), 
G 


and so the operator Asub is symmetric and positive (dx is a fixed Haar 
measure on G, which coincides with the Lebesgue measure on the Euclidean 
space g under the identification exp : g > G). Moreover we have 


Theorem 2.1. Asub is essentially selfadjoint on Cg? (G). 
This property follows from a theorem by Strichartz [18]: 


Theorem 2.2. If a sub-Riemannian metric on a non-compact manifold 
can be extended to a complete Riemannian metric, then the sub-Laplacian 
is essentially selfadjoint on the space of support compact smooth functions. 


Here we call à manifold M sub-Riemannian, if there is a subbundle 
E with an inner product in the tangent bundle T'(M) such that the vector 
fields taking values in E and their finite brackets generate the whole tangent 
space at each point. 
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So we do not distinguish Asub on C$? (G) and its unique selfadjoint 
realization in L3(G, dz). Then by the spectral decomposition theorem 


Asub = f AdE, ({E)} : the spectral measure) 
0 


we know that the heat kernel K(t;g, g) is the kernel distribution of the 
operator 


P f AdE; : La(G) — L(G) (t> 0), 
0 


which is smooth because 


(a) Asub is hypoelliptic, 
(b) for any integer k, A 5 oe™t^sub = e7t^s oA. * is defined on L(G) 


and e~t4 


c™(G), 

(c) e~*4eue can be extended from L(G) to the whole space of distribu- 
tions D'(G) on G, and by e~*4eue = e-t/?Asw o en t/2Asuv, it is in 
fact a map from D'(G) to C™(G). 


oo 
sub maps continuously L2(G) to N ( domain of Ash) = 
k=1 


Now our interests are: 

[I] Spectral decomposition of the sub-Laplacian (and of the Lapla- 
cian) in a multiplication form, that is, to find a measure space (X, dm), a 
(positive) function y on X and a unitary transformation 


U : L(G) > L2(X, dm) such that Asus = Un oM; oU, 


where My : Lo(X, dm) 5 f of € L3(X, dm) is a multiplication 
operator with the function q. 

[II] Explicit construction of the heat kernel K(t;z,y) of the sub- 
Laplacian Asub (and of the Laplacian): 


[o) 
(Asa =F x) K(t;z,y) =0, 


lim K(t;z,y)f(y)dy = f(x), (dy is the Haar measure) ; 
HOG 


here we know that K (t; x,y) is of the form 


K(t; x,y) = ky * £), 
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where k;(x) is a smooth function on Ry x G because of the (left) invariance 
of the heat kernel: 


K(t;9-2,9-y) = K(t;z,y), for all g,z,y € G. 


[III] Explicit expression of the Green function and/of fundamental 
solutions of Asub (and A). 

There are so many papers concerning the hypoelliptic operators on 
nilpotent Lie groups (see Hórmander [13], Rothshild and Stein [17] and 
papers cited therein). Our concern is to construct the heat kernel in terms 
of special functions, such as Hermite functions, hyperbolic functions (for 2- 
step cases). Especially for the 3-step cases it will be worked out by elliptic 
functions, since the bicharacteristic flow for the sub-Laplacian is solved in 
terms of elliptic functions. 


Remark 2.1. If we have a spectral decomposition of A (or Asub) in the 
multiplication form, then the heat kernel is expressed as 


e (^ =Uo e tMy o ut 


just like the case of Euclidean spaces where the operator U is the Fourier 
transformation. So [I] gives [II], but not in the opposite way. 
Then if we have the heat kernel 


K(t;z,y) e C™(Rt x G x G), 


the Green function G(x, y) can be expressed as 


[8250 f B [ Kesirapa 


Even if we have an ezplicit expression of the heat kernel, this does not 
give the spectral decomposition of the (sub-)Laplacian in a multiplication 
form directly. For this purpose we are still required to find a measure 
space (X, dm), a unitary transformation between L2(G) and L2(X, dm) 
and a positive function on X. With these the Laplacian (sub-Laplacian) is 
expressed as a multiplication operator. 


2.2. Spectral decomposition and heat kernel 


Here we give an explicit multiplication form of the Laplacian for a certain 
class of 2-step nilpotent Lie groups including Heisenberg groups (cf. (7]). 
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Let g be a nilpotent Lie algebra of 2-step such that 


g=9+ 99-3 [g+,9-] =3, [g+ gu] ^ 0 (1) 
3 is the center and 


n=dimg, =dimg_, dim3 = d. 


Let {X} 1, {Yi}, and {Z,}4_, be a basis of g+, g- and 3 respectively 
with the structure constants CF: 


d 
(Xi, Y;] = ch Zk, 
k=1 


and all other brackets are zero. 
Put the matrix C(A) : A €3*, 


d 
C); = $ Chy Al Za). (2) 
k=1 
We assume that the matriz C(A)*C(A) is diagonal: 
eA) TEST 
0 c2(A) oe 
C(A) O(A) = 
0 eae Cn(A) 


and also we assume that all diagonal elements c;(A) are non-degenerate 
(positive) bilinear forms on 3. 
We identify the Lie algebra 


g = 9+ D9- O35 
satisfying above conditions and the Lie Group 
exp: g+ Xg_x32G 
through the exponential map. We denote the element g in G by 
g=) mXi D MXit yz = (2,92). 
The multiplication law is given by 


— 1 
g* J =g + G+ 5l, 9]. 
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The Laplacian A is given by the formula: 


e 
A=) BG ag 22S human + Oi bj na 
8? 
+5> u $3056 LET 


P ki«kajidja 
2 


o 
AE 2 $5 C80; ia Ta Ti ror 


j ki«k2üi2 


2 2 
1 n n n n 8? 
Xo) Xe) £s 
k j=1 \i=l 


i=1 \j=1 


Now we list two examples of the Lie algebra satisfying the above as- 
sumptions. 


Example 2.1. Heisenberg algebra of any dimension. 


Example 2.2. Heisenberg type algebra whose dimension of the center is 
= 0(mod 4), that is, g is 2-step and equipped with an inner product < e, e > 
such that for any Z € [g,g] = 3, the map j(Z) : 3+ — 3+ defined by 


< j(Z)(X),Y >=< Z,[X,Y] > 
satisfies 
j(Z}? =- <2Z,Z> Id. 


For the Laplacian of this group we have the explicit spectral decompo- 
sition in a multiplication form (cf. [7]): 


Theorem 2.3. There exists a measure space (X, drm), a positive function 
on X and a unitary operator U : L3(G) = La(X, dm) such that 


UltoM,oU=A. 


From the explicit form of the function y and the measure dm (see below 
(3) and (6)) we get easily 


Corollary 2.1. The spectrum of the Laplacian A is [0,00] and is purely 
continuous. 
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Although we do not give the proof of this theorem, we describe the 
measure space (X, dm), the unitary transformation U and the positive 
function y on X appearing in the above theorem. 

Let k = (k1,--- , kn), ki € N, ki > 0 be a multi-index and define the 
measure space 


(Xx, dmx)= (s x rv] V LE) (3) 
i=l 


and put 


(X,dm) = Il (Xx, dmx), (direct sum). (4) 
keN^ 


Let F be a partial Fourier transformation 
F : Co? (g+ x g- x 3) > C? (gy x gt x3*), 
(£fY(z,&n) = (20) 6*9? J eV Xiao a O 


and 


R : Lo(g+ x g% x3") —> Logs x g*. x (3*\{0})) 
the restriction map. Also let 
S : g4 x g4 x (3"\{0}) — g+ x g% x G'V0J) 
denote the diffeomorphism defined by 
$(v,w,AM)-(rf£m, zr—-v-w, n-A 
«&6y» 2-5 «Alt wy] > (= Talv + w)(y), v € a-) 


Here T) : g4 — g* is an isomorphism for any A 4 0. Then the composition 
K = @* o Ro F is a unitary transformation: 


K = @ oRoF: Lo(gi x g- x3) (= La(G)) 
-— (s. x g4 x (3*\{0}), [[veiA)dvdwaa). 
i=1 


Next let the first order differential operators S; be 
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and put the functions 
h;(w, A) = e73 V Aw? 


For a fixed A # 0 and each multi-index k = (ki;,...,k,) we denote by 
h(w, A,k) the Hermite function of the variables w € g4: 


h(w, X, k) = (SP hi)(w, A) -+ (Sz hn )(w, A). 
Now for a function f € C§°(g+ x g+ x (3*\{0})), we define 


1 

BAWAK) = xus f^ fü) A Edu: € Cg. x GAO), 
K(A) Js, 

where Ny (A) is the L2-norm of the function h(w, A, k): 


Nic(A)? = [| |h(w, A, K)|* dwi: dwn = 2/5 Alen”? D [ (0) ^77 
5+ i=1 


Then the operator E is extended to a unitary transformation from Le(g4 x 
g+ x (3*\{0})) to L2(X, dim), and the unitary operator U is defined by 


U =EoS"* oRof. (5) 
Finally, let a function o on X be 


plv, Ak) = [A + 3 Gk; + Ve), (v, A) € g+ x (3"\{0}). (6) 
i=1 


With these data we have an explicit integral expression of the heat 
kernel by calculating the kernel distribution of the composition operator 


U-toe Me oU: 


Theorem 2.4. 


K(t,9,9) = K(G2,y, z, 2,9, 2) (7) 
= (27) eaa f. VIE Een 2a] 1/2] 


/ ME. cosh t/c; (n) 
x e Hell, I0 cin -e sinh t /e; m) dGi zy +(yi- Yi) i 


2 TRAD 





To calculate the integrals included in the formula U~! o eMe o U, a 
formula called Mehler's formula (cf. Thangaveln [19]) for the generating 
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function of Hermite polynomials is important. Such a formula is also im- 
portant in the construction by the probability theoretic method given by 
A. Hulanicki [14]. 

Of course this result coincides with the expression given by the method 
of the complex Hamilton-Jacobi theory by Beals, Gaveau and Greiner in 
[2] (also see Beals, Gaveau and Greiner [3] and [4]), where they do not 
need such a formula for the generating function of Hermite polynomials. 
They obtained the same formula directly. Their method starts by assuming 
that the heat kernel k;(g) has an integral expression (see (9) below) which 
reflects the physical phenomena, that is, the heat flows mostly along the 
geodesics starting from the identity element (the ó-function is put as the 
identity element at the time = 0) and the total amount (= k;(g)) should be 
summed up (= integrated) over a certain class of geodesics arriving at the 
point g at a time t from somewhere. This class of geodesics is determined 
by solving the Hamiltonian system (bicharacteristic flow) under an initial- 
boundary condition, i.e., we assume that the coordinates in g/[g, g] are zero 
at t = 0 and that the end point g is arbitrarily given in the space G. In 
the Euclidean case there is only one such geodesic arriving at the point g 
under this condition, so no integration is taken and we have the well known 
formula. However in the nilpotent (non-abelian) cases we must consider 
geodesics whose initial points will not be the identity element. These will 
be parametrized by the dual space [g, g]* both for the Laplacian and sub- 
Laplacian cases and in fact they mostly are in the complexified space. The 
reason why we need to consider such geodesics is that in our curved space 
(although topologically it is Euclidean) the wave front set of the ó-function 
influences the points in the direction [g, g]. Of course this argument will not 
be enough to study the construction of the heat kernel under the assumption 
that it has a prescribed integral form. However, together with the result in 
Theorem 2.4 of the heat kernel for a special class of nilpotent Lie groups, 
here following [3], we take as our point of departure that the heat kernel 
of general (two step) nilpotent Lie groups will be of an integral form? with 
the action function f and the volume element W such that 


K(t; (x, z), (2, Z)) EE k((2, 2)! x (x, z)), (8) 
uz) = ay | 677 Wes rr, (2,2) = g e(a/ls al x sal). (9) 





with a specific order N = 5 dim g/[g, g] + dim{g, g]. 


aA coordinate change is needed in Theorem 2.4 to arrive at the form (9). 
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Consequently the function f(g, T) should include all the informations of 
the real geodesics when t | 0 and the volume element W(g,7) will reflect 
the amount of energy flowing through geodesics arriving at the point g.” 

In the next section we determine these functions, and in fact we will 
know that it gives us the heat kernel for general two step nilpotent Lie 
groups. 


3. Complex Hamilton-Jacobi theory 
3.1. Heat kernel of sub-Laplacian 


Let G be an (n + d)-dimensional connected and simply connected 2-step 
nilpotent Lie group with the center 3 = [g, g], dim3 = d. 

We identify T*G with g x g*. Let {X;}?_ be a basis of a complement of 
the derived algebra [g, g] and denote the coordinates on g x g* by (x, z;£, 6) 
by fixing a suitable basis {Z,}¢_, in the center 3 = [g, g]. 


d 
Let [X;, Xj] 2 2 > at Zp (aij = —aj), and let Q(0) * be a d x d matrix 
k=1 


Mea 


with the entries Q(0);; = > a6. 


k=1 


To each X j, we denote by x j= = + » Y QijTi z the correspond- 
J j=l k=l 
ing left invariant vector field on the group G. Then the sum 


1 n 
E y 2 
Asub = 22% 


is a sub-Laplacian which satisfies the *Hórmander condition" for the hy- 
poellipticity. 
Let H be the Hamiltonian of this sub-Laplacian Asub: 


n 


H(z, z;€,0) ye (6: 3: Y abu) = 7G + DMs: 


t=1 k=1 


We consider the Hamiltonian system 


ee eee z= He, 


£=—-H,, 6=—-H,=0 go 


PIn this note we do not discuss these aspects. See [3] for the Heisenberg group case. 


€ Q(0) = ar pd where C(@) is the matrix defined in (2). 
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with the initial-boundary conditions such that 


x(0) =0 g(s) = z = (c1, ,z4)€ R”, 
z(s) = z = (zn, ža) € RÍ, (11) 
6(0) = VZIT T=(T1, Ta) € RÊ, 


where s € R, z and z are arbitrarily given. 
Since a(t) = e-?'9*()6(0), by integrating the equation Q(0)z(t) = 
Q(0)e-?t9 (D €(0), we have 


Q(0)2(£) = —1/2(e-?'9 — Td) €(0). 


Now by the condition that the value 0 = 0(0) = v —1r is purely imaginary, 
the matrix /—1Q(7) is selfadjoint. Hence the matrix 


V-1sf(r) 1 A -1 
sinh /—1sQ(r)  2ry=1 Jr sinh À (à B v-iso()) an 


is well defined and invertible for any s € R and 7 € R4, so that we have 
one to one correspondence between £(0) and z: 


nemo, VI) 
SE sinh s/—10(r) Sem d 


The contour I is taken suitably surrounding the spectrum of the matrix 


sy —10(r). 


Now we solve the initial value problem: 


£;(t) = He, -6 + V-IXalysn = & + VTL Oe T ig Bis 


EE = VAS (G+ VTE AG Aye) oy 99 


with the initial conditions 


z(0) =0 
a(r) 14 
D €(0) = e*- T0) . SOLE en 
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Then we have the solutions: 


Cee es eC y= enit). 


sinh s/—1(r) i3 
E(t) = E(t, 8, 2,7) 
E ¥—i0(r) sV/—-1Q(T) z V-in(r) " 
= nhs y IAA ^ (1a - e t sinh tV. 10(r)) «2 


- (etnia TIUA) (eT VT) 
(Toan) (emo I 
zs (ete) cosh t/=10(r)) &(0). 


These give us solutions for the initial-boundary problem (10) under the 
condition (11) together with the solutions 


t 
an «f 2 (no), : E) du, k=1,---,d 


O) = y-1r, T= (T1, Ta) E R?. 


We do not give the final form of the solutions z,(t)(k = 1,--- ,d), but 
it will be seen from the expression that the functions z(t) are determined 
uniquely and we do not need the explicit form of the solutions z;,(t) in the 
following calculations. 

Let g = g(s;z,z,T) € C™(R x R” x Rt x R2) be the complez action 
integral 


d 
g(s;z,2,T) = V—1 b zi(0; S, £, 2,T) 


i=1 
+ f < E2 > + < OC, > -Hel (0:6), Adi 
0 
then g satisfies the usual Hamilton-Jacobi equation (see Appendix A): 


Proposition 3.1. 


(a) 
28 + H(s, 2; Vg) — 0. 
(b) Also the function g satisfies a relation 


1 
g(sia, 2,6. T) m £ *g(i;s2,T). 
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Determination of the function g(s; x, z, 7). 





Put C(t) = i(t) = E(t) — /—10(7)z, then 
C(t) = -2/-10(r)c(t) 





and we have 
d 
g(s;2, 2,7) = V-1V ri - zi(0; s, 2, z, T) 
i=1 
+ T < Elt), Et) > + « e(t), z(t) > - H(z(t), z(t); E(t), O(¢) at 
0 

d s 

= VAY non +f < E(t), #(t) > -5 < CH, Cl) > dt 


i=1 


d s 
SEP ee | < C(t) + V-iQ(rya, ¢(t) > -5 < C(t), C(t) > dt 


i=1 


d s 
=V- Y ti- zi «f ; < C(t), C(t) > — <2, V-10(r)c(t) > dt 
n 0 
r s 1 
=V- nou «f 1/2 < C(t), (i) > +5 < v, C(t) > dt 
i=1 0 


d 
1 s 
=vy-1l , TAT 5S z,¢ >|, 

i=l 


d 
= V-1M n -zi + ; (vcn) coth(V¥—1sQ(r)) - 2, z). 
i=l 


Now let f = f(z,z,T) be 


d 
f(z,2,T) = g(1; 22,7) = VY mati (vint) coth( /—1Q0(7))-z, 2), 
i=1 
then f satisfies 
f(a, 2,8* T) 


= 9(8;2,2,T) 
$8 


and is a solution of the following equation, called generalized Hamilton- 
Jacobi equation: 
d 


H(z,5 Vf) Y n5 = f(z Tiz , Ta) 


Or, 
i=1 t 
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The heat kernel K (t; (z, z), (Z, 2)) = k«((3, 2) “+(x, z)) (+ is the product 
of the group G) is given by a function k;(z, z) of the form 





1 f(x) : 
hz) = me [oP W(rdr, d dim (oa, 


if we have a function W (x, z, T) which is a solution of the equation, called 
the transport equation (Appendix B): 


LLAD ENE- (Aue) w-o as 
j 
By noting that 
—Asuo(f) = tr (VZIT) eotn(v-10())) 


(fà MA - V-i0())"d) — Q6) 





Nl N| 


does not depend on the space variables (x, z), we may have a solution of this 
transport equation (15) in the class of the functions W(x, z, T) = W (r). In 
fact the square root of the Jacobian of the correspondence (12) is a solution 
of the transport equation (15): 


Proposition 3.2. Let 


W(r) = (aee. /-10(r) i 7 (20 JETA) ji 


sinh /—10(r sinh y/.—10(r) 


where the branch is chosen such that W(0) = 1, then the function W (7) is 
a solution of the transport equation (15). 





Proof. Let o(t) = W(tr)? = de ( Ee, then 
d £ aw 
3470 — 2W (t7) 2. (=) (tr) 


lH 
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By making use of the resolvent equation we have 


ETO 


a amu) e (^- vaia) a) 
ai ( Í x EA AcoshA sinh A Oe Vian) "a, 











^— snh?À —— À 
and so 
d 
oW 
cU) 
= OTK 
1 sinh À — Acosh À sinhA -1 


Hence we have 
Ya Asubl f): W(T) 


1 sinh À — À cosh A _ sinh A "d 
sae E y -10(r 
2 m e sinh? A À (- e) 


ar) we. 
ege (a Sepa O- v1) a) mn 








- 5$ WQ) 


which shows that W (T) is a solution of the transport equation (15). o 


Remark 3.1. The function W (r) is similar to the van Vleck determinant 
(See van-Vleck [20], and a recent book by de Gosson [10]). 


Hence the function k;(z, z) is given by the integral: 


'Theorem 3.1. 


1/2 
1 dT) —10(7) ) 
TN ED. (det ——————) dr, 
t(, 2) = caa Ls ( "sinh V/—10(7) i 


By the arguments in Appendiz B we know that 


2 ks, z) — 0. 


(Asus t3 
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Also by the asymptotic behaviours of the integrands 
e W(r) = O(||rl| 7), j > 0 is arbitrary, 
e the bilinear form <(V=19(r) coth(/—10(t7)) ) jT,» 
is ( strictly ) positive definite and 
«(v-10() oth (V7 10(r))) - z, £ >= O(rlllzl?) 
(since non-zero eigenvalues of V—1Q(r) are proportional to ||r|| ), 


the Fourier inversion formula implies that 


1/2 

, 1 dno) v -1Q(T) 

lim mata f E € t . (aet d) dry(z, z)drdz 
= q(0,0) 


for all p € Cg? (g). 





Remark 3.2. By continuing analytically the integrand of the heat kernel 
with respect to the variable 7 to the whole complex space, we obtain more 
precise information of the asymptotic property (when t | 0) of the heat 
kernel (see [4] for the Heisenberg group case). 


3.2. Heat kernel for the Laplacian 
Let A be a Laplacian on G: 


d 
T, 
A = Asus — 1/29 Zi mE 
k=1 


that is we are assuming that G is equipped with the left invariant metric 
such that (X;) and {Zk} are an orthonormal basis at the identity element, 
and then the operator above is the Laplacian with respect to this Riemannian 
metric. 

Since 


[Asus: Zi = 0, (Zk € center of g) 


the heat kernel K'A(t; (x, z), (2, Z)) for the Laplacian A is the kernel distri- 
bution (€ C**(R, x G x G)) of the composed operator: 


e tAsubo ( Id ge-*/2X Zi) . 
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Here Id denotes the identity operator on the space L»(g/[g,g]), and we 
regard 


L(G) = L»(g/[g. g]) &L([g. 9]) 
by identifying 
((X;)] & g/[g, g], where [(X;)] is the subspace spanned by (Xi). 
Proposition 3.3. 


Ka (t; (x, z), (2, 2)) 
1 _ dMy-zi? 


=| Kt Ga gape tu 








1 — £2 (8,2) l «(m z),7) 
m tn/2+d ris $ W (r)dr 
1 fÀ (w—-®,2—-F-1/2[%,2),7) 
= pn/2+d u W(r)dr, 
where 
A 
f (2,2, T) 


= V-l«r,z»41/2 < V/-10(r)(coth /-10(r)) -z, x > +1/2||7||?. 


Remark 3.3. We will show later that the function f^ is the complex 
action integral for the Laplacian (see (19)). 


Proof. Since Ka(t;(z,z),(%,Z)) is of a form Ka(t;(z,z),(Z%,2)) = 
kB ((Z,2)-! * (a, z)) with a function kA(z,z) € C^*(R, x g), it will be 
enough to express this function kô (x, z): 

RN | Ll ug. 

kém f KEE) (0): rare E 


1 _ Vai <7 z—y>tl/2< V—-12(r) coth V-TO(r) z,x» 
= ——Á t W 
(nios R4 Jcenter : (7) 








-144 d 
* nan? * drdy 


1 1 _ ty? xc 
LLL ———— e ae t enn 
tn/2t+d (211)4/? I = , 


= vV-i«r,z241/2«v-Iü(r) coth /—IQ(r)z,r» 
xe t W(r)dr 





1 dr 2 _ Mai <7,2>41/2< Y-12(r) coth V—i2(r)-2,2> 
e 23 -e t 


qn/24d W(r)dr 


Ré 
1 _ fA (2.2.7) 
= p E + W(r)dr. n 
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Of course this formula coincides with the earlier particular case (82 
Theorem 2.4) and is the heat kernel we wanted to construct. 

We can also construct the heat kernel for the Laplacian by the com- 
plex Hamilton-Jacobi method. So we describe the Hamiltonian system and 
relating quantities corresponding to the case of the sub-Laplacian: 


(a) Hamiltonian H^: 


H^ (z, z; £,0) 


n n d d 
= ; 5 (ë + YY abs.) + »3U: 
j=l i=l k=1 k=1 


NI = 


d 
Y (& + Y20(0)5 2) + 3262 
j i k=1 
1 d 
= H(z,2;£,0) + 22.5 


(b) Hamiltonian system: 


à = H9 = He =€-O(0)2, žr = HG, = Ho, + 0k, 
j= xr =-H;,, 0,—-H4^20. 


(17) 
(c) Initial-boundary conditions: 
x(0) =0 x(s) = x = (z1, , tn) E R”, 
z(s) = z = (n ,24) € R3, (18) 


6(0) — Vo 1r, T= (n, Ta) € RY, 
where s € R, z and z are arbitrarily given. 


In the above Hamiltonian system (17), all equations other than the 
second coincide with corresponding equations in (10). So we have the same 
solutions zê (t) = z(t) and €4(t) = £(t): 


z^ (t) = x^ (t;s, £, T) = x(t; s, 2,7) 


Eos = el- t)/—12(r) sinh ty- 1Q( (7). 
sinh s4/— Inr) ^ 
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and 


€^ (t) = E(t) = E(t; s, 2,7) 


¥—10(7) VTAT) —tV=IN(r) - 
= —————— e D Id— (? sinh t/.—10. : 
sinh s./—10(r) E ( j e (7) T 


om me. clt) 
-(r mme) (ne TR a 
= Cm cosh tV=1(r)) €(0) 


as the system ae a the initial conditions (14). Moreover, we have the 
solution z^(t) = z(t) + /—I(t — s)rp. 
Now the complex action R 


g^ € C®(R x R” x R7 x R4) 
is given by 


g^ (s; XL, z,T) 


d 
= vV-1V r - z2 (0; 5,2, z, T) 


i=l 


+ a < EA (t), ^ (t) > + < 0(t), 2^ (t) > 
0 
— H^ (z^ (t), z^ (t); £^ (t), 0(t)) at 


d 
=V nu 
i=1 
E d 
«f < &(t), (t) > — (stet sso, n * 125500) dt 
0 k=l 
sd 
; 2 
= g(s; £, 2, T) + 5 T (19) 
k=1 
Then g^ satisfies the usual Hamilton-Jacobi equation: 


Proposition 3.4. 


(a) 


dg” 


E + H^(z,z; Vg^) = 
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(b) The function g^ satisfies the relation 
9^(si a 07) = F Pim nr). 


Hence by the same reason as in the case of the sub-Laplacian the func- 
tion f^(z,z,r) = g^(1;z,z,T) satisfies the generalized Hamilton-Jacobi 
equation or we can prove directly: 

ð f^ 


d 
H^(z,z; Vf) + D n 
i=l : 


d d 2 
ð 
= H(z,z; Vf) - 1/2% dei Yd 
k=1 k=1 


i=1 ý 


= f(x, z; T) + 1/25 7% = f^(z,2;T). 
The Laplacian A(f^) is 
A(f^) = A(f + 1/25 772) = Asu(f). 


From that we know that the same volume element W (r) is the solution 
of the transport equation: 


Dr = + 2 KAX W) 





MAUS - (AU) +5) w 


= nF - (Ang) + $) Ww =0 (20) 


Hence the heat kernel K^ for the Laplacian is given 
Proposition 3.5. 
= 1 —f^(z-GXz-z-1/2lz 
K^ (t; (8,2), (2 2)) = 75a A gr re Hess. 192) 


Remark 3.4. This form coincides with the one we obtained earlier (Propo- 
sition 3.3). Both in the expressions in Theorem 3.1 (sub-Laplacian case) 
and Proposition 3.5 (Laplacian case) the integrands of k,(g) and kê (g) are 
defined on G x Rt. We may identify them with the characteristic variety 
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of the sub-Laplacian Cha = {H = 0} = ((z,2;6,0) | H(x,z;£,0) = 0} 
through the map 


G x R45 (z,z,7) 9 (z, z; Q(T)z, T) € T*G. 


The characteristic variety is a subbundle in T*G and the integral formula 
of the heat kernel can be seen as the fiber integration of the d-form 


1 — fn) 1 _ fA (ez, 
marie ' Wí(r)dr and ararat + W(r)dr 





on the characteristic variety Cha. 

On the other hand, for our special 2-step cases in $2 (Theorem 2.3) 
the domain of the integration for expressing the heat kernel was the dual 
of the center = [g, g]. It parametrizes the irreducible representations of G 
which appear in the description of the unitary transformation U : L2(G) > 
L2(X). 


4. A 3-step nilpotent Lie group 


So far we have looked at the general 2-step cases for constructing heat 
kernels of sub-Laplacians and Laplacians. It seems that there are no explicit 
expressions of the heat kernel for any 3-step cases until now. So we discuss 
a possibility of the complex Hamilton-Jacobi theory to construct the heat 
kernel for the lowest 3-step nilpotent Lie group G4 (called Engel group): 


1zz?/22z 
01 zr wv 
00 1 y 
00 0 1 


G4 = z,y,w,zeR 


and its Lie algebra 


0r0z 
00zrv 
000y 
0000 


z,y,w,zcR 


94 
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Let {X,Y, W, Z} be a basis of g4: 


0100 0000 
0010 0000 

a 0000 eee 0001}? 
0000 0000 
0000 0001 
0001 0000 

nm 0000 dum 0000)’ 
0000 0000 


(X, Y] = W, [X, W] = Z and all other brackets are zero. 


The left invariant vector fields corresponding to each X, Y, W, Z are given 
by 


= Ó z à ð r? ð 
Acta mtt iore 
= ô z ô 
Neu Ta 


and so the left-invariant sub-Laplacians and the Laplacian are 
pss ok 
- Aa = -An = 5 (+F?) 
= 1 F2 724 72 
A; = 5 (X?+¥? +?) 
BETON DES 
Ao = Laplacian = E (x? +Y?’ +W? + Z?) ; 


Now the Hamiltonian and the Hamiltonian system for Asub are written 
as: 


(x,y, w,23€,7,7,9) : coordinate on T*G4 = R* x Ri 


H(a,y,w, 25€,7,7,0) = 1/2 (€ + (n-- T: xz 1/2: 0. 2?)?) 


i- 6, )-m)-47z-1/2-0z? 
w= gr, ż = 1/2. yx? 
£—-—g(0x7) 5-0 

T — 0, 6=0. 


We shall solve this system under the initial-boundary conditions: 
z(0) = 0, z(s) 2 z, y(0) 20, y(s) = y, 
w(s) =w, z(s) =z, 
T(0) = ro(« 7(£)), 6(0) = &o( 6(t)), 
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where To and ĝo take purely imaginary values, while s, z, y € R are arbi- 
trarily given. 

Since we have solutions to the above system under usual initial condi- 
tions, if we temporarily put €(0) = £o and 7(0) = no = (t), we have 


Oox(t) + 7 = 2a - sn (tV/B + Co, V.-1/a7B) , 


where sn(u, V —14/a/8) is the Jacobi’s sn function with the modulus k = 
V —14/a/B: 


sn(u, k) 1 


u= —— ay 
0 (1 — #2) (1 ke) 


Co = ie NNI CREER, 
g (1 — 8) (1 + gt?) 


2 
sn(Co, V-T aff) = z ac b+ 2 (va PRA no) 


2 8 
8-24 (me ten). 


(0-2 f sn ? (0/8 + Co, V. -1V/a]B B) de + m D. 


Solution of the generalized Hamilton-Jacobi equation: 


and 


g7 (s; 2, y, W, z; To, 69) = row(0) + 0oz(0) 
uo (03) + NICE) + TECE) + OEE 
(x(t), y(t), w(t), (ECE), NE), T(E), 0(0)at 
= (row +002) + [ 3 (20? +00?) + mould) - Pat 
= (row +02) +S (& +) +m- | Pa 
= (row + 802) + 5 (8 + n8) + noy 


1 8 
~ ggg J, (ox m) + 40020m — rit) ~ (200m — sd)" 
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(r - fono), n (2001 — 7$)? 


bo 402 
-al (2vasn(t/B + Co): dt. 


= (row + 6oz) + È (84 +03) + 


For a further explicit expression of the complex action integral g£ here we 
recall an integral formula for the sn function: 
Put 


END am 
E(u) =u f sn*(v)dv, 
then we have (cf. Lawden [16]) 
J sn'(u,k)du = — Lfe + k?)u — 2(1 + k?)E(u) + k?sn(u)-sn(u)| , 


By making use of this formula, the last integral in the above expression 
of the function g” is evaluated as 


-a (2vasn(t v tB 0). dt 


E dmt nnno 


+k? -sn(sy/B + Co) (52) (sVB + Co) - k? -sm(Co) ($25) (Co) 


4a? 1 
Er. ac (9) sB- 20 4 k?) 
09x + To 


{svi - VP (aby — (2001 — BE tk 2a 


(1 " (o + 70)" (1 E e) _ pe. zx d 


zall + Ry 





_ 4a? f2, (260m — 75)? 
= 302K (Ps + dap s) - 3i 


-i tem MOM 


= (sg: E Cmo- D - 3 gg: (C)+ ag, "(a - By 
0 


(ox + To)? Tm (ox + To)? ) i Ooto | 
2 


2 
tgp (rm (a - 4 4 i 
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Now we have 
8 
g? (s; £, y, W, Z; To, 09) = (row + hd d 5 (66 t$) 


1 B (260n0 — 76)? 
Hla e Or 302 VR a s 


4 (rà — N09) 
+ E (a — 8) + Bo ID 


2 (0 + í (ox + 70)? Bok 
7 [erm (a- or) Ni ui) TE sd SENE) s SE] 


2 
= (row + boz) + 3 (S 2m (1 -z) se s(den):s 


2 TÊ — Nobo 2 
* Gros) Co) eim] v 


(ox + To)? + 2091 — 3v 





2 08 2 1.2 
ed enm 4 (86 + 70) — 20; 


Although this is the final form of the complex action integral g” in terms 
of the initial data, this is not the final form for the initial-boundary data. 
For the moment the correspondence (z, y) ++ (£(0), (0)) is not explicit so 
that we can not erase the terms including £o and ro. Moreover in this case 
we must solve the generalized transport equation of the following form (see 
(B.5)): 


- dg? ^ A, (V) = X(f)  X(dV) + Y(f) Y (aV) 


< (dV) 65 41V) — (Asus) + 1) dV, (23) 


where dg and dV are the exterior derivatives (with respect to the variables 
(To, 09)) of the solution of the generalized Hamilton-Jacobi equation and a 
one-form V on 


Cha = {H = 0} ={(a,y, w, z;£ m, V —1r, V -10) € G4 x C* 
| £20, n=—-V-l(r-2+1/2-62), 7, 0ER} 
= [I ((& m 7,0) [E= 0, Ti -V-1(r-2+1/2-627),7, 0 € R) 


(z.y,w,2) 


= II Cha(s y,u,z) 


with the group variables (— space variables) being treated as parameters 
(see Appendix B). 


tT 
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Now we expect that the solution of this equation (23) can be found, if 
we could describe the correspondence 


(x,y) + (£(0), n(0)) 


explicitly, and then the heat kernel K (t; Z, 3j, 0, Z, £, y, w, z) will be given by 
a function ki: 


1 _ gP (liz y w,2;7,0) 
hw) x f e t dV, 


Here we fix the order of i as 


1. : 
z dim g/g, g] + dim[g, g] = 3, 
and the integration is taken with respect to the variables (7,0) € R?. 


Remark 4.1. We note an aspect of our problem from the representation 
theoretic point, that is we explain what kind of equations we must solve 
to obtain informations on the heat kernel or rather spectral data for the 
compact nilmanifolds. 

According to the Kirillov theory we know what kinds of unitary repre- 
sentations appear in the (right) regular representation R of the nilpotent 
Lie group G to L2(TNG) where T is a uniform discrete subgroup of G (see 
Corwin and Greenleaf [6]): 


R= 5 mp|p], p: irreducible representation, mp: multiplicity of p 
and the problem reduces to solving the second order equation 
9 0«QG? 5 0 (65) + ol = 0. (24) 


We note here a difficulty to determine the spectrum in explicit forms 
for the above case G4 with, say for a uniform discrete subgroup T given by 


lkk?/2n 

01 k m 
Pew | &&mnez 

00 0 1 


To determine the spectrum of the Laplacian (and of the sub-Laplacian) 
on I'\G4 explicitly, it is not enough to decompose the space L3(ING4) 
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into irreducible subspaces. We must solve the eigenvalue problem for the 
equation (24) in L4(IR), and a typical one of them is the equation with a 
quartic potential 

d2 

-I2 + z^. 

This equation was studied by Voros [21] (also see Voros [22]) precisely, 
however we have no explicit expressions of eigenvalues and eigenfunctions 
of this equation. For 2-step cases we have the well known and completely 
solvable equation (harmonic oscillator) as a corresponding equation to this 
equation: 

d? 


— dà +2. 


5. Hierarchy of heat kernels 


Finally we discuss a relation between heat kernels on the group and their 
homogeneous spaces through a most simple example, that is, the case of 
the 3-dimensional Heisenberg group H3: 

Let H3 be the 3-dimensional Heisenberg group realized in the space of 
real 3 x 3 matrices: 


laz 
A3= Oly 
001 


By identifying H3 with the Lie algebra h3 through the exponential map 


laz+1/2zry 
exp : 3 =? H3, (x,y; 2) > [01 y , 
00 1 


we get the corresponding left invariant vector field to each element X and 
Y in the Lie algebra, where 


010 000 
X={/000] andY=[001 
000 000 
X is expressed as > -v and Y is expressed as tul. 


Let k;(g) = ki (x,y, 2) be 


1 —${V=Irz+1/2(rcoth r-(a?+y7))} _ 7 
nb? [ sake 
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then 


Theorem 5.1. The heat kernel K(t; 9,9) = K(t; Z, J, 2; x, y, z) of the sub- 
Laplacian 


—Asub = ; (e + y?) 
is 
BES: 
= (nt)? * 


ac ae hem) T dz 
R sinhr 


K(t53,9) = kel! - g) 


Now let Nz = (tZ]m be the center of the group H3, then by the pro- 
jection map 


p: H3 +Nz\H3 = R?, 
(z,y,z) => (x,y) 


we have p, (X) = 2 and p.(Y) = E. So the sub-Laplacian on H3 descends 
to the usual Laplacian on R?. The fiber integral 


p» (ts g,e)dz A dy ^ dz) (x,y) 
is the Euclidean heat kernel: 


p. (Kt, #)de ^ dy ^ dz) (2,9) 


= Gn? “yi (f ji e 1L Tr Gs - Ey) 1/2(r coth r((z-2)?--(y-9)?))) 
"T R JR 
T 
——drds) dx ^ dy 
1 = E 
= zu (2-2) (9-3) ) de A dy. 


Here px (t h-g, e)dz Ady Adz) (x,y) = px (kt J, e)dz Ady Adz ) (x,y) 

for any h = tZ because of the invariance K (t; h-g, h-g) = K(t;9,g), h € Ha: 

Next, let Nx be a subgroup Nx = (tX]n, then by the projection map 

q: Hz > Nx\H3 = R?, (x,y,z) (u,v) = (y, z — zy) the vector fields X 

and Y descend to —2u— and — respectively, The resulting sub-elliptic 
v 


ð ðu 


operator 
o? o? 
i 


M mS 
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is the Grusin operator. 
In this case we regard 


Nx x R S H3 
through the map 
(s,u, v) = (zyz)r-sy-u z =u + sv. 


Then 


Theorem 5.2. The fiber integration q. (K(53, e)dzAdyAdz) (wu, v) is given 
by 
qx (K(i; 0, ti, 0; e)dz A dy ^ dz) (u,v) 


= Uu K(0,3, 9: u v+ suds) du ^ dv 
R 


1 (J e TEP oT g (r9 tanh T-F(u—4)?-coth 7) 
R 


(210) 8/2 
T 
V cosh 7 - sinh zar) UU d 


and gives the heat kernel of the Grusin operator. 


Acknowledgement. The author would like to express his hearty thanks 
to professor Peter Greiner (University of Toronto) for his encouragement 
and various suggestions on the role of the complex Hamilton-Jacobi theory 
for the construction of the heat kernel during his stay at Toronto in the fall 
of 2004. 


Appendix A. A solution of the Hamilton-Jacobi equation 


Let H(zx,y;£,7) be a polynomial of the variables (2, y;£,7) € R” x IR" x 
R” x Rt, degree two with respect to the variables £ and n. We regard the 
variables € and 7 as the dual variables of z and y and we allow that the 
variables take complex values. Especially we will assume that the polyno- 
mial H is a principal symbol of an invariant (sub-)Laplacian on nilpotent 
Lie groups. 

We consider the Hamiltonian system: 


{ t= He y= H, 
€=—Hz,n=—Hy, 
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with the initial-boundary conditions 


{ (0) = 0, z(s) =a, y(s) =y 
n(0)— 7. 


We assume that there exists an open domain B in C? such that for any 
s ER, (z, y) € R™ x R? and 7 € B there exists a unique global solutions of 
the above system 


X(t) = X(t;s,2,y,7), Y(t) = Y(t s,2,y,7) 
E(t) = E(t; 8,2,y,7), n(t) = nlt; 5,2, v, T), 


all of which are smooth with respect to the parameters (s,r,y,T). Note 
that the solution curve (X(t), Y(t), E(t), n(t)) will not be included in the 
real space anymore. 

Let g be a function defined by the integral: 


g(z,y; $,T) ws (0; s, 2,y, 7) 


+ [ 32649: 35 wO - nox) Y se), 0): 
Then g satisfies the Hamilton-Jacobi equation: 
Proposition A.1. 
à 
<2 H(z,y; Vg) =0 (A-1) 
Os 
Proof. This is proved by explicitly calculating the derivatives: 
LM Os y: 99 ap 
as b eT), 3; ^ yi $, T), and By (x, y; $, T). 
First we show 


à 
CET 8,7) + H(z,y; €(s; s, £, Y, T), (8:5, 2, y, T)) = 0. (A.2) 


d 

Bg sue S OE. 

as i S,T) = 20g, inm) 

t &(s) S )Xi( (s ee — H(x, y; €(s;8,2,y,7), (8; 8,2,Y,7)) 
«f (oF 3s (hs my T)Xi(ts 8, 2, 957) 
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Yoon n ss ar) 
«Y e 5,2, y, T)Y; (55,2, es 5,2, 9,7) Di 52,497) 
= Y Y T) 
-Da X(t), Y(t eee T) 





- Y X(t), Y (0: E(t), nit) S(t 5,2, y,T) 
B X(0, Y (0:69, n0) 21 t; s ns y, ?) dt 
d 
= M 5,2,9, 7) + 9  & (s) Xs) 
+ V n(s)Y;(s) — H(z, yi (s; s, amy, T), (5i 5,2, 7) 
, 86; ; 
«f b» CHE 
-F&(t; $, m. y, Xe $,2,y, » 
X (Fe (t; s, £, y, T)Ý; (t; s, m y, T) + mts my. 295. 8,2,Y,7 » 


tM (5s T, Y, T JS 8, 2,97) + $ i; (t; 5,2, y, dd S, £, Y, T) 
Əs 


ð 
- M žiltis,z,y,T) T) (bis, as qr) - Y Y(t s, a, y 7) 22 Bs ns sr) d 
OY; 
= esso 
j=l 


XA )Xi(s ru AG M eat 
+O sm | + Ono o mr) 


Now from the initial-boundary conditions X(0;s,z,y,7) = 0, 
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X(s; s, x,y, T) = z and Y(s;s,z,y,r) = y, we have 
: OX; 
Xi(s; $,T, y,T) t 78s 683 5,7,9, T) =0, 


Y;(s;s, ne 


Os (s; S, T, Y, T T)= 0, 
OX; 
"3; 0i §,2,Y, T) -— 0, 
and from that we finally have (A.2). 
Next we show 
ET apa) (A.3) 
Oxy, mH ? Los 1 yay (|y * 
and 
0g 
ay P 5 8,T) = m(s; S, T, Y, T). (A.4) 
Vi 
Then 
8g d 
Do (x,y; S, T) E S0 s sr) 


«f (xz an 55m T)Xi(t 8,2, T) 
X; 
+ Dts y(t smyr) 
+I Bins z,y, T)Ý; (t;s, £, Y d A £, Y nits T, Y, T) 
Ox \ c3 E) , J , ? , J ’ , , , Tk E Dah à , , 
-5 EE) n 7) 
-52 FXO, Y (t) £0, "n sz, ys T) 





=> z (X). Y Os) mt) 55 (s.n v) 
CY on; H (X (t), Y (t); £(t), n(t)) at AG S, T, y, 1) dt 


-Xas 3 (0; s.a, 7) E (ts, m yr) sss gyr) 


+ 65s nur) Sis aT) 
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: Y; 

DS at 5,2, y T)Y; (655,2, y, T) + 9 ms m. Pan STY T) 

+Y &(t; smyr Rss mr y+ Moris S, T, wre (6 $,T, y. T) 
es 3 Xilt; sn sr) S t S, T, Y, T) 


. ðn; 
E d str) (s asy r)) d 


d 
P ache nur J 66s mv. S 


£x(s; $, T, Y, 1); 


OY; | 
Oz, l0 





“+ Mw S, L,Y, T E 


since again by the initial-boundary conditions 


z s OX: 0; s,2,y,7) = 0, d 
Bri (5; 5, 2,9, T) TA iks zt 8,2,V, T) an 


OY; . Oy; — 
Bx, ADIT) E ark = 0. 
By the similar data 
Oy; = OX; : m 
Oy i (s; S, Z, Y, T T)= Oy <= jl, Oy (0; s, z, y, T) -— 0, and 
OX. Ox; 
Oy —— (s; $, T, Y, T Ties oy T 0, 
we have 


Lieys) = EDT (0; s, x, y, T) 


i i aX; 
a (ti ilti S, T, Y, i(t; iw 8» —— (t; 1w E 
+f (X: TES $m) 3,2,y, T) 


+ 2 a S, £, Y, T)Y; (t; 8,2, Y, T) t 3n $,7,y, a, yq 7) 





OX; 

= Ee zu Y (t); EE nE) 5 (5 $,2,9, T) 
OY; 

2 Y Y (0; Elt), n D) Be (55, m T) 


-52 X,Y (0:&(5, n(t)) S sar) 
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«f (= Ge (tis ar) os msan) +D Elt snur) os ut) 


On; ; oY; 
t3 Ets mu AV scr) Yos, Tay (i $,0,, T) 
Ko dad MM E 
-5E Eo t), Y(t); E(t), [OL 8,2,Y,T) 
nj . 
- gs (XO Y Gets m) Sato os r)) di 
Y; 
= 3, 2135 (9. $,7,y, T) 
» oy 
OX; 3 OY; 7 
+ Dabs myn Zr Gsen) + omis mr) Sd ts mr) 0 


= (s; 8,2, Y, T). 


Hence we have that g = g(x,y; s, T) satisfies 


0g 
— ; = . 
8s + H(v,y; Vg) a 


Appendix B. Generalized transport equation 


Let G be an n-dimensional connected and simply connected nilpotent Lie 
group, and (X;)7*, be a system of linearly independent elements in g\[g, g], 
where m = dimg/|g, g]. 

Let 


lc. 
Asub = 22:4. 
i=l 
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be the sum of the left invariant vector fields on the group G, then Asub is 
a sub-Laplacian satisfying the Hórmander condition of the hypoellipticity. 
Let H be the Hamiltonian of this sub-Laplacian Asub: 


1«- " 
H(nVf)-5 2 Xf) (B1) 
i— 
and f be a solution of the generalized Hamilton-Jacobi equation 
£ E f 
HON a ities Te). (B.2) 


We assume that the heat kernel K (t; x, Z) takes the form 
K(t;2,%) = kj(Z7+ * x), 


aH E [ 67 P W(x, ndr. (B.3) 


Let the characteristic variety of Asub be Cha = {H = 0). This is a 
subbundle in T*G and is trivialized by the subspace [g, g] (see Remark 3.4). 
We regard that the dimension £ of the variable r above is dim Cha—dim G 
= dim [g, g]. However the calculations below are valid for any N > 0 and 
£> 0. So in the calculation we do not specify the order N. The true order 
N should be fixed as N = 4 dim g/[g, g] + dim[g, g] = m/2 + £. 

Note that we need to assume (and it will be reasonable to assume) that 
the integrand eS we, T) will decrease in a suitable order for the valid- 
ity of the partial integrations, when |r| — oo (see Theorem 3.1). Also later 
we will assume that the function W has a special form. 

Then we have 

1 


Asule EW) = g HV W. et 


2 = (Aal f) W - Y1X&G)XQP)e- 5 Asse, 


i=1 


and 


O71 _£ 
x fe D ‘Wan +- dre) 


1 N £ 1 
= aN Mou t “War, ---dre + uy 


f 


-4 
uot :.Wdmn--- dr. 


Then 
- (Baus + x) (89) = ov {ze [vn net Wat 
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1 x = zË 
-if. 5 ZPW) + (-Asa() - N)- w) e^ fdr 
R i 


«f Dual eter 
R4 

peg de OF -$ 

-xi t2 ], X3 e Wee 


ub D XX) - (Asal) +N): w) eta 


= T Asa(W)e- Far) 
R4 


1 fl 1 
= ay {p M- M-o. 


Now we assume 





Wdr =df ^V3 (B.4) 
with an (£ — 1)—form 


£ 
V = V (-1)*7!Vadn ^ ^ dra ^ ^ dre. 


a=1 


The coefficients V; are, in general, functions both of space variables {x;} and 
the variables {7;} in the characteristic variety. So the operation Asub(V) 
is defined as 


£ 
Asu(V) = Y (797 Asu(Va)dri ^: ^ dra A+ ^ dre. 
a=1 


Under this assumption of the function W we calculate the terms A; and 
Ag in the following way: 


don 


--à f (E£) (av 
- ae (£2) afet) av= ai e(t -v) 


dP, Greiner worked out this form for a special case of £ = 1. See Remark B.1. 
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2 i. ent [wavs (Egin) dr + (15) w) 

= f afe”) ^v - ij md (Sgh IL 
s) (ER) 

- fen (Exe) dr 


-f.e DUE (rr Jes 1) f etay. 





1 
7^ 
1 zine [v9 y d. 
LI ; ; LV, f/td 
; Rx = A i) r 


— 5 [ (Ava) + Nye dav 


— Vj se llItdr 
-hY EER, 
=f, a Vier 


2 au» = (Ki (NY) a-f eI l'd((Asu(f) + N)V). 


Since 





Sure [ (a sub(f) + N)d (e!) AV 


a af 
gg DX aur = 
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for any j, now -Ao + 5 3A - oA equals to | 
- Ag + zA- Ar = Ja (= sty) eS/tdt — (2+1) fetta 
- few (Low 2 i) a -f ED go (TORV) dr 
+ f aAa e xv) 
= -fe Ao» Vj)dr + (N — £3) f ethav 
TET - [^^ XXe 
- [e (SOF (EZV) ) ar 
= -fy (as (2L)v 4 e Asa(Vj)) dr 
-(N-£— 1) f e-thav + f ettan) 
- fe PIC NUS har- fe e IS X) & (SF) ar 
== [e thit nisu) - f ^ Asa) -N en 1) dv 
-f IY A - fe RŠ: (x: 25) dr 
= - f aE n isa) + f eA + qr en fetay 
E f e-f/'S(v) — f e Y^ X U)X.(V), 


thus we have the generalized transport equation 
df ^ As (V) + S$ Xi(f) - Xs(dV) 
+ D(dV) + (As (f) +N —£— 1)dV —0, (B.5) 
where D(V) is defined by 


-Er Č) 25 953 CO tr Sdn A Adr ^ ATH, 


and we have 











(dV) = dD(V) — 
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Remark B.1. Fundamental solutions have volume elements which do not 
depend on the dimension of missing directions (see [5]). The result is similar 
for the heat kernel volume element W if we assume that the volume element 
is of the form Wdr — df ^V (see (B.4)). When the number of missing 
directions is 1 (= dim [g,g] for our nilpotent Lie group case), this was 
already worked out by P. Greiner in [12]. 


Again we consider 


(Asa * 2 x) (ka) 


1 = 
CN Us [ae feet .Wdr 
li th (x K(f) Xe(W) = (Asa) +N) w) e~tdr 


+ ji Anw(W)e bar 
Re 


= {af X et war 
+F, (xs (IW) — (Ss jew) eidr 
+ : Asse tar] 
"LY 


oe an (s Xi(f)Xi(W) — (Awl f) +N) w) e" Ídr 


T f Asa (We far} 
Re 


1 (1 i ə 
mN ti he’ PELA 
ae (x: Xi(f)Xi(W) 22 (Asul f) F N) . w) e=tdr 


+f Anal W)e^ far) 
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1 [if -£ aw 
wiz be Pig tt 
+ if (Zanz — (Asu(f) + N -8 w) e-tdr 


Re 
" I Asa (yen tar} l 
RE 


So if the function W does not depend on the space variables, then 


is the first order transport equation. 
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In a recent work, Paycha and Scott establish formulas for all the Laurent coeffi- 
cients of Tr(AP~*) at the possible poles. In particular, they show a formula for 
the zero'th coefficient at s — 0, in terms of two functions generalizing, respectively, 
the Kontsevich-Vishik canonical trace density, and the Wodzicki-Guillemin non- 
commutative residue density of an associated operator. The purpose of this note is 
to provide a proof of that formula relying entirely on resolvent techniques (for the 
sake of possible generalizations to situations where powers are not an easy tool). 
— We also give some corrections to transition formulas used in our earlier works. 
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1. Introduction 


In an interesting new work [PS], Sylvie Paycha and Simon Scott have ob- 
tained formulas for all the coefficients in Laurent expansions of zeta func- 
tions C(A, P, s) = Tr(AP~*) around the poles, in terms of combinations 
of finite part integrals and residue type integrals, of associated logarithmic 
symbols. We consider classical pseudodifferential operators (i/do's) A and 
P of order o € R resp. m € R, acting in a Hermitian vector bundle E over 
a closed n-dimensional manifold X, P being elliptic with principal sym- 
bol eigenvalues in CX R... The basic formula is the following formula for 
Co(A, P), where Co(A, P) — Tr(AIIo(P)) is the regular value of C(A, P, s) 
at s =Q: 


Co(A, P) = [Trw — + res; o(Alog P)) dz. (1) 
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'The integrand is defined in a local coordinate system by: 


TR,(A) = f tra(e,€) dt, reseo(AlogP) =f terno EASE), (2) 
\€|=1 
where fa(z,é) dé is a finite part integral, and r is the symbol of R = 
Alog P, of the form 


r(x, £) 5 DD To—j (T, £)(log[£])! ; 


j20,1-0,1 


rg; ji homogeneous in € of degree o — j for |£| > 1, [£] positive equal to 
|£| for || > 1. (Here r-n, is set equal to 0 when ø — j does not hit —n.) 
Moreover, the expression (TR;(A) — res;,o(Alog P)) dz has an invariant 
meaning as a density on X, although its two terms individually do not 
so in general. (In these formulas we use the conventions d£ = (27)~"dé, 
dS(£) = (21) "dS(£), where dS(£) indicates the usual surface measure on 
the unit sphere. tr indicates fiber trace.) 
Formula (1) generalizes the formula 


Co(A, P) 2 TRA 


(the canonical trace), which holds in particular cases, cf. Kontesevich and 
Vishik [KV], Lesch [L], Grubb [G4]. The general formula (1) is shown in 
[PS] by use of holomorphic families of »do's (depending holomorphically 
on their complex order z); in particular complex powers of P. The purpose 
of this note is to derive it by methods relying on the knowledge of the 
resolvent (P — A)7!. This is meant to facilitate generalizations to manifolds 
with boundary, where powers of operators are not an easy tool. 

— We take the opportunity here to correct, in the appendix, some 
inaccuracies in earlier papers, mainly concerning the relations between ex- 
pansion coefficients in resolvent traces and zeta functions. 


2. Preliminaries 


Recall the expansion formulas for the resolvent kernel and trace, worked 
out in local coordinates in Grubb and Seeley (GS1], when N > 2t*: 


K (A(P — 1)7 ) - SoA Cy 
jen 


+ V (GY (æ) log(—A) + e P" ()) (A), 


keN 
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Tr(A(P = Ap 2 INEN AN 
jEN 
ES E log 73) 8E IEN 3) 
kcN 

for A — oo on rays in a sector around R_. The second formula is de- 
duced from the first one by integrating the fiber trace in z. We denote 
{0,1,2,...} = N. (More precisely, [GS1] covers the cases where m is in- 
teger; the noninteger cases are included in Loya [Lo], Grubb and Hansen 
IGH) |. 

The & M(x x) and č &N ” vanish when 


o+n+mk éN; 
this holds for all k when m is integer and c is noninteger. When 


c -n4mk-jcN, 
aN) s) and & NW" (T) are both coefficients of the power (—A)-*-; their 
individual values depend on the PONE used (as worked out in 'detail 
in [G4]), and it is only the sum e té & NW that has an invariant meaning. 

The coefficients depend on N; shen N = 1, we drop the upper index 
(N). We are particularly interested in the coefficient of (—\)~", for which 
we shall use the notation 


GO) (A, P) = D, 4 at, (4) 
here we have for convenience set 
ZN), = 0 when o+n€N. (5) 


Recall that there is, equivalently to the expansion in (3), an expansion 
formula for complex powers: 


I'(s) T(AP-*) «V7 "EE = TAD) 
jen St m a 


PE vu 


This means that l'(s) Ir(AP *), defined as a holomorphic function for 
Res > £^, extends meromorphically to C with the pole structure in- 


dicated in the right hand side. Here 


IIo(P) = $ h (P =A) t dÀ 
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is the projection onto the generalized nullspace of P (on which P^? is taken 
to be zero). Again, the c} vanish when ø + n + mk ¢ N. We denote 


Co(A, P) = Cotn + co, (7) 


the basic coefficient (setting coin equal to 0 when c +n ¢ N). 

The transition between (3) and (6) is accounted for e.g. in Grubb and 
Seeley [GS2], Prop. 2.9, (3.21). The coefficient sets in (3) and (6) are 
derivable from one another. The coefficients gmi and c;, resp. 6j. " and es 
are proportional by universal nonzero constants. This holds also for ev 
and cz, when the cj vanish. In general, there are linear formulas for the 
transitions between (e, om and (c,,c7). (For N = 1, [GS2], Cor. 
2.10, would imply that ¢{ and cz are proportional in general, but in fact, 
the formulas for the @;, given there are only correct for | = mj, whereas 
for | < mj there is an effect from derivatives of the gamma function that 
was overlooked.) One has in particular that eu = c for all N. 

Division of (6) by T (s) gives the pole structure of ¢(A, P, s): 

c!" 


C(A, P,s) = TAP™) ~  , — ocn recu) (8) 


jEN 
where cj. is proportional to c; if Rn € N, and cj' is proportional to c} 
if = =k € N. 
One can study the Laurent series expansions of ¢(A, P, s) at the poles 
by use of (3). We now restrict the attention to the possible pole at s — 0. 
Write the Laurent expansion at 0 as follows: 


C(A, P, s) = C_1(A, P)s^! + (Co(A, P) — Tr(AIIo(P)))s? 


+$ O(A, P)s. (9) 
(>21 
It is known from Wodzicki [W], Guillemin [Gu], that 
C_1(A, P) = cy = 4 res(A), independently of P; (10) 


it vanishes if o +n ¢ N or the symbols have certain parity properties. From 
[KV], [L], [G4] we have that 


Co(A, P) - TRA 


when o +n € N, and in certain parity cases (given in [KV] for n odd, 
[G4] for n even, more details at the end of Section 4). Also C1 (A, P) is of 
interest, since the zeta determinant of P satisfies 


logdet P = -C1 (1, P) = Co(log P, P) (11) 
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(cf. Okikiolu [O], [G4]); here it is useful to know that expansions like (3) 
but with higher powers of log(—A) hold if A is log-polyhomogeneous, cf. [L] 
and [G4]. 

We have for general N 1: 


Lemma 2.1. When N > 2+" (so that A(P — A)~ is trace-class), then 
&» == 14 7, res A, 
EA, P) = Co(A, P) — anch, where (12) 
ay =14+$4---+ gh. 
Proof. Denote N — 1 = M, then 
(P -AN =(P-A M1 = dL8M(P - 3)71. (13) 


The transition from (3) to information on ¢(A, P, s) is obtained by use of 
the formula 


AP = eg oh n AM-* LƏM A(P — X)! (I - To(P)) di, (14) 


where C is a curve in CV R- around the nonzero spectrum of P. Here we 
can take traces on both sides and apply [GS2], Prop. 2.9, to 


f(A) = Tr(Agg OY (P — A) U — IIo(P))), (15) 
defining 
= & [709 dA, (16) 
for Res large, and extending meromorphically. Then 
C(A, P, s) = Gaara - M). (17) 


(Note that C(A, P, s) = o(s) if N — 1.) The expansion coefficients of f(A) in 
powers and log-powers are universally proportional to the pole coefficients 
of 


ys) = — — a(s) 


a 


at simple and double poles, for each index, as accounted for in [GS2], Prop. 
2.9. 
When we apply this to ¢(A, P, s), we must take the factors 


D M! 
gu(s) ^ (s-M)...(s-1) 
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and + sin(m(s — M)) into account. We have 
¢(A, P, s) = gu (s) sin(a(s — M))(s — M). (18) 


By [GS2], Prop. 2.9, a pair of terms a(—A)~™“—! log(—A) + 6(-A)7M-! in 
the expansion of f(A) carries over to the pair of terms GEM? + uM in the 
pole structure of (s), whereby 


Ys- M) - $ 4 ^ OQ), for s > 0. (19) 


Now it is easily checked that 
4 sin(m(s — M)) = (-1) (s + cs? + O(s?)), 


gult) = (MAF A+ g++ gsto CP 
for s — 0. Then, with ay defined in (12), 
C(A, P, s) 
= (s+es +O) tangs +0(8))(S42400)) — (n 


= = + (b+ am41a) + O(s), 
for s — 0. For f(A) in (16) we have this situation with 
a=% and b= COUP (A, P) Tr Atlo(P)), 


so (21) holds with these values. In view of (9), (10), this shows (12). o 


If one writes f(A) in the lemma as a sum f1(A)+ f(A), where fı has the 
sum over j in (3), respectively fz has the sum over k in (3), as asymptotic 
expansions, the lemma can be applied to fı and fz separately, relating their 
coefficients to those of the poles of the corresponding functions of s. 


Remark 2.1. Formula (12) gives a correction to our earlier papers [G1- 
5] and Grubb and Schrohe [GSc1-2], where it was taken for granted that 
Co( A, P) would equal ay) + any for any N. Fortunately, the correction 
has no consequence for the results in those papers, which were either con- 
cerned with the value of Co(A, P) when ch = 0, or its value modulo local 
terms (c) is local), or values of combined expressions where cp-contributions 
cancel out. More on corrections in the appendix. 

In [GS2], Cor. 2.10 was not used in the argumentation, which was based 


directly on Prop. 2.9 and the primary knowledge of zeta expansions. 
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We shall now analyze Co(A, P) further, showing (1) by resolvent consid- 
erations. Our proof is based on an explicit calculation of one simple special 
case, together with the use of the trace defect formula 


Co(A, P) — Co(A, P^) = — res(A(log P — log P^)). (22) 


This formula is well-known from considerations of complex powers of P 
([O], [KV], Melrose and Nistor [MN]), but can also be derived directly from 
resolvent considerations [G6]. 


3. The trace defect formula for general orders 


In [G6], the arguments for (22) are given in detail in cases where m > o+n, 
whereas more general cases are briefly explained by reference to Remark 
3.12 there. For completeness, we give the explanation in detail here. This 
is a minor technical point that may be skipped in a first reading. Denote 
as in [G6] 


Sa = A((P — 1)! — (P' - 4)71), (23) 
where P and P' are of order m > 0; then (cf. (13)) 
N-1 
A((P = AJN = (P! - 3)7 = aya = SOY. (24) 


S) and son have symbols s(x, €, A) respectively 


s (e, £, A) = dien, 6, a) 
in local trivializations. 
The difference of the two expansions (3) with P resp. P’ inserted satisfies 
y g+n-j_ 
Tr(S$) ~ Yos (oa) N 
jen 
+ HN > N * Y (8f Ny log(—A) + ay (-X)-k-N: 
k21 


(25) 


in view of Lemma 2.1, the contributions from resA cancel out and the 
coefficient of (—A) ^" equals Co(A, P) — Co(A, P"). 

The symbol s(z,£, À) is analyzed in [G6], Prop. 2.1. For sU, we con- 
clude that the homogeneous terms have at least N + 1 factors of the form 
(Pm — À)71 or (pi, — 1), hence the strictly homogeneous version of the 
symbol of order e — Nm — j satisfies 


Iss E 6, 3)] S ele + [Ap Nt entm, (26) 
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being integrable at € = 0 for j <n+oa+m, A #0. Then the kernel and 
trace of sun have expansions 


K (SQ. x, 2) = EM (g)(-A) m -N E O([A[|-N7 1*5), 


j<o+m+n (27) 
Tr) = E ah (LARA -N c oqan), 
j<o+m+n 


where the terms for j < o + m +n are calculated from the strictly homo- 
geneous symbols (for A € R_): 


no-i h 
[ihn (BEA) o (YAN [cium ond Q8) 
so that 
Py f at s nla 1) d£, aM = fes as. (29) 


When c +n € N, there is no term with (—A)- in the expansion of 
Tr si), and (22) holds trivially. 

When a +n € N, the coefficient of (-A)- in Tr SU? equals 

Co(A, P) - Col A, P^) = 3% i E trsh (s e —1)dedz. (30) 


This demonstrates that the term is local, and gives a means to calculate it 
(as indicated in [G6], Rem. 3.12): Note that 
N)h 
aU -n (z, €, A) = Ges Boast in alts £, A). 


Since s^ satisfies (26) with N = 1, j = c +N, it is integrable over R” 


-m-n 


when A # 0. Here 
L1 h E - h 
(Ef n E a | SuoeeX4 (31) 


for à € R_. Moreover, the a from (28) satisfies 
[etat dies |. hsc 64€ 
= dc» [ *.6-04] G2 
-CAXN f ss 70d 


which implies 


doo [sis E a EET — (9) 
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The latter in turned into the residue integrand for — 4 res(A(log P—log P")) 
by Lemmas 1.2 and 1.3 of [G6], as already done in Section 2 there. 
We conclude: 


Theorem 3.1. Let P and P' be classical elliptic bdo's of order m € Rx. 
and such that the principal symbol has no eigenvalues on R_, let A be a 
classical do of order o, and let Sy = A((P — 1)! — (P' — A)71) and 
F = A(log P — log P') with symbols s resp. f. 

Consider the case o +n EN. Then 


Co(A, P)—Co(A, P^) = i tr 3¢4n(2) dx = ~+ res(A(log P—log P^)) (34) 
where, for each x, in TUE MEN 
Srina) = f Emni Dd f fesso aS e. (85) 
When o +n ¢ N, the identities hold trivially (with zero values). 
It follows moreover: 


Corollary 3.1. If, in Theorem 3.1, P' is replaced by an operator of a 
different order m’ > 0, then one has: 

Co(A, P) — Co(A, P^) = — res(A(+ log P — + log P^)). (36) 
Proof. Let Po be an elliptic, selfadjoint positive ydo of order m, and define 
P pm by spectral calculus; it is an elliptic, selfadjoint positive wdo of order 
m'. Then by the definition of the zeta function, Co(A, Po) = Co(A, Po” / dia 
Applications of Theorem 3.1 with P, Po and with P’, P3” Im give: 


Co(A, P) — Co(A, P") = (Co(A, P) — Co(A, Po)) 
+ (Co(A, Po) — Co(A, Po" ^?) + (Co(A, Po”) — Co(A, P^)) 
= — res(A( X log P — + log P5)) — res(A( 1; log pnm. i; log P^) 
= —res(A(+ log P — + log P^)), 


since -+ log pnm = 4 log Po. o 


m 
4. A formula for the zero’th coefficient 


Our strategy for calculating Co(A, P) is to use (36) in combination with an 
exact calculation for a very special choice Po of P, namely 


Po = (GA? + 1y with symbol po = (|€|" + 1)Zy, (37) 
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in suitable local coordinates; here Im is the M x M identity matrix (un- 
derstood in the following), M — dim E, and m is even. 

Let A be given, of order ø € R, then we take m > o +n. Let ©; : 
Elu, ^ Vj x CM, j — 1,...,J, bean atlas of trivializations with base maps 
kj from U; C X to V; C R”, let (;]1«j«; be an associated partition of 
unity (with y; € Cp°(U;)), and let o; € C$? (U;) with o; = 1 on supp y. 
Then 

A= M wA= J Ae; Y, VAQ-e), —— (39 

1<j<sJ 1<jsJ 1<jsJ 

where the last sum is a wdo of order —oo; for this the formula (1) is well- 
known, since Co(B, P) = TrB when B is of order « —n. So it remains 
to treat each of the terms ~;Ay,;. Consider e.g. 4;Ay1. We could have 
assumed from the start that X was already covered by a family of open 
subsets Ujo CC U;. Thus it is no restriction to assume that 7, and v; are 
supported in Uio CC Uj, where Uio, U2,...,U J cover X. 

Replace U; by Uj = U; \ Uio for j > 2, and write U; = Ul, then 
{Uj}i<j<y also covers X. Let (vjj]i«;«; be an associated partition of 
unity, and let v; € C§°(U;) with y} = 1 on suppy;. By construction, 
V4 = 1 on Uio. We use the ®; and xj on these subsets (setting &;(U7) = Vj, 
&;(U10) = Vio), and denote the induced mappings for sections by $5. 

Now the auxiliary operator P is taken to act as follows: 

Pu- M ePy(vju) o? !)]o97. (39) 

1Xj€J 

It is elliptic with positive definite principal symbol, and for sections sup- 
ported in U10, it acts like Py when carried over to Vio (being a differential 
operator, it is local). The resolvent (P — A)~!, defined for large A on the 
rays in CX R+, is of course not local, but its symbol in the local chart 
V, x CM is, for x € Vio, equivalent with the symbol (|£|" + 1 — A)-! Ig of 
(Po — A)71. For resolvents of differential operators, q(x, €, À) ~ qo(z, €, A) 
means that the difference is of order —oo and O(A^) for any N (the sym- 
bols are strongly polyhomogeneous). This difference does not affect the 
coefficient of (—\)~! that we are after. 

Let a(x, £) denote the symbol of Yı Ayı carried over to V; x CM; it van- 
ishes for x ¢ Vio. Then the symbol of yı Agi(P — A)! on Vj is equivalent 
with a(z, £)(|£|"* 4- 1 — A)71 (with an error that is O(A-), any N); we use 
that the symbol composition here gives only one (product) term. 

To find the coefficient of (—A)'! in the expansion of 
Tr(Vi Avi(P — )~!), we now just have to analyze the diagonal kernel 
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calculated in Vi: 
KGhAe (P - X7), m2) f. (s EI 1 )7 ae 
e SG (a)(-A) 9 7! - V (& (a) log(—A) + &g(2)) (=A). 


JEN keN 


(40) 


Here the value can be found explicitly, as follows. 
Set a-n = 0 if o +n d N, and decompose the symbol a in three pieces 
Ay—n, Gn and a<-n, where 


0. (2, £) = Se 5-505 £); 
0<j<otn (41) 


a<-n(x, £) = a(x, €) = a_n(z, €) m a5. (a, £). 


The symbol terms a,_;(z,€) are assumed to be C"? in (x, €) and homoge- 
neous of degree o — j in € for |£| > 1. The strictly homogeneous version 
ab; is homogeneous for € 0 and coincides with a,—; for |£| > 1. For 
the terms in a_,, the strictly homogeneous versions are integrable in € at 
£ — 0. 

We recall that fa(x,€) d£ is defined for each z as a finite part integral 
(in the sense of Hadamard), namely the constant term in the asymptotic 
expansion of Sie <R a(z,£) d£ in powers R^"? and log R, for R — oo. Here 


fosoa- [erm o E RT 
freo - [e (42) 
fenas f a. 4 


as one can check using polar coordinates (the formulas are special cases of 
[G4], (1.18)). 


Lemma 4.1. For a; j(r,6£) with o — j > —n, 
] oie term - 97 ae 
=i fob seem +e (43) 
R^ 


+ (A) Fao—;(2, €) & + O(A~”), 
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for A — oo on rays in CXV R4. Also fan ac (x, EJE + 1 — A)! d£ has 
an expansion in powers of (—A) plus o(A71); here the coefficient of (—A)~1 


is likewise fa; —.; (v, €) d£. 


For a 4(x,£) one has: 
] as eI" = 7 a 
= à(-3)"! log(-2) | an(s, £) dS(£) (44) 
|£|-1 
+A)! foa dé + O(A~), 


for À — oo on rays in C\R+. fan as (z, €) (JE --1— A)! d£ has a similar 
expansion, the coefficient of (—A)~! again being fa_n(x, £) d£. 


Proof. By homogeneity, we have for A € C \ R4, writing A = —|Ale’®, 
ð| < 7, 


[abs oe + Ae) ac 
ü HM | (45) 
=A fod (ayn) e) a. 


This equals the first term in the right hand side of (43) if 0 — 0, and the 
identity extends analytically to general A. Moreover, since 


(E — 3)! = (=A) — fey") 
-(-37 YN" for |) >2, el <1, 48) 


keN 


we find that for |A| > 2, 
f (eit -ajiz 0e - 37 a 
- [loos €) — ab _;(x,€))({e|" =A) ae (47) 
=(-a)7! CES — aè (2,6) d£ O73). 


This shows (43), in view of (42). 
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For the next observation, we use that the preceding results give an 
expansion in powers of 1 — A; then since 


Q-X*-2 M. b when k EN, 


O<I<k (48) 
(1—A)* = (-3* + $ 67! when |A| 2 2, s EN, 
(21 
only fas-; contributes to the coefficient of (-A) 1. 
Now consider a-n (z, £); again we can let 0 = 0. Here we write 
] sse oe - x7 de 
=f nme + Ia)“ a (49) 
\€{21 
+f act OI" — 97 at 
[€{<1 
The first term gives 
J abn ese) (lel + IAN ae 
(g{>2 
=S p EnEn 
InI21A 71/7 (50) 


2 AS S am etm gay te a a_n(zx, €) dS(£) 


= 1 (-3)7! log(-A) J a. (2, £) dS(£) + 0(A-?), 


since, with s = r”, 
pone +1)! dr = 4 Je F1)! ds = 4 (log s — log(s + 1)), 
where log(s + 1) = O(s). The second term gives, as in (47), 


f a-s(z,£) (£^ —3) 1 d£ = (-A)7? f a-n(x, £) d£--O(A?). (51) 
{€|<1 |é|<1 


This implies (44), in view of (42). The last statement follows using (48). O 


For a<-n, it is very well known that 
] ase eI — 97 ae = CA) ] ae EE oA, 
R^ R” (52) 
=A «69.5 dé + 0(X-'); 
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also here, 
fanless) (lel 1 797 at = CX fac nls 6) a+ 007) (89) 


follows by use of (48). 
Collecting the informations, we have: 


Proposition 4.1. The coefficient of (—r)~1 in the expansion (40) for 
K (i Agi (P — d)7}, 2,2) equals 


& (x) ài) = fala, €) d. (54) 
In the same localization, when we calculate 14 log P by a Cauchy 


integral (as in [G6]), the localized piece will give Y1 Ayı OP(log(|é|” + 1)). 
The symbol of this operator is 


r(x, €) = a(z, £) log(]£|" + 1), (55) 
which has an expansion 
r(x, €) = a(z, €)(mlog e] — I|" — $- djle| 7"), (56) 
j22 


convergent for |£| > 2. Inserting the expansion of a in homogeneous terms, 
we find since m > c + n that the full term of order —n in r(z,£) is 
a-nm log |£|, with no log-free part. So 


TeSz,9 7 = AR trr 4 olx, £)dS(£) = 0. (57) 


It follows that the coefficient of (—A)^! in the trace expansion of 
pı Ayı (P = Ap is 


[ [atas = | CR ion) - A ress oly Ai log P) de, 
R^ R^ 

(58) 
using that res;,o(V14vilog P) is 0. This shows formula (1) in this very 
particular case: 


Coly Avi, P) = ji (TRz(ViAvi)- 4 resz,o(¥1 Avi log P)) dz. (59) 


Now, to find Co(y1 Ayı, P’) for a general operator P' of order m’ € R4, 
we combine (59) with the trace defect formula (36). This gives, in the 


Remarks on nonlocal trace expansion coefficients 229 


considered local coordinates: 
Co(V1 Agi, P^) = Colpi Agi, P) + Co(V Agi, P) — Coly Aq, P) 
= L. (TR« (V1 Agi) — + resz,o(41 Agi log P)) dz 


(60) 
— res(V1 Ayı ( 5 log P’ — + log P)) 
- f. (TRe (V1 Agi) — 3 resz,o(¥1 Ayı log P’)) dz. 
To this we can add: 
Co(V1A(1 — v1), P^) = Tr A(1 — ¢1)) 
(61) 


= fax. QA — v1) — d ress o(J1 A(1 — v1) log P^)) dz, 


where both terms have à meaning on X; TR, defines the ordinary trace 
integral and res; o is zero. 

The method applies likewise to all the other terms ~;Ay;. Collecting 
the terms, and relabelling P’ of order m’ as P of order m, we have found: 


Theorem 4.1. Let A be a classical pdo of order o € R, and let P be a 
classical elliptic ydo’s of order m € Ry such that the principal symbol has 
no eigenvalues on R_. We have in local coordinates as used above: 


Co(A, P) => Co(v;A, P), where 


1<j<J 


(62) 

Co($;A, P) = [Rwa — i ress o(Y;jA log P)) dz 
(the contribution from pj Ap; defined in the corresponding local chart and 
that from p; A(1 — p;) defined as an ordinary trace). 


Note that Co(A, P) is independent of how we localize, so the expression 
resulting from (62) is independent of the choice of localization. 

The logarithm is here defined by cutting the complex plane along R_. 
If P is given with another ray free of eigenvalues, the formulas hold with 
the logarithm defined to be cut along this ray. (We do not here study the 
issue of how these expressions depend on the ray.) 

The invariance of the density (TRz(A) — > res;,o(Alog P)) dz in the 
formula (1) is verified in [PS] also by a direct calculation. We note that (1) 
gives back the known formula 


Co(A, P) = TR(A) (63) 
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in cases where res; 9(Alog P) vanishes. This is so when o + n d N ([KV], 
[L]), and also in cases c +n € N with parity properties ([KV], [G4]): When 
o € Z, we say that A has even-even alternating parity (in short: is even- 
even), resp. has even-odd alternating parity (in short: is even-odd), when 


ag — j(z, -£)- (71)? 7a, (z, £), resp. 
às —j (d; —€) = (-1)*77-7la,. (z, £), 
for |€| > 1, all j. When P is even-even of even order m, then the classical 
part of log P is even-even. Then if (a) or (b) is satisfied: 
(a) A is even-even and n is odd, 
(b) A is even-odd and n is even, 
res; o(Alog P) vanishes, TR, Adz is a globally defined density, and (63) 
holds. [KV] treats the case (a), calling the even-even operators odd-class 
(perhaps because they have a canonical trace in odd dimension). The state- 
ments on TR, A dx are extended to log-polyhomogeneous operators in [G4]. 
Observe a general consequence: 


(64) 


Corollary 4.1. When A has order o € Z and satisfies (a) or (b), then 
res; o(.Alog P) dx defines a global density for any P. 


Proof. In these cases, since TR, Adz defines a global density, the other 
summand in (TR,(A) — + resz,o(Alog P)) dz must do so too. (Note that 
P is not subject to order or parity restrictions here.) LI 


Appendix A. Corrections to earlier papers 


Correction to [GS2): In Corollary 2.10 on page 45, the formulas in (2.38) 
for the expansion coefficients à;; are true only for | = mj. For | < mj, 
the a; depend on the full set (aj; | 0 € j € mj}. This is so, because the 
Taylor expansion of (1 — s)^! must be taken into account. 


Hence in the comparison of the expansion of Tr(A(P — A)^!) with 
¢(A, P, s), only the primary coefficient at each pole of I'(s)¢(A, P, s) is di- 
rectly proportional to a coefficient in Tr(A(P — A)~1). Similar statements 
hold for comparisons with Tr(A(P — A) N). This has lead to systematic 
inaccuracies in a number of subsequent works, however without substantial 
damage to the results in general. 

We explain the needed correction in detail for [G4] and then list the 
related modifications needed in other papers (including a few additional 
corrections). 
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Corrections to [G4]: 


1) The statements on page 69 linking the coefficients in (1.1) with the 
coefficients in (1.2) with the same index by universal proportionality factors 
is incorrect if v--n € N; the direct proportionality holds only for the primary 
pole coefficients, not for the next Laurent coefficient at each pole. Instead, 
at the second-order poles —k,k € N, there are universal linear transition 
formulas linking the coefficient set for (—A) -^- log(~A) and (—A)-*-N 
with the coefficient set for (s + k)~? and (s + k)- !. 

This follows from (GS2, Prop. 2.9], (3.21), as explained in Lemma 2.1 
of the present paper. The coefficients of Tr(A(P — A) -N) at integer powers 
are directly proportional to the Laurent coefficients of the meromorphic 
function (s), where (with N — 1 denoted M) 


C(A, P, 8) = ner à sin(n(s - M))U(s — M), 
T'(s)c(A, P, 8) = TA V (s M). 


(Cf. (18), use that + sin(n(s — M)) = (-1)M /[T(s — 1) (1— s)].) In calcu- 
lations of Laurent series at the poles, the Taylor expansion of the factor in 
front of (s) effects the higher terms. 

Specifically in [G4], the sentence “The coefficients €; and cj, &j and cj, 
resp. & and cz are proportional by universal nonzero constants." should be 
replaced by: “The coefficients C; and cj, resp. &, and cj, are proportional 
by universal nonzero constants. When the c} vanish (e.g., when v +n ¢ N), 
the same holds for é and cy. More generally, the pair {č}, č} is for each 
k universally related to the pair (c,,c7) in a linear way." The statement 
“Gy = cy” should be replaced by "&j = cg when ch = 0”, and the description 
of Co(A, P) in terms of resolvent trace expansion coefficients should be 
replaced by the description given in the present paper in Section 2. 

However, since this changes the formula for Co(A, P) only by a multiple 
of res A, the results of [G4] on Co(A, P) remain valid, because they are 
concerned with cases where res A = 0. The statements Th. 1.3 (ii), Cor. 
1.5 (ii) on the vanishing of all log-coefficients in parity cases still imply the 
vanishing of all double poles in (1.2). 

In Section 3, the coefficients in (3.32) are linked with those in (3.30) in 
a more complicated way than stated, where only the leading coefficient at a 
pole is directly proportional to a coefficient in (3.30). But again, the results 
for parity cases remain valid since the needed correction terms vanish in 
these cases. 


(A.1) 


2) Page 79, remove the factor 2 (twice) in formula (1.44). 
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3) Page 84, formulas (3.9) and (3.10): The sums over k’ should be 
removed, and so should the additional term —P~*—! in the first line. So 
Pi(P) = (— log P)! for all l. 

4) Page 91, in formula (3.47), — P^! should be removed. 


Correction to [G1]: Page 92, lines 7-8 from below, replace "The coef- 
ficients in (9.10) are proportional to those in (9.9) by universal factors." 
by "The unprimed coefficients in (9.10) are proportional to those in (9.9) 
by universal factors. For each k, the pair (à;,&, à; p} (resp. (bi, Bi gh) is 
universally related to the pair (a;,&, a; p} (resp. {bi,4, b; ,}) in a linear way.” 


Corrections to [G2]: Page 4, lines 5-7 from below, replace “The coeffi- 
cients G,, & and à; are proportional to the coefficients ap, aj, and aj in 
(0.1) (respectively) by universal nonzero proportionality factor (depending 
on r)." should be replaced by: “The coefficients àj, and à, are proportional 
to the coefficients a, and aj in (0.1) (respectively) by universal nonzero 
proportionality factor (depending on r). For each k > 0, the pair (a4, a 
is universally related to the pair {a}, a/} in a linear way.” 


Corrections to [G3]: Page 262, lines 13-14 should be changed as for (G2] 
above. In line 15, “ag (F) = aj (F)" should be replaced by: “ay (F) = àj(F) 
if àj(F) = 0". There are some consequential reformulations in Sections 4 
and 5, which do not endanger the results since the ağ terms are charac- 
terized in general modulo local contributions (and ap is such), with precise 
statements only when af = 0. 


Corrections to [G5]: The statement on Page 44, lines 11-12 from below 
"There are some universal proportionality factors linking the coefficients čj 


and cj, &j and c, resp. cj and cz" should be changed as indicated for [G4]. 


Correction to [GSc1]: Page 171, line 1, "The coefficients &;, č , &j are 
proportional to the coefficients cj, cj , c} by universal constants." should 
be replaced by “The coefficients cj, č are proportional to the coefficients 
cj, cj by universal constants." 


Corrections to [GSc2]: The definition of Co(A, P) on page 1644 and the 
statements in lines 6-8 on page 1645 should be modified as for (G4]. This 
has no consequences for the results, which are mainly concerned with the 
trace definitions modulo local contributions, with exact formulas established 
only when the residue corrections vanish. 


Corrections to [G6]: When the order m of the auxiliary operator P; is 
odd, the classical part of the symbol of log P, does not satisfy the transmis- 
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sion condition, so the formulas referring to the residue definition of [FGLS] 
are only valid when m is even. This goes for the right-hand side in for- 
mula (3.41) of Theorem 3.10, which can however be interpreted in a more 
general sense when m is odd, since the local estimates in the proof remain 
valid. Similar remarks hold for formula (4.32) in Theorem 4.5 and (5.9) in 
Theorem 5.2. 
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We extend the definition, in the extended cohomology framework, of the L?- 
analytic torsion for covering spaces due to Braverman-Carey-Farber-Mathai to the 
case of manifolds with boundary, and prove an associated anomaly formula. Our 
main result may be viewed as a common generalization of the anomaly formula 
for Ray-Singer analytic torsion for manifolds with boundary proved by Briining- 
Ma, as well as the anomaly formula for L?-analytic torsions for closed manifolds 
proved by Zhang. It generalizes also an earlier result of Liick-Schick, without the 
assumptions on the unitary representations as well as the technical “determinant 
class condition”. 
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1. Introduction 


Let F be a unitary flat vector bundle on a closed Riemannian manifold X. 
Ray and Singer [27] defined an analytic torsion associated to (X, F) and 
proved that it does not depend on the Riemannian metric on X. More- 
over, they conjectured that this analytic torsion coincides with the classical 
Reidemeister torsion defined using a triangulation on X (cf. Milnor [21]). 
This conjecture was later proved in the celebrated papers of Cheeger [10] 
and Müller [22]. Müller generalized this result in [23] to the case where F 
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is a unimodular flat vector bundle on X. Inspired by the considerations of 
Quillen [25], Bismut and Zhang [2] reformulated the above Cheeger-Müller 
theorem as an equality between the Reidemeister and Ray-Singer metrics 
defined on the determinant of cohomology, and proved an extension of it 
to the case of general flat vector bundles over X. The method used in [2] 
is different from those of Cheeger and Müller in that it makes use of a de- 
formation by Morse functions introduced by Witten [30] on the de Rham 
complex. In particular, as an intermediate step, an important anomaly 
formula for Ray-Singer metrics has been established in [2], Theorem 0.1. 

Recall that Ray and Singer [27] also defined the analytic torsion, in the 
unitary flat vector bundle case, for manifolds with boundary. Moreover, 
Cheeger [10] raised the question of computing the corresponding metric 
anomaly. This question was studied by Dai and Fang [11] for the case of 
unitary flat vector bundle, while à complete answer, valid for the general 
case of arbitrary flat vector bundles, is recently obtained by Brüning and 
Ma [4]. 

The purpose of this paper is to generalize the main results in [4] to the 
case of L?-analytic torsions on infinite Galois covering spaces of manifolds 
with boundary. We recall that the L?-torsions were first introduced, for 
closed manifolds, by Carey, Mathai and Lott in [9], (15] and [20], under the 
assumptions that the L?-Betti numbers vanish and that certain technical 
"determinant class condition" (the more precise definition of "determinant 
class condition" indeed appears later in [7]) is satisfied. The later condition 
is satisfied if the Novikov-Shubin [24] invariants are positive. In [6] and 
[19], extensions to manifolds with boundary, in the case of unitary flat 
bundle case, have been studied. In [6], only the case of product metric 
near boundary has been considered, while in [19], Lück and Schick also 
considered the case of non-product metric near boundary. 

Carey, Farber and Mathai [8] showed that the condition on the vanishing 
of the L?-Betti numbers can be relaxed. This is achieved by constructing 
the determinant line of the reduced L?-cohomology and defining the L?- 
torsions as elements of the determinant line. 

Recently, Braverman, Carey, Farber and Mathai [3] showed that if one 
considers the extended L?-cohomology in the sense of Farber (cf. [13]) in- 
stead of the usually used reduced L?-cohomology, then one can naturally 
define the L?-analytic torsion as an L?-element on the associated determi- 
nant lines, without requiring the “determinant class condition". 

In this paper, we first generalize the construction in [3] to the case 
of manifolds with boundary, to define L?-analytic torsions, in the case of 
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manifolds with boundary, for arbitrary flat vector bundles and arbitrary 
Riemannian metric on the base manifold, without using the “determinant 
class condition". We then prove an anomaly formula of these L?-analytic 
torsions. The main result can be thought of as a common generalization 
of the anomaly formula for Ray-Singer analytic torsion for manifolds with 
boundary proved by Brüning-Ma [4, 5], as well as the anomaly formula for 
L?-analytic torsions for closed manifolds proved by Zhang [32]. It gener- 
alizes also [19], Theorem 7.6, without the assumptions on the flatness of 
the metrics on F, and on the technical *determinant class condition". In 
particular, it provides a positive answer to a question mentioned in [18], 
Page 190. 

This paper is organized as follows. In Section 2, we recall from [3] the 
definition of the determinant line of extended cohomology of a finite length 
Hilbert cochain A-complex with A a finite von Neumann algebra, as well 
as the definition of the L?-torsion element lying in this determinant line. 
In Section 3, we construct the L?-analytic torsion element, in the case of 
manifolds with boundary, by extending the construction in [3], and establish 
an anomaly formula for it. 


2. L?-torsion on the determinant of extended cohomology 


In this section, we recall from [3] the definition of the L?-torsion element 
which lies in the determinant of the extended cohomology associated to a 
finite length Hilbert cochain complex. 

This section is organized as follows. In Section 2.1, we recall the defini- 
tion of the extended cohomology of a finite length Hilbert cochain complex 
over a finite von Neumann algebra carrying a finite, normal and faith- 
ful trace. In Section 2.2, we recall the definition of the determinant of a 
finitely generated Hilbert module over a finite von Neumann algebra. In 
Section 2.3, we recall the definition of the L?-torsion element of a finite 
length Hilbert cochain complex. 


2.1. Extended cohomology of a finite length Hilbert cochain 
complex 


Let A be a finite von Neumann algebra carrying a fixed finite, normal and 
faithful trace 


T: AC, 


cf. [12], 81.6. Let * denote the canonical involution on A defined by taking 
adjoint. Let 1?(.A) denote the Hilbert space completion of A with respect 
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to the inner product given by the trace 
(a,b) = r(b*a). (2.1) 


A finitely generated Hilbert module over A is a Hilbert space M admitting 
a continuous left A-structure (with respect to the norm topology on A) such 
that there exists an isometric A-linear embedding of M into 1?(.A) & H, for 
some finite dimensional Hilbert space H. 

Let (C*,0) be a finite length Hilbert cochain complex over A, 


(0*,8):05 Co & o! 44... 885" o” — 0, (2.2) 


where each C’, 0 < i < n, is a finitely generated Hilbert module over 
A and the coboundary maps are bounded A-linear operators. Since the 
image spaces of these coboundary maps need not be closed, the tautological 
cohomology of (C*, 0) need not be a Hilbert space. This is why in general 
one studies the reduced cohomology of (C*,0), which is defined by 


H*(C",2) = O H(C',2), (2.3) 


with 
H'(C*,8) = ker(0;)/im(0;.1), 0€ inm, (2.4) 


where one takes obviously that à. = 0 and 0, = 0. 

On the other hand, there are still ways to extract more information 
from (C*, ð), rather than just from H*(C*,0). One such is to consider 
the extended cohomology in the sense of Farber (cf. [13] and [3]), which is 
defined by 


*(C*,8) = Duc, 8), (2.5) 
i=0 
with 
H'*(C*, 0) = (0;-1 : C* ! > ker(0))), 0€ i € n, (2.6) 


where (0j, : C'^! — ker(0;)), 0 < i € n, lie in an abelian extended 
category. It consists of two parts: the projective part which is exactly the 
reduced cohomology defined in (2.3), as well as a torsion part 


T (t* (C*,0)) = eio (M (C*,0)) 
defined as an element in the above abelian extended category, with 


T(H(C*,8) = (i1 : C! > mð), 0 €i mn. — (2.7) 
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More precisely, one has 
A4*(C*,0) = H*(C*,0) o T(X"*(C*,0)), (2.8) 
with 
H'(C*,0) = H'(C*,89)e T(H(C*,8), O<i<n. (2.9) 


We refer to [13] and [3] for more details about the definition and basic 
properties of the above mentioned abelian extended category as well as the 
extended cohomology. 


2.2. The determinant of a finitely generated Hilbert module 


Let M be a finitely generated Hilbert module over A. Let GL(M) denote 
the set of all bounded A-linear automorphisms of M. Let Cm denote the 
set of all inner products on M such that if ( , ) € Cm, then there exists 
A € GL(M) such that 


(u,v) = (Au,v)m, for any u, v € M, (2.10) 


with ( , ) being the original inner product on M. 

Following [8] and [3], we define the determinant line det M of M to be 
the real one dimensional vector space generated by symbols ( , ), one for 
each element in Cy such that if ( , )1 and ( , )2 are two elements of Cm 
with 


(u,v)2 = (Au,v)i, for any u, v € M, (2.11) 
for some A € GL(M), then as elements in det M, one has 
( , )2 = Det,(A)7~1/? 7 ( , n (2.12) 


where Det. (A) is the Fuglede-Kadison determinant [14] of A. 

For the sake of completeness, we recall the definition of Det. (A) for any 
A € GL(M) and its basic properties from [8] and [3]. 

Let A;, 0 € t € 1, be a continuous piecewise smooth path A; € GL(M) 
such that Ag = I and A; = A. The existence of such a path is clear as 
GL(M) is known to be pathwise connected. Then define as in [8], (13) and 
[3], (2.7) that 


log Det, (A) = [ Re (Tr, [A; ! A/]) dt, (2.13) 


where A; is the derivative of A; with respect to t, while Tr, is the canoni- 
cally induced trace on the commutant of M (cf. [8], Proposition 1.8). 
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It has been proved in [8] that the right hand side of (2.13) does not 
depend on the choice of the path A;, 0 € t < 1. Moreover, we recall the 
following basic properties taken from [8], Theorem 1.10 and [3], Theorem 
2.11. 


Proposition 2.1. The function, 
Det, : GL(M) > R??, (2.14) 


called the Fuglede-Kadison determinant of A, satisfies, 
(a) Det, is a group homomorphism, that is, 


Det,(AB) = Det,(A)- Det,(B), for A, Be GL(M); (2.15) 
(b) If I is the identity element in GL(M), then 

Det,(AI) = |f? for AEC, A40; (2.16) 
(c) One has 

Det,,(A) = Det,(A)* for Ac R?95 (2.17) 


(d) Det, is continuous as a map GL(M) — R?°, where GL(M) is supplied 
with the norm topology; 
(e) If Ai, t € [0,1], is a continuous piecewise smooth path in GL(M), then 


1 
log loc = T Re (Tr, A7" Aj]) dt; (2.18) 


(f) Let M, N be two finitely generated Hilbert modules over A. Let A € 
GL(M), B € GL(N) and let 


y:N9M 


be a bounded .A-linear homomorphism. We extend A, B, y to obvious 
endomorphisms on M à N by taking Aln = 0, Blu = 0 and |y = 0. 
Then A+ B c y € GL(M & N) and 


Det, (A + B + y) = Det, (A) - Det, (B). (2.19) 


Now we come back to the determinant line det M. Clearly, det M has 
a canonical orientation as the transition coefficient Det (A)-!/? is always 
positive. 

Following [8], (2.3), for any bounded .A-linear isomorphism f : M — 
N between two finitely generated Hilbert modules over A, there induces 
canonically an isomorphism of determinant lines f. : det M — det N, which 
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preserves the orientations. Moreover, one has the following property which 
is recalled from [8], Proposition 2.5. 


Proposition 2.2. If f € GL(M), then the induced isomorphism f. : 
det M — det M coincides with the multiplication by Det,(f) € R?9. 


Remark 2.1. Following [8] and [3], one thinks of elements of det M as 
“densities” on M. In the A = C case, this is dual to the considerations in 
[2] where one uses metrics on determinant lines instead of “volume forms". 


2.3. Extended cohomology and the torsion element of a 
finite length cochain complex of Hilbert modules 


Let (C*,8) be a finite length Hilbert cochain complex over A 


(£53):0 4 C9 Sa RS 


as in (2.2). Let 


C" —0 (2.20) 


*(C*,0) = AUT C*,0 


denote the corresponding extended Scie defined in (2.5), which ad- 
mits the splitting to projective and torsion parts as in (2.7)-(2.9). 
Following [3], we define for each 0 < i € n that 
det H'(C*, 8) :— det H*(C*, 8) & det T(H*(C*, d)) (2.21) 
with 
det 7 (^ (C*,8)) := detim(0; 1) Q (det C^7!)* Q det ker(O,-1). (2.22) 
Definition 2.1. (i) We define the determinant line of (C*, 0) to be 
det(C*,8) = (X) (deth. (2.23) 
i=0 
(ii) We define the determinant line of H*(C*, 0) to be 
det 4*(C*,0) = Q) (det ri (05,0) . (2.24) 


i=0 
The following result is recalled from [3], Proposition 7.2. 


Proposition 2.3. The cochain complex (2.20) defines a canonical isomor- 
phism 


V(C*,8) * det(C*, 0) — det H*(C*, ð). (2.25) 
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For each 0 < i < n, the (fixed) inner product on C* determines an 


element o; € det C’. They together determine an element 
n z 
v = [|] of € det(C*, 9). (2.26) 
i=0 
Definition 2.2. (cf. [3], Definition 7.5) The positive element 
P(C*,8) = V(C*,0) (e) € det H* (C*, ə) (2.27) 
is called the torsion element of the cochain complex (C*, 0). 


For any other Z-graded inner product ( , )' € Cc, that is, there exists 
A; € GL(C?) for any 0 <i € n such that 


(u,v), = (Aiu, v) for any u, v € C^, (2.28) 


let Pics a) denote the corresponding torsion element in det H*(C™, 0). 
Then one has the following anomaly formula for the torsion elements in 


det H*(C*, 0). 
Proposition 2.4. The following identity holds in det H*(C*,0), 
n y 
(~1 i41 
Pic») = Pe. [| Det (4) =. (2.29) 
i=0 


Proof. Let o; be the corresponding element in det C^. From (2.28), one 
has by definition (cf. (2.12)) 


ci = Det, (A;) 1/?;. (2.30) 
From Proposition 2.3 and from (2.26), (2.27) and (2.30), one gets (2.29). 0 


For any 0 € 4 € n, let 
arc} ac 
HE 


denote the adjoint of 0? with respect to the inner products on C* and C**!. 
Let 


0- S aucto c =) apicc 
i=l i=1 
denote the induced homomorphisms on C*. Then 
O= (8 + 8*7 (2.31) 


preserves each C*. Let O; denote the restriction of O on C*. 
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Now consider the special case where the cochain complex (C*,@) is 
acyclic, i.e., for any 0 € i < n, im(0;j) = ker(0;,1) (In particular, this 
implies that im(;) is closed in C**!). Then the torsion element p(c.,5) = 
V(c*,8)(7) € det H*(C*, 0) ^ R can be thought of as a positive real number. 

The following result has been proved in [3], Proposition 7.8. 


Proposition 2.5. If the cochain complex (C*,0) is acyclic, then the fol- 
lowing identity holds, 
1 n 
log pc», = 5 2 (70 log Det (DU). (2.32) 
We refer to [3] for more complete discussions about the torsion elements 
in determinant lines. 


3. Infinite covering spaces and the L?-Ray-Singer torsion 
on the determinant of extended de Rham cohomology 


In this section, we define the L?-analytic torsion element for the infinite 
covering space of manifolds with boundary, and prove an anomaly formula 
for it. 

This section is organized as follows. In Section 3.1, we define, in the case 
of manifolds with boundary, the extended de Rham cohomology associated 
to a lifted flat vector bundle on an infinite covering space. In Section 3.2, we 
define the L?-analytic torsion element, in the manifolds with boundary case, 
as an element in the determinant of the extended de Rham cohomology. In 
Section 3.3, we state an anomaly formula, in the case of manifolds with 
boundary, about the L?-analytic torsion element. In Section 3.4, we study 
the variational formula for the heat kernel. The anomaly formula is then 
proved in Section 3.5. 


3.1. Infinite covering spaces and the extended de Rham 
cohomology 


Let T —^ M 5 M be a Galois covering of a compact manifold M with 
boundary OM, with dim M — n. Then M is a manifold with boundary 
oM , Which is a I-covering of 0M. We make the assumption that T is an 
infinite group, as the case of finite group has been dealt with for example 
in [16] and [17]. 

Let (F, VF) be a complex flat vector bundle over M carrying the flat 
connection V7. Let g^ be a Hermitian metric on F. Let (F , VF) denote 


244  Xiaonan Ma and Weiping Zhang 


the naturally lifted flat vector bundle over M obtained as the pullback 
of (F, VF) through the covering map x. Let g be the naturally lifted 
Hermitian metric on F. 

Let A/(T) be the von Neumann algebra associated to I' generated by 
the left regular representations on (?(T) = I?(N(T)). The canonical finite 
faithful trace on (I) is given by the following formulas, 


7A qr) (La) =0, if a # 1, (3.1) 
1, ifa=1, 


where La denote the left action of a € T on I?(T). It induces canonically 
a trace on the commutant of any finitely generated Hilbert A/(D)-module 
(cf. [8], Proposition 1.8), which will be denoted by Try. 

For any 0 <i € n, denote 


Q(M, F) = T(A(T*M) @ F), o*(£,F) = Dow, P. (3.2) 


i=0 


Let d? denote the natural exterior differential on Q*(M. , F) induced from 
V¥ which maps each Q*(M, F), 0 € i € n, into Q**1 (Mf, F). 

Let g7™™ be a Riemannian metric on TM. Let gTM be its restricted 
metric on TOM. Let gT™ be the lifted Riemannian metric on TM and 
denote by (4). AC" Me the induced Hermitian metric on A(T*M M) @ F. 
Let o(T M. ) be the orientation bundle of T M, and let duz 54; be the Rieman- 
nian volume element on (TM ,97 M), then we can view duş as a section 
of A^(T*M )® o(TM ). The metrics g™, gf determine a canonical inner 
product on each Q*(M, F), 0 € i € nas follow, 


(0,0) := [ie 9") Aror WA for e,c' € Q(M, F). (3.3) 


Let L*(Q(M, F)), 0 € i € n, denote the Hilbert spaces obtained from 
the corresponding L?-completion. 

Let g79M be the metric on n TOM lifted from g7?M. We identify the 
normal bundle N,;; to ƏM in M with the orthogonal complement of TOM 
in TM| Bip 

Denote by en = €, the inward pointing unit normal vector field along 
8M. We also put, with 2(-) the notation of interior multiplication, 


(M, F) = {0 € Q(M,F); i(&)e = iča) (do) =0 on OM). (3.4) 
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Let dř be the closure of d* with respect to the (absolute) boundary 
condition (3.4). Then 


d : Uo (M, F)) ^ 17(0*(M, F) 
is an unbounded operator. Let 
d£* : L?(Q*(M, F)) > L?(0* (M, F)) 
be the adjoint of it. Set 
D, = dË + a, (3.5) 
For any Z C R and 0 € i € n, denote by 
L (0 (M, F)) c LOM, F) (3.6) 


the image of the spectral projection Pr; : P (Q(M,F)) > LM, F)) 
of D? al L2 (Q* (MF) P) corresponding to Z. 

The following result generalizes a theorem of Shubin [28], Theorem 5.1 
which has been recalled in [32], Theorem 3.1. 


Theorem 3.1. Fire 0. Then for anyO € in, 

(i) L2, (9 (M, F)) c (M,F), ie, L2 s (M, F) consists of 
smooth forms verifying the boundary condition (3.4); 

(ii) When carrying the induced metric from that of L(Q(M. M, F),, 
L3 gj (€ QM QE )) is a finitely generated Hilbert module over N (T). 


Proof. (i) As in [28], we make use of elliptic estimates. Fix any A > 0, 
from the standard elliptic estimate, one knows that 


(D2 +A)! : L? to, (M, F) > L? io, (0 (M, F) (3.7) 


is a well-defined, onto map which increases the rere of differentiability 
by two. By applying this to powers of (D2 -- A)T}, we see then any element 
in Li [o,e] (XM, F)) is smooth and verifies the Boundary condition (3.4). 
(ii) By simple smooth deformations and the homotopy invariance of 
the finite rank property (cf. [28]), we need only to deal with case where 
91M and g are of product structure near 0M. Now in the case where all 
structures are a product near the boundary, one can proceed as in [17] to 
reduce the problem to the double of M , on which one can apply the result 
of Shubin [28], Theorem 5.1. o 
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Now consider the finite length cochain complex of A/ (T)-Hilbert modules 
"T. "PM ae 
(L3 o, (0 (M, F)), da) : 0 — L3 i, 4 (09 (M, F)) > L3 ig 4(0 (M, F)) 


FB ST IAS 
+ S12 (IP, Ey) 40. (3.8) 


It is easy to verify that the extended conouislogy of (Lilo, Qj Q" (M, F)), dE) 
is independent of € > 0. For ife > € > 0, the sub-complex 
(L3 (e, (XM, F)),dF) of (L2 alo, Qr OR, F)),dF) is acyclic. Moreover, 
it is easy to verify that this extended cohomology, up to bun NT (T)- 

near isomorphisms, does not depend on the choice of the metrics 97M and 


g? on TM and F respectively. We denote it by HP RA, F), P ). 


Definition 3.1. The extended cohomology 1), (Q* (M, F), dË) defined 
above is called the L?-extended (absolute) de Rham cohomology associated 
to M and F. 


3.2. L?-Ray-Singer torsion on the determinant of the 
extended de Rham cohomology 


We continue the discussion of the above subsection. 
In view of Definition 2.2, for any € > 0, the finite length cochain complex 
of A (T)-Hilbert modules (L? [De] (Q*(M, F)), dř ) in (3.8) determines a tor- 


sion element in det HO, (O*(M , Š), dË ). We denote this torsion element 


by T, o, (M; F, gi g^). 
By proceeding as in [3], Section 12.2, for any s € C with Re(s) > 7 and 
for 0 € i € n, set 
i 1 iod s—1 
Cale, +00) (5) = 103. U Tew le»(- tD; al pa (eoo) (UM, 5] dt. 
(3.9) 


Then 9d (c,+00) (5) is analytic in s for Re(s) > 3. Moreover, by using [19], 
Lemma 1.3, one finds that Ce, 4 oo) (8) can be extended to a meromorphic 
function on C which is holomorphic at s = 0. 

Let 


T esten M. F, d 9) € R* 
be defined by 


ag (s) 
a,(e,+00) 
— Bs (3.10) 


PE lw i 
log Ta,(e,+00)(M, F, g7 ^, g^) = 5 "(18 
i=0 s=0 
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By proceeding as in [3], Lemma 12.4, one knows that the product 
Tato, (M, F, g^ M g^) i T, (e, +00) (M, F, g M gh 
in det 40 RO, F), dE) does not depend on e > 0. 


Definition 3.2. The L?-Ray-Singer (or L?-analytic) torsion element asso- 
ciated to (M, F,g™, gF) is the posue element in the determinant of the 
extended de Rham cohomology HC 2) a (Q* (M, F), dF) defined by 


2 
TOAS(M, F, g^, gP) 


m (3.11) 
= Ta to, (M, F, ga") E Ta, (e,+00) (M, F, gr. g^). 


3.3. An anomaly formula for the L?-Ray-Singer torsion 
elements 


We continue the discussion of the above subsection. 

For I’ = {1}, the above construction gives us the usual torsion element 
Ta, ns(M ,F,gT™ , gF) which is dual to the Ray-Singer metric discussed in 
(2], [4], Def. 1.2 and (5], Def. 4.3. 

For convenience of notation we use l.i.m.;.,9F; to denote the constant 
term in an asymptotic expansion F, with respect to the parameter t. 

We can now state the main result of this paper. 

Let gM (resp. gE), 0 < u € 1, be a smooth path of metrics on TM 
(resp. F). Let *, be the usual Hodge star operator associated to g7 M for 
the F = C case (cf. [31], Chapter 4). 


Theorem 3.2. The following identity holds, 


& (log Tehs(M,F9n™,92)) = & (lo Tars (M, F, gu, g4 )) 
mE -1 OFu py -1 hu \ Lap? , 
= -5lim4 oTr[( *u "Bu + (hi) 2n Je , |. (3.12) 
Remark 3.1. If M is a compact manifold without boundary, then The- 
orem 3.2 is [32], (3.80). If we assume moreover [ = {1}, then it is [2], 
Theorem 4.14 


Remark 3.2. If gF = g is a fixed flat metric on F (ie. (F, VF,gF) is 
an unitary flat bundle), the first equation of (3.12) was obtained in [19], 
Theorem 7.6 under certain technical “determinant class condition". Thus 
Theorem 3.2 generalizes [19], Theorem 7.6, without the assumptions on the 
flatness of g7, and on the technical “determinant class condition". 
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The second equation of (3.12) is [10], Theorem 3.27 and [27], Theorem 
7.3 when gf = gf is a fixed flat metric on F. For a general family of metrics 
(gi™ gE), the second equation of (3.12) was proved in [5], Theorem 4.5. 
From [4], Theorem 0.2 and [5], Theorem 0.1, 85.5, we get immediately the 
anomaly formula for log T2 UM. , F, g1 M , gF) which differs by a factor -i, 
as the torsion element is dual to the Ray-Singer metric. We left the details 


to the readers. 


3.4. Variational formula for the heat kernel 


The results in this subsection were essentially obtained in [10], Theorems 

3.10, 3.27 and [27], Prop. 6.1, Theorem 7.3 when gf = g” is a fixed flat 

metric on F. In [5], 84.2, it is observed that their proof works also for any 

Hermitian metric on F. Our main point here is a reformulation of these 

results in the spirit of the proof of [1], Theorem 1.18 in the covering case. 
Let «F be the Hodge operator 


sË : A(T*M) 8 F > A(T*M) e F* e o(TM) 
defined by 
(o ^ Fa) = (0, ©) nr M)e P Wi: 
A direct verification shows that, when acting on QM. , F ), one has 
dË* = (—1)i(xP)-1gF@o(TM) ,F. (3.13) 


We only consider orthonormal frames (ei) 7., of TM with the property that 
near the boundary V, en =: €, is the inward pointing unit normal at any 
boundary point and (e;)77j. is an orthonormal basis of TOM. Let {e*} be 
the corresponding dual frame of T*M. s; 

Let e~*2 (x, z), (x, z € M), be the smooth kernel of the operator e-tP: 
with respect to dvi; (z). Then 


e^! (x, z) € ot  (AF(T*M) & F), e (A*(T*M) @ F)t. 
We denote by e7tDi (m, z)k the component of e7tPi (a, z) on (A*(T*M) & 


F),® (AK(T*M)@F)*. By using the metric (-, PaT M)g P 


(A(T* M) & F)* to A(T* M) Q F, thus the operations d? , dë” act naturally 
one TZ): 


we will identify 


-tDa( 


Anomaly formula for L? -analytic torsions on manifolds with boundary 249 


Lemma 3.1. For o € UM, F) n L*(Q(M, F)), we have 
ectBigFg = dře-tPio 


etDagh*g = dP*e-tDig + f Su 


e^! P: C, y)i(en)o(y)dvog; (Y). 
Especially, 
dF e~tP (2, z)k = gF*e-tX (x, z)k41. (3.15) 


Proof. At first, by the identification of the orientation bundle o(T M) and 
o(T8M) in [5], 81.3, for o,o’ € Q(M, F) A L?(0(M, F)), 


P "nl Po Falc a P! ue "m » 
(d® 0,0’) fr aso) = lod y+ ft rx o') x 
5 lo d Prats: f de ^a, o (y)dvsg; (9). 
OM 


As dF T dË commute with D2, they also commute with e-tĎi, Thus for 
o € UM, F) N L(AUM, F)), o € Qa (M, F) A L(0(M,F)), 
by (3.16) 
(df e7tPig, o’) = (e^! Pig, dP*g!) = (Ø, e-tPi Peor) 
= (o, d*e tP’) = (do, e- tPig!) = (ead a, a’). Pe 
and 
(dE *e Pio, o’) = (o, epa dFo!) sd dF e-tDi gy 
=(dFea,e*Pbaty— | (oet a (Pio) dug) 
aM 
= (e-t Dad *o, e) — TE PC, )ies odi) e). (3.18) 


From (3.17), (3.18), we get (3.14). — 
Now for c € Q,(M, F) n L?(Q(M, F)), by (3.16) and (3.17), 


[a *etDi s, 2))o(z)dvg (z) = F cP (x, z (ao) (z)dvg; (2) 
= (d¥ e-'Pig)(x) = [be Pie, 2ho(2 dug, (2) (3.19) 
M 


From (3.19), we get (3.15). The proof of Lemma 3.1 is complete. oO 
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Let g1M (resp. gf), 0 € u € 1, be a smooth path ofi orres on TM 
(resp. F). When dealing with objects associated with (gI'M, gF), we will 


use a subscript “u” to indicate. While at u = 0 we ieai omit this 
subscript indication. In particular, we will use (, ) 37 w o deity fo denote 


the product on M, OM with respect to duz M uw duai Tu . Then one has 





* Koy = F 
Qu (HF) AE = (yy At 4 GSE, ga) 


In what follow, all operations are applied to the variable z when we do 
not specify them. 


Lemma 3.2. 


(Fe) TE (we t e (nu) 
- [t (1a, [dB*, Qu]e 6799. (x, 2), e Pa (a, w)) 
+ (i( i(€n)Qud* e- € -9 DL. (x, z), e- sD (z (ru) a 


+ (i i(en) Quem 679 Pia (a, z), dP* e Pa (2, w)) E a (3.21) 


Proof. We only need to prove (3.21) for u = 0. At first, by [5], (4.10), we 
have 


i(enu)de*olgz, — 0 if i(e5,)0]5g; — 0. (3.22) 
We know also that for c € 2(M, F) n L?(Q(M, F)) 


lim s e7 Dua (z, z)e(z)dvy; o(2) 


= tim fe (e P (o, 2) ^) 6 (2) 


= lim (e7*P5« (7 4j $c) (£) = (P) «f o)(x). (3.23) 


8-0 
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By (3.16), (3.22) and (3.23), we get 


e IP e (m, w) — #71, *o,w e ~Pa (m, w) 


t L2 p2 
-- f 2 (e 6799. (n, 2), e7*Pbe (ou). 


M,0 


-f (se -(t- 5) Die (x, z),e ~sDb.0(z w) 
0 at" M,0 


+(e -(t- 8) Dia (x, z), De “Pb. (zw). | 


x ra K ER jet) Pia (s, 2), e etie) 


M,0 


dFe-6-9Di. z,z),e ^ e *Pi. (2 w)) 
-( ( h 0 (2, ) 8M o 


= (t— —s)D? , Fx -sDi, 
(en! (x, z), eg ^ dg "e ?^9 4) a] (3.24) 


—tD? 


From our definition of e "^ u,a, we have 


(Ga 2 + D2 Je “Pie (n, z) =0, (3.25) 
(ilenu)e Pia) (n, 2) = (ilen, ud? e^t Bia) (a, z) ^ 0, for z € ƏM. 


From the explicit construction of the operator eto ua as observed in [19], 


p. 560, it is differentiable with respect to u, as M has bounded geometry. 
We get 


ð 


E 58 
YS 732 od e (Pu 
( a * Pudge + 
-tD 


a, Die Pha) (z; z) =0, 


(i (Een) € Pu a + ifen, oe aul oP (n, z) = 0 for rE aM, 


(i (Zenu) dF e-tDia + ilen a) gets) (x,z) =0 for x € aM. 
(3.26) 


By (3.26), differentiating (3.24) with respect to u and setting u = 0 
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gives 
(8) eue IPs), w) 


t 52 52 
= i ds 236 6-9 Pua (a, sente u)) 


M;,0 


u) de -(t-53)D3., -sĎ} ) 
(z,z),e (z, w) of o 


P2 m P2 
Buln, a) e (£73) Do. (x, z), dF*e-*Pos(z, DA E (3.27) 


From (3.13) and (3.20), one gets 


KA Fe _ pF Oo x _ [QF pF 
Fu E [d; ,Quh, au Dua x [d , [du , Qu]. (3.28) 


Set 
[o] 
ATX 2 TX\-1; V „TX 


Observe that E eju, eju € TOM for j < n, thus we compute that 


n 
; 1 
Penn AC Not eju, €n,u)gT X Eju + 3 s enus €n,u)8n,u- (3.30) 


j=l 
By [2], Prop. 4.15, we have, 
O*u 1 ' re 
7, m EE 5 (es 9 ek) arx (e) Milek) — i(e;) ^e"). (3.31) 
1<j,k<n 
From (3.30) and (3.31), we get at u = 0, 
; : 231954] , 1,, ; 
iSt) = ilen) A | ez en enjilen) — (8:32) 
From (3.25), (3.27), (3.28) and (3.32), we get (3.21). n 


Let N denote the number operator on Q* (M, F) acting by multiplication 
by i on QM, F). It extends to obvious actions on L?-completions. 

Let Try, [-] = Try [(—1)^-] be the supertrace in the sense of Quillen[26], 
taking on bounded A/(D)-linear operators acting on Q*(M. ,F) as well as 
their L?-completions. In what follows we will also adopt the notation in 
[26] of supercommutators. 


Theorem 3.3. We have the following identity, 
Tw, [Ne tee = tf Try, [Que 5a] . (3.33) 
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Proof. Let U be a fundamental domain of the covering 7 : MM , and 
let Uy) = U nm-!(8M). Observe first that for any T-equivariant smooth 
operator P acting on OM FP ), if we denote by P(z,z) the smooth kernel 
of P with respect to dvi; | (z), then 


Try s[P] = i («P P(z, x))p. (3.34) 


Thus when we apply (3.34) to (3.21), and reverse the order of integration 
on the right hand side of (3.34), then use (3.15), (3.31) and the fact that 
N preserves the boundary condition, we get 


ETN, [N exp (-t52)] = —tTry,s lla, [a**, QujNe- Pie] 


+t] Tres) Qudf) s Ne Pa Qu, a^)uo dpi (2^) 


et f Tr,[N (Que^ d"), ePi. (a^, w)lu-arldugi ,(2’). (3.38) 
Ui : 
By (3.15) and (3.31), 


Tr, (Quend a Ne- Pia (a^, w) rae’ 


=—Ty, Gites) Qu Na” e7tPse (a^, a^] . (3.36) 


From (3.14) and the fact that df e-sDia, dF*e-*Di. are smooth T- 
equivariant operators, we see that for any I'-equivariant differential operator 
P which changes the Zo-grading on O(M, F), we have 


Tr. [a Pe-t55..] "X Trw.s [eBt af pe-t-953..] 
= Try/,s [af ePi. pe-tt- 9) Pina] 


= -Trys [Pe Pa cP = -Trys |Pae-tPra], (3.37) 
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and in the same way 
Try,, [P Pe PL] = mu, [e Pa Pe-t-95ia] 
= Try " [afte Pie pec t- 05. 
2 g _(t—s)D? 
+ fee ilen) Petha, dvo] (8.38) 
= -Trys [Pate Pi] 
+] Tr; li (en) PeT tDi (a! x n] dugri (X )- 
Ui , 
We also have 
(dř, N] = -dF, qaP*, N] = a?*. (3.39) 
From (3.35)-(3.39), we get 
ETN, Ie] 
= -Tw, [Qu(NaFaf* + d Nd? — dř NaF* — aFraF Nye] 
STE [Qu D? gee] = 2Try,s [Que] . (3.40) 


The proof of Theorem is complete. o 


3.5. A proof of Theorem 3.2 


First, by proceeding as in the beginning of [32], Section 3.4, one gives 
a aey more flexible formula of the L?-Ray-Singer torsion element 

TM, F,g1 M, gF) defined in (3.11). 

For any c > 0, let 

(C* a) c (O%(M, F), d") 

be a finite length A/(T)-Hilbert cochain subcomplex of (L2(0* (M, F)), dË ) 
such that (Li lo, J&M, F)),dF) is a subcomplex of (C*, dř). That is, as 
N (T)-Hilbert cochain complexes, one has 


(L? 9,4 (0* (M, F)), dË) € (Ct, dP). (3.41) 


Let db: : C* — C* be the formal adjoint of dË : C* — C* with respect 
to the induced Hilbert metric on C* from that of L?(Q*(M, F)). Set 


De- = dË + d£t, 


2 E a£ 2. jPeaF OQ AF AF (2) 
D$. = (d; + der)’ = desdi + di dos :C* + C*. 
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Then D2. preserves the Z-grading of C*. Moreover, one has 
D$. = D : Li (0 (M, F)) > L? J0,q(O"(M, F). (3.43) 


For any 0 € i € n, let D2, denote the restriction of DZ. on C*. 
By (3.41) it is clear that the extended cohomology of (C* , d?) is identical 


to that of (L2 io, QJ (x, F)), d£). That is, one has 
H* (C*, dP) = HË p(Q (M, F), dË). (3.44) 


From (3.44), ^u sees that (e dF ) induces canonically an L?-torsion 
element in det HS 2 (OM, F),dF). We denote it by 


Tic. ap € det Hoan (Q^ (M, F), di). (3.45) 


For any s € C with Re(s) > § and for 0 € i < n, set 


Gus) = ro i os (Tw [exp (-tB3 po i) 
-Try [exp (-tD2.)]) dt. (3.46) 


Then one sees easily that each Coe, a(s), 0 € i € n, is a holomorphic 


function for Re(s) > 2 and can be extended to a meromorphic function on 
C which is holomorphic at s — 0. Let T, (C*,d£),1 € Rt be defined by 


- j, e+ 1 (9) 
log T, (C*, df), c 2 Ly C» ^ 0s — 
i=0 


The following analogue of [32], Proposition 3.6 can be proved in the 
same way as there. 


(3.47) 





s=0 


Proposition 3.1. There holds in det HË UNO Q*(M, F), dř ) the following 
identity, 


2 TM „F 
TE (M, Fg Mig ) = Ttc» af) ^ Teos ag) 1: (3.48) 


We now come to the proof of Theorem 3.2. 

Let gIM (resp. gf), 0 € u € 1, be a smooth path of metrics on TM 
(resp. F) such that gd M = gTM, gTM = g'™ (resp. of — gF, of = g'P). 

We now state the following analogue of [32], Proposition 3.7. 
Proposition 3.2. For any uo € [0,1], there exists ko > 0 such that for any 


k > ko, one can construct a omy. of finite length N (T)-Hilbert cochain 
subcomplez (C*(u), dE a) of (0, a (M, F), dË) such that 
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(i) One has the inclusion relation of cochain complexes 
(L3 u,a,[0, j (7 (M, F)), di.) i (C*(u), dia); (3.49) 


(ii) The cochain complex (C*(u), dË a) depends smoothly on u € [0,1], 
and (C* (uo), dË, 4) = (L2, ga (ft (M, F)), d”). 
Proof. Proposition 3.2 can be proved in the same way as in [32], Proposi- 
tion 3.7 where we take uo = 0, with easy modifications with respect to the 
appearance of the boundary 0M. The only places need to take more care 
are listed as follows: 

1. One notes here that the analogue of [32], (3.32) still holds here, as 
by Theorem 3.1, Im(Py, kj,u) consists of smooth forms. Thus di, acts on 


them just as usual dř, not depending on u. By setting d^ to be di a in an 
analogue of [32], (3.35), one can complete the proof of (i) easily. 

2. For the proof of (ii), one needs to modify the proof of [32], Lemma 
3.8. Here, one needs to take care about the analogue of [32], (3.39). For 
such an analogue holds, we need to assume that z € (5 ,(M, F). Indeed, if 
we fix a T-invariant first Sobolev norm denoted by ||-||1, then it is easy to see 
that there exist A1, Bı > 0 such that for any smooth form x € Q*(M ; F) 
and any u € [0,1], one has 


lDuzllo,s € Aillzlh: + Billzllo, (3.50) 


— w 


while there exist A2, Bz > 0 such that for any x € (6, ,(M, F), one has 
Aallzlls — Bal|xllo < | Dzllo. (3.51) 


From (3.50) and (3.51), one sees that there exist A, B > 0 such that 
T E QS a(M, F), one has 


\|Duxllou € AllDzl||o + Blizllo, (3.52) 


which is exactly the analogue of [32], (3.39) we need. 
One can then proceed as in [32], Proof of Lemma 3.8 to complete the 
proof of (ii). a 


We now come back to the proof of Theorem 3.2 for u — 0. 
By (3.48), one gets that for any 0 < u € 1, 


TS Ey - 
3(M, F, d M gi) = Tc" (u) dF) t Tie» (u) dF), 1 (3.53) 
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For any s € C with Re(s) > 2 and 0 € u < 1, set 


bals) = X (Dihu), 1 (8). (3.54) 
i=0 


From (3.46) and (3.54), one can rewrite 0,,(s) as 


Aem pes [#7 (Trae [Nex (-tD2,)] 
-Tews |N exp (-t02.,,,)]) at. (3.55) 


For any 0 € u € 1, let Pc.(, denote the orthogonal projection from 
L2(Q*(M, F)) onto C*(u). Then by Proposition 3.2, Po+(y4) depends 
smoothly on u € [0,1]. Moreover, one has 


dË Pe (4) = Po-(y)d* Po-(u). (3.56) 
Let dĒž u) : C*(u) > C*(u) be the formal adjoint of 
dEn tu) = Por ud” Pox(uy : C*(u) => C* (u). (3.57) 
Then in view of (3.56), one has 
dE? (uy = Poriin Poru) = Poradia. (3.58) 
Set 
One has, similar as in (3.39), that 
[Dort N] = —dG-(yy + de: u- (3.60) 
In order to have a formula for gat) similar to (3.28), by using (3.28) 
and (3.58), we compute 
Fx Fx Fx Fx 
bdii = & (Pos odi?) = (Por) di^ + Po Eat 
= (Po) di* + Po-(u) [d Qu] 
= (F Pox) du” + Posuda Qu — Pow(uyQudy” 
= [det Qu] + (E Poru) de” + QuPos(udz^ — Por) Quda". (3.61) 
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Since C*(u), 0 < u < 1, are finitely generated Hilbert modules, by using 
(3.60), (3.61), as in [32], (3.63), one deduces 


Zin, [N exp (-t88.4,)] = —tTry,s me exp (=B) 








= —tIry.; iv Do-t] as exp CB) 


= too, s [Qu exp (tD. )] — f'Itw,s [(a dř. *(u) T dE.) 
( SR —3. di OP adl = Poad A ex (=B) 
-i2 my, : [Qu exp (- tD6.)| - tTrW,s | (dB (uy - abt) 


OP, 
(Pew E fw) Ee ES Peis + QulPo cu) dË” Je xp (- Btw) (3.62) 


Denote for 0 € u € 1 that 
F F» 
f(u) = (db-t - der) : 


EDS " (3.63) 
; (Pew A ) gf Portu) + Qu [Po (uy, d] 7) 





Since C*(u) contains L? p.i (€ (M, F)) for 0 € u € 1 (cf. (3.49)), one 
sees that when t — +00, 


"TTrw, s [Qu exp (-52a)] — Try. [Qu exp (t-t )] 


is of exponential decay. 

On the other hand, since, when restricted to the subcomplex 
(L2 a p (M, F)), dé.) of (C*(u),dF), dẸ* commutes with Po.(, 
while 


8Pc- 
Port) ~a O Posu =0, (3.64) 





from (3.63), (3.64) one gets 
Fle |. (o7 i, P = 9. (3.65) 
From (3.49) and (3.65), one sees that as t — +00, 


Try, [r (u) exp (tD) 
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is of exponential decay. 
By (3.33), (3.55), (3.62), (3.63) and (3.65), we have for Re(s) large 
enough that 


"tee ee 
“hi Fay t e [oe (=) 
—Trw,s [Qu exp (-tB2-.)]) dt 


-asf tens [fu exp (-B2.,,))] à 


—s 


*5 [^ £7! (Tos [Qu exp (7tD2..)] 
Tow, [Qu exp (-tD2.(,) ]) at 


— "3 Ts t*Trw,s KO exp (=De )] dt. (3.66) 


Now by using the finite propagation speed of solutions of hyperbolic 
equations (cf. [29], 82.8, $6.1), we know from [19], Theorem 2.26 that as 
t — 0, for any positive integer | one has an asymptotic expansion 


Trw.s [Qu exp (-tDi,,)| = Trs [Qu.exp(-tD2,)] + o(u/?) — (3.67) 


i 
= Y^ MjuEP + ofall), 


j--n 


From (3.66) and (3.67), one finds that for any 0 < u < 1, one has 
ð (ae 


Ou 


Os 





) = —Mout Tens [QuPc-(u)] 
s=0 


= E Trw,s [F exp (152...) dt. (3.68) 


Now observe that we are applying Proposition 3.2 for uo = 0, thus one 
has, as in [32], (3.70), 


(C*(0), a) = (L2 a 50,4 (O"(M, F)), dË). (3.69) 


Thus one again has the fact that dË * commutes with Pc. (,), which, together 
with (3.64), implies that 


f(0) — 0. (3.70) 
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From (3.47), (3.54), (3.68) and (3.70), one finds 


Olog To*(u),d*),1 
Ou 


M 
= s + sews [QoPc- (o)] r (3.71) 


u=0 





Now let us consider the variation of Tics (u),4F) Near u = 0. 
Observe that for any 


w, w € C*(0) = L2 a (Q* (M, F)), 


the induced inner product of them in C*(u) is given by 
(Por (uy& Pe» (uy )u = (w, Porywa = I (w Ax, Pox quy!) P 
M 


= (us, (A7 P Poss!) s (3.72) 


Set for 0 < u € 1 that 





F\"' VF x x 
Ay = Po- 0) (* ) Ky, Potuj Pos (0) :C (0) —C (0). (3.73) 
From (2.27)-(2.29), (3.45), (3.72) and (3.73), one finds, 
Towa) — lw, yi 
be HIE Y Cay logDetz, (Aulci(o)) - (3.74) 
(C*(0),4F) i=0 
From (2.18) and (3.74), one deduces 
8 T(o-(u),aF) | 1044 J 
— log >~ = T $ Ac . (3.75) 
Qu T(o-(0),4F) ED Ou 


By (3.73), one sees directly that 
Au|u-o = Id|c- (o. (3.76) 
From (3.20), (3.64), (3.73), (3.75) and (3.76), one finds 





Tie+(u) a? 1 -\ -1 ĝxf 
C ia? xu 
Ju log LU und) = Z7 Iw, [rs (F) 


u=0 T (c- (o) dF) ðu 





Po» ol 





u=0 
1 
= —5 Ts [QoPc+(0)]- (3.77) 
From (3.53), (3.71) and wie one gets 


LA 
Ou 


Bre £3 (M, F, gT , oF) _ _Moo (3.78) 
PRULODAFIN MEN, 
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Since (3.78) holds for arbitrary (97 M , gF), one gets indeed that for any 
0<uK<l, 
91 TEM, F, gT M, gE) Mou 


u 


og EESTI ÉL (3.79) 
ðu | TAM, F,gTM, gF) 2 


Now by using (3.67), one sees that for any 0 < u < 1, Mo, is exactly 
the same quantity appears in [4], (7), (8) and [5], Theorem 4.5, where a 
similar result is proved for the usual Ray-Singer metrics. 

The proof of Theorem 3.2 is complete. D 


Remark 3.3. If for any u € [0,1], Spec(D2 „) contains a non-empty gap, 
then the proof of Theorem 3.2 can be simplified a lot. Here we did not 
make this assumption as usually Spec(D2 a) u € [0, 1], may not be discrete 
when T is an infinite group. 
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1. Introduction 


In this paper, we use the Kontsevich-Vishik canonical trace to produce a se- 
ries of conformal spectral invariants (or covariants or anomalies) associated 
to conformally covariant pseudodifferential operators. Although only one 
covariant is new, the use of canonical traces provides a systematic treatment 
of these covariants. 

The search for conformal anomalies is motivated by both string theory 
and conformal geometry. Historically, the variation of functionals F on 
the space of Riemannian metrics Met(M) on a closed manifold M under 
conformal transformations: 


gets, feC"(M,R) 


has been a topic of interest to both mathematicians and physicists going 
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back at least to Hermann Weyl (see Duff [Du] for a historical review of the 
physics literature, and Chang [C] for a survey of recent work in mathemat- 
ics). In physics, the study of conformal invariants underwent a revival in 
the early 1980s with Polyakov's work [Pol] on the conformal anomaly of 
bosonic strings, one of the motivating factors behind the development of 
determinant line bundles in mathematics. 

The conformal anomaly of a Fréchet differentiable map F : Met(M) > 
C at a given (background) metric g is the differential at 0 of F, 
C*(M,R) — C, Fy(f) := F(e? g). Thus the conformal anomaly in the 
direction f is 


ôs Fg := dF,(0).f = Fe" g). 


d 

dt ks 
A functional F is conformally invariant if pF, = 0 for any Riemannian 
metric g and any smooth function f. If 6;Fy = fy, f(x)d2Fq(x)dvol,(zx), 
then 6,F,(x) is called the the local (conformal) anomaly of F, (or equiv- 
alently of F in the background metric g). A functional F(g,x) on 
Met(M) x M is conformally covariant if, roughly speaking, pF does not 
depend on derivatives of f and g. 

Conformal anomalies arise naturally in quantum field theory. A confor- 
mally invariant classical action A(g) in a background metric g, for example 
the string theory or nonlinear sigma model action, does not usually lead to 
a conformally invariant effective action W(g), since the quantization pro- 
cedure breaks the conformal invariance and hence gives rise to a conformal 
anomaly. In particular, in string theory the conformal invariance persists 
after quantization only in specific critical dimensions. 

From a path integral point of view, the conformal anomaly of the quan- 
tized action is often said to arise from a lack of conformal invariance of 
the formal measure on the configuration space of the QFT. Whatever this 
means, we can detect the source of the conformal anomaly in the quan- 
tization procedure. In order to formally reduce the path integral to a 
Gaussian integral, one writes the classical action as a quadratic expres- 
sion A(g)(¢) = (A59, $)g where ¢ is a field, typically a tensor on M, A, 
a differential operator on tensors and (-,-)g the inner product induced by 
g. Because this inner product is not conformally invariant, the conformal 
invariance of A(g) usually translates to a conformal covariance of the oper- 
ator Ag. An operator A, is conformally covariant of bidegree (a,b) € R? 
if 








Ag =e °F Ages, (1) 
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for 9 = e?/g. Thus this first step, which turns a conformally invariant 
quantity (the classical action) to a conformally covariant operator, already 
breaks the conformal invariance. 

The second step in the computation of the path integral uses an Ansatz 
to give a meaning to the formal determinants that arise from the Gaussian 
integration. Mimicing finite dimensional computations, the effective action 
derived from a formal integration over the configuration space C is 


e 3W() = [aroo Do = “det” (Aj) 2. 
C 


If there were a well defined determinant “det” on differential operators with 
the usual properties, (1) would yield 


“det” (A21) = "det" (ef Age? t) 
= “det” (e7? f) “det” (Ag) “det” (e* f) 
= “det” (e07®) f) “det” (Ag), 


where e°/ is treated as a multiplication operator for c € R. Hence, even if 
a “good” determinant exists, the effective action W(g) would still suffer a 
conformal anomaly, since A, is only conformally covariant: 


ôs W(g) = à; log “det” (Ag) = 5, log “det” (e(^-9 f) = (a — b) “tr” (f), 


where “tr” is a hypothetical trace associated to “det”. 

The ¢-determinant det; on operators is used by both physicists and 
mathematicans as an Ersatz for the usual determinant on matrices. Since 
the work of Wodzicki and Kontsevich-Vishik, we know the ¢-determinant 
has a multiplicative anomaly, which fortunately does not affect our rather 
specific situation. Indeed, the above heuristic derivation holds (Branson- 
Orsted [BO], Parker-Rosenberg [PR], Rosenberg [R]): 


df logdetc(A5) = (a — b) tr^ (f), 


if one replaces "tr'(f) with tr49(f), the finite part in the heat-operator 
expansion tr(f e-*^») when e — 0. (Here and whenever the heat operator 
e^*^9 appears, we assume that Ag is elliptic with non-negative leading 
symbol.) In summary, the regularization procedures involved in the ¢- 
determinant and the finite part of the heat-operator expansion are not 
responsible for the conformal anomaly of the effective action W(g); the 
conformal anomaly appears as soon as one uses the conformally covariant 
operator A, associated to the originally conformally invariant action .A(g). 

These QFT arguments lead to the search for conformally covariant oper- 
ators and associated spectral conformal covariants. 'l'here are four types of 
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conformal covariants in the literature, in order of computational difficulty: 
(i) local covariants, those that depend only on the metric at a fixed point; 
(ii) global invariants which are the integrals of (noncovariant) local quanti- 
ties; (iii) global invariants which are not integrals of local expressions, but 
whose variation in any metric direction is local; (iv) global invariants which 
are not integrals of local expression, and whose variation in conformal di- 
rections is nonlocal. All four types have examples associated to spectral ¢- 
and 7-functions, as we now explain. 

For (i), the residue at z = 1 of the local zeta function C4, (z, x), which 
turns out to be proportional to the local Wodzicki residue res; (A5), is 
a pointwise conformal covariant for a conformally covariant operator Ag, 
under certain ellipticity and positivity conditions on the operator [PR]. 
(A classical example of a pointwise invariant is the length of the Weyl 
tensor [We].) For (ii), the value at z = 0 of the global ¢-function (4, (z) 
of a conformally covariant operator A, is conformally invariant, again for 
certain operators, which may be pseudodifferential [PR, R]: 


67a, (0) — 0. 


In hindsight, this can be predicted by thinking of Ça, (0) as an Ersatz for 
“tr” (Id) in the heuristic notation above. It is well known that C4, (0) is the 
integral of the finite part of the pointwise heat kernel of A, (up to the nonlo- 
cal conformally invariant term dim Ker(A,)). When A, is a differential op- 
erator, Ça, (0) = — satay tes(log Ag), so the conformal invariance of C4, (0) 
is equivalent to the conformal invariance of the exotic determinant intro- 
duced by Wodzicki for zero order classical pseudodiffferential operators and 
extended by Scott [Sc] to the residue determinant detres( Ag) = e'es(ls 4s) 
on operators of any order. This gives another description of ¢4,(0) as the 
integral of a local quantity, namely the local Wodzicki residue of the loga- 
rithm of Ag. 

Jumping to (iv), conformal anomalies arising from ¢-determinants of 
conformally covariant operators vanish in certain cases, for one has [PR, R] 


ör Ca, (0) = ~Bylogdete(4y) = (a-b) f. f(2)an(Ay,2)volg(2), 
where as € — 0 
tr (e7643) ~ 2 (f, a; (As, volte) eum, 


for a = ord(A,), n = dim(M); here we assume A, has all but finitely many 
eigenvalues nonnegative. The nonlocal nature of the functional determinant 
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and its variation is well known; however, the above formula shows it gives 
rise to a local conformal anomaly (a — b)an(Ag,x). In particular, Ca, (0) 
yields a conformal invariant in odd dimensions, as a,(A,) then vanishes. 
The conformal anomaly 6; log det; (A5), where A, is the Laplace-Beltrami 
operator on a closed Riemannian surface, is responsible for the conformal 
anomaly in bosonic string theory; since the coefficients a,b depend on the 
dimension of the manifold and the rank of auxiliary tensor bundles, combi- 
nations of such conformal anomalies cancel in certain critical dimensions, 
viz. the cancellation of conformal anomalies in 26 dimensions for bosonic 
string theory [Pol]. Further work on the conformal anomaly of functional 
determinants is in work of Branson and Orsted [B1, B2, BO]. 

For (iii), if Ag is a self-adjoint invertible elliptic operator, the phase of 
its ¢-determinant can be expressed in terms of the 7-invariant 74, (0) by 


det; (A5) := dete (|A|) - ei (14510074, (0). 


Again, only in certain dimensions is the phase conformally invariant; 
namely if dim(M) and ord(A,) have opposite parity [R]. 

We will study these four types of conformal anomalies and covariants 
in the common framework of variations of Kontsevich-Vishik functionals 
of conformally covariant operators. Whereas previous work on conformal 
anomalies uses heat kernel expansions, we use (-function techniques in- 
stead. Our starting point is canonical traces, which are cut-off integrals of 
symbols of non-integer order pseudodifferential operators, which extend to 
Laurent expansions of cut-off integrals of holomorphic families of symbols. 
These coefficients are universal expressions in the symbol expansion of the 
family (Paycha-Scott [PS]), so their regularity properties and their varia- 
tion in terms of external parameters (here the metric) are easily controlled. 
We thereby avoid some technical difficulties in the variation of heat kernel 
asymptotic expansions. The main result of the paper is that the coefficients 
of the Laurent expansions give explicit conformal anomalies. 

In more detail, the three functionals Q4, (0), G4, (0) and n4, (0) are all 
A,-weighted traces in the notation of the first author [P2], namely tr^(I), 
tr^s (log Ag) and tr49(A, |A,|~') respectively. Here, for a weight Q (i.e. an 
admissible positive order elliptic operator), the Q-weighted trace tr? (A) of 
a classical pseudodifferential operator A is the finite part at z = 0 of the 
meromorphic map z ++ TR(AQ ") (up to a factor depending on the kernel 
of Q), where TR is the Kontsevich-Vishik canonical trace on noninteger 
order operators extending the usual trace on smoothing operators [KV]. 
(This definition of weighted trace is equivalent to previous ones [P2] by the 
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discussion after Def. 3.) Thus all our spectral invariants are examples of 
canonical traces. 

If the conformally covariant operator Ag is a weight, we may define func- 
tionals given by meromorphic functions z ++ Fr(g)(z) := TR(A(A,) AZ”) 
where h is a real or complex valued function defined on a subset W C C. 
In particular, the functionals ¢4,(z) and na,(z) correspond to choosing 
h(A) = 1 (with W = C) and A(A) = Ñ (with W = R/(0)). Using re- 
sults on the coefficients in the Laurent expansion [PS] for z ++ F,(g)(z) at 
z = 0, we derive the conformal anomaly of these meromorphic functionals 
(Theorem 3.1): 

ôs TR(h(Ag) Ay *) 

= (a — b)TR (f h’(Ag) 477") — z (a — b)TR (f h(A,) A;”) : 
This formula strongly depends on the tracial nature of the canonical trace 
TR on noninteger order operators (7). Identifying the coefficients on either 
side, we get a hierarchy of functionals and their conformal anomalies, the 
first one involving the Wodzicki residue res: 


ójres(h (As) = (a — b) res (f h!(Ag) Ag); 
6 tr 4o(h(Ag)) = (a — b) tr^” (f (As) Ag) + 2— res (f h(A5)) ; 
dytr42(h( Ag) log Ag)) = (a — b) tr^» (f h’(A,) Ag log Ag) 
HECA u^ (US); 








ógtr^* (h(Ag) log? Aj)) = coe (f h'(Ag) Ag log’ Ag) 


tjt 





wide (f h(Ag) log! Ag). 


Different choices for h lead to conformal covariants/anomalies of the four 
types mentioned above (Theorem 3.2). Applying this to explicit geometric 
conformally covariant operators such as the Dirac, Paneitz and Peterson 
operators (see §2.2) yields conformal anomalies and covariants, including 
a new example associated to the heat kernel asymptotics of conformally 
covariant pseudodifferential operators. The Laurent approach provides a 
natural hierarchy among these invariants/covariants: the most divergent 
term in the Laurent expansion is a conformal invariant; if this global in- 
variant vanishes in a particular case, then the new “most divergent” term, 
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if it is of the form f, Z(g,x)dvolg(x) tends to give rise to a local conformal 
anomaly proportional to Z(g, x). 


2. Regularized traces 


In this section, we recall known results on regularized traces and the Wodz- 
icki residue, and give some extensions to families of operators. 


2.1. Preliminaries 


Let E — M be a hermitian vector bundle over a closed Riemannian n- 
manifold M, and let CI(M, E) denote the algebra of classical pseudodif- 
ferential operators (VDOs) acting on smooth sections of E. S*M C T*M 
denotes the unit cosphere bundle, and tr, denotes the trace on the fiber E, 
of E over x € M. 


Definition 2.1. A positive order elliptic operator Q € Cl(M, E) is admis- 
sible if there is an angle with vertex 0 which contains the spectrum of the 
leading symbol o; (Q) of Q. A choice of a half line Le = (re'?,r > 0} which 
does not intersect the spectrum of Q (which is discrete since M is compact) 
is a spectral cut for Q, and 0 is an Agmon angle. An admissible operator is 
also called a weight. Ell24"(M, E) (resp. Ell79 ^" (M, E)) is the class of 
admissible (resp. invertible admissible) elliptic operators of positive order 


in C«(M, E). 


Examples of admissible elliptic operators are classical VDOs with posi- 
tive leading symbol such as generalized Laplacians and formally self-adjoint 
elliptic classical YDOs such as Dirac operators in odd dimensions. 

An admissible invertible elliptic operator of positive order and with 
spectral cut Le has well-defined complex powers (Seeley [Se]) defined for 
Re(z) sufficiently negative by the contour integral 


z_i z _ -1 
=z f vq AI)! dA 


where Cg is a contour encircling Lg. One then extends the complex power 
Q4 to any half plane Re z < k, k € N via the formula Qk a = Qj. These 
complex powers clearly depend on the choice of spectral cut. Setting z = 0, 
we get 


i z 
Qj-1-mo- 5 [ (Q = AI)" dX, 
9 
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where IIg is the projection onto the generalized kernel of Q. The logarithm 
of Q, which also depends on the spectral cut, is defined by 

d z 

logg Q :— aala QG. 


This dependence will be omitted from the notation from now on. 


z= 


2.2. The Wodzicki residue 


Let A € CI(M,E) have order œ and symbol o(A)(z,é) ~ 
0 V(£) ca 5(A)(z, £), where og_; is the positively homogeneous com- 
ponent of order a — j and v is a smooth cut-off function which is one outside 
a ball around 0 and vanishes on a smaller such ball. Let dz = dz! ^...Adz" 
be the locally defined coordinate form on M, and let d£ be the volume form 
on T* M (or the restriction of d£ to the unit cosphere bundle S*M c T*M 
or to the unit cosphere S7 M at a fixed x € M). Then 


ven ane ( f treo —n(A)(s0, €) a) ds; 
S:M 


is (nontrivially) a global top degree form on M whose integral 


xy A res, (A) dx 


is the Wodzicki residue [Wo] of A (see Kassel [K], Lesch [L] for a review 
and further development). 

The Wodzicki residue has several striking properties. From its defini- 
tion, the Wodzicki residue vanishes on differential operators and operators 
of nonintegral order, but it is nonzero in general. The Wodzicki residue is 
local, in that it is integral over M of a density which is computed point- 
wise from a homogeneous component of the symbol. Most importantly, the 
Wodzicki residue is cyclic on CL(M, E) in the following sense: 


res(A) := 





res([A, B] =0, forall A,B € CI(M,E). 


The Wodzicki residue extends to logarithms of admissible elliptic oper- 
ators Q by 


res(log Q) := m f, res; (log Q)dz 


1 


S gy J., rt o Qs dts 
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(Okikiolu [O]). More generally, given A € Cé(M, E), if 


res; (À log Q) dz :— (| trzo_n(A log Deea) dx 
S:M 


defines a global form on M, we can integrate it over M to define 


res(A logQ) := aay f 0 log Q)(z, £)d£dz. 


This holds in particular if A is a differential operator [PS], Thm. 2.5. 

The cyclicity of the Wodzicki residue partially extends to logarithmic op- 
erators. The Wodzicki residue vanishes on brackets of the type [A, B log, Q] 
where A,B € CM, E), Q € Ell ^^" (M, E), and [A, B] is a differential 
operator [O], [PS], Thm. 4.9. 


2.3. The canonical trace 


By a procedure well known to physicists and mathematicians (see Paycha 
[P1] for a review), a classical symbol o on R”, has a cut-off integral in 
momentum space (£). To set the notation, let » be the cutoff function of 
$2.2, and set 


Me 


on) (2, €) = c(z,£) = v(£) Co(2)--; (5, E). 


j-0 


Proposition 2.1. Let o be a classical symbol on an open subset U C R” 
of order a. For x € U, let Bz(R) C TZU be the ball of radius R centered 
at 0. As R oo, 


oo 


f treo (z, £) d£ ~ » ac,;(z) RITIT” + b (z) log R + co (x), 
Bz(R) j=0,a—j+n#0 
(2) 


with 


Js-u trz(ca-;(z, €)) d£ 


as (2) = a—jctn 


ho [messi d 


x 
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and with finite part/cut-off integral 


Co (x) :— CCS d£ 


oa fons | tr;c(z,£) d£ 
Bz(R) 


E NS uy doas (E) tros. (2, £) dé 


Bz(1) 
oo 


- 55 ayj) (3) 


j=0,a—j+n#0 
The finite part is independent of reparametrization of R provided b, (a) 


vanishes. 


Whenever a is nonintegral, via a partition of unity on M one can patch 
the local cut-off integrals fp. ,trzc (x, €) d£ into a cut-off integral 


wev(Al(a) m f nenas €) dé 4) 


E 


on T? M and then integrate over M to get the Kontsevich-Vishik canonical 
trace [KV] 


TR(A) := Gm f wKv(A)(x) dx 


(5) 
- TF f di " MEO 


We consider holomorphic families of classical symbols [KV]. 


Definition 2.2. A family of complex valued classical symbols z +> o(z) on 
an open subset U of R” is holomorphic on a subset W c C if: 


1. The order o(z) of o(z) is holomorphic?in z € W; 

2. For any nonnegative integer j, the map (z, x, €) +> c(z)a(2) 5 (2, €) 
is holomorphic in z and the map z ++ (c(z))4(,..; is a continuous 
map from W to C?*(T*U) in the standard topology on C~(T*U). 

3. For N > 0, the truncated kernel 


K (z) (s, y) = | e (79 (z) yy (z, £)d£ 


zU 


aile. differentiable in z 
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defines a holomorphic map W — C*UD(U x U),z œ K(z)U? for 
some k(N) with limyoo k(N) = oo. 


A family A(z) € Cl(M, E) of classical VDOs is holomorphic for z € W c C 
if it is defined in any local trivialization by a holomorphic family of classical 
symbols c4(j. 


The cut-off integral f,...,,trzo(z)(x, €)d€ is defined whenever the order a(z) 
is nonintegral. The following extends results of Kontsevich-Vishik on the 
explicit Laurent expansions of holomorphic families [PS, Thm. 2.4]. 


Proposition 2.2. Let c(z) be a holomorphic family of classical symbols 
on an open set U C R” of linear order a(z) = o'(0) z - o(0) with o/(0) £ 
0. Then the map z > Ffrsytt2o(z)(z, £)d€ is meromorphic with Laurent 
expansion at z = 0 given by 


1 1 
Joe o = -Œ , e«t) E 


K zk 
» k! (f, er (Oa, 6d 


k 


a’ 

+ 

aena (k+1) 
a (0)(k + 1) hu ° Dr) 


+0(z*), 


for K 2 0. 


Applying this to the symbols c4(;; of a holomorphic family A(z) of 
classical VYDOs, taking the fibrewise trace and replacing U by M via a 
partition of the unity provides an analogous formula for the first k4- 1 terms 
of the Laurent expansion around 0 of wxy(A(z))(x) defined by (4) with A 
replaced by A(z) and hence, after integration over M , of the canonical trace 


TR(A(2)). 


Remark 2.1. (i) Even though o(z) is a classical symbol, a (9 (0) need not 
be [PS]. 

(ii) Since vxv(A(z)(x)dz = (Firs atts a (2, €) d£) dr defines 
a global form, the coefficient of z* in the Laurent expansion of 


wxv(A(z))(z)dz also gives rise to a global form. 
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(iii) For a classical VDO A of order a, the operator A(z) = AQ,” defines 
a holomorphic family of classical VDOs of order a(z) = —qz +a. From 
Proposition 2.2, we recover the well known result relating the Wodzicki 
residue to a complex residue: 


1 
Res,zowxv(AQ" ?)(z) = E (6) 
which after integration over M yields 
1 
Res;,-oTR(AQ 7?) = "DAE 


If A is a differential operator, Fp. ,,tr;o (0)(x, €)dE = fire ,,trzc (oy (a, EdE 
vanishes. Therefore ( Iss tts (9 (0))..; (z,£)) d£dx defines a global form, 
whose integral is —res (A log, Q) [PS]. 


2.4. Weighted traces 


For a weight Q with spectral cut and a nonnegative integer k, set 


k 
A*(M, E) := {}_ Aj log’ Q, Aj € CUM, E), 0< jk). 


j=0 


Operators in A*(M, E) coincide with Lesch’s log-polyhomogeneous opera- 
tors [L]. A*(M, E) is in fact independent of the choice of Q (Ducourtioux 
[D, PS]) and coincides with the class Cl**(M, E) of Lesch [L]. Note that 
A°(M, E) = Cl(M, E). The order of A; log! Q is defined to be the order 
of Aj. 

Cut-off integrals extend [L] to symbols of operators in A*(M, E), once 
(2) is extended to include the terms d,,; log? R,j = 1,...,k +1. As 
for classical operators, for a noninteger order A € A*, wxy(A)(xz) dz := 
Fr- us (0 (A) (2, €) dé defines a global form, and one can define the canon- 
ical trace TR(A) by (5). The linear functional TR is cyclic: 


for all A € A*(M, E), B € AJ (M, E), 


TRA BI) —0,... (A) Ford B) e Z. (7) 


Weighted traces are defined by the finite part in the Laurent expansion 
of the canonical trace of a holomorphic family; this is in contrast to the 
Wodzicki residue, which occurs as the residue in the Laurent expansion. 
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Definition 2.3. For A € A*(M, E), the Q-weighted trace of A is 


tr? (A) := fp, 9TR(AQ"?) + tr(ATlg) 
k 
; = aj 
:= lim | TR(AQ-*) - $7 eal + tr(AIlg), 
j-0 


where a;4. is the residue of TR(AQ~*) of order j + 1. 


The existence of the Laurent expansion is known [L]. As usual, this 
definition depends on a choice of spectral cut for Q. For A € CHM, E), the 
weighted trace can also be defined by the finite part of tr( AQ" ?), where tr is 
the ordinary operator trace. Indeed, for Re(2) > 0, AQ~? is trace-class, in 
which case TR(AQ~*) = tr(AQ"?). The known meromorphic continuation 
of the right hand side (Grubb and Seeley [GS]) gives the equivalence of 
the two definitions. We prefer our current definition of the weighted trace, 
since TR(AQ~*) is well defined outside a countable set of poles, and hence 
does not require a meromorphic continuation. 

Weighted traces do not have the local properties of the Wodzicki residue 
in general. For example, a formally self-adjoint, positive order, invertible 
elliptic operator A € Cé(M, E) is admissible with Agmon angle 0 = 5, 
as is its modulus |A| := V A*A, which has positive leading symbol. Then 
A|A|-! € C«(M, E), and we can set 


na(z) = TR (A|A| ^1). 
The 7-invariant of A is given by its finite part: 
na(0) := tr (ALA|7), (8) 
which is not local in general. 


Remark 2.2. The map z + 7,(z) is holomorphic at z = 0 since the Wodz- 
icki residue of a VDO projection such as res(A|A|~!) vanishes. It follows 
that n4(0) = tr^(A|A|-1), i.e. the 7-invariant can be defined using the 
easier A as a weight (Cardona, Ducourtioux and Paycha [CDP], Prop. 1). 


For differential operators A, res(A log Q) is well defined [PS], Thm. 3.7, 
and 


t? (A) = —Tres(A log Q) = -f res; (A log Q)dz. (9) 
M 
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In this case, tr?(A) has a partial locality as an integral of g_,(A log Q). 
In particular, for A = I we have 


tr? (I) = -cresog Q), (10) 


an expression related to the exotic determinant det,,,(Q) = ere*(o£ 9? [Sc] 
(and references therein). In turn, 


1? (I) — tr(Ig) = co(0), (11) 


where the zeta function is given by the usual meromorphic continuation of 


Cq(z) = TR(Q~*) = tr(Q^*), 


which is well defined for Re(z) > 7 (n = dim(M), q = ord(Q) > 0). 
Since the Wodzicki residue vanishes for differential operators Q, ¢q(z) 
is holomorphic at z = 0, and an easy computation yields 


¢Q(0) = —tr? (log Q) (12) 


for an invertible weight Q. 


In summary, the key spectral invariants 74(0), Q (0), <o (0) all occur as 
weighted traces. 
The following proposition will be used in §2. 


Proposition 2.3. Let A € Cl(M, E) and let Q be an invertible weight. 
We have the Laurent expansion 


J 


TR(AQ™) = 59) , Sf -E ue (A log? Q) zi + 0(2”). 


j=0 








Proof. By Remark 2.1, the map z ++ TR(AQ~*) is meromorphic with a 
simple pole at z = 0 with residue ERA) so 


TR(AQ^?) = 





J 
rest) + Y2a4(4,Q) 2  o(27). 
j-0 


Since Laurent expansions can be differentiated term by term away from 
their poles, we obtain 


ti? (A log’ Q) = fp, ,TR(A log’ Q Q~*) = (—1)! fp, .; (O]TR(AQ"?)) 
= (71)! j!aj(A, Q). o 
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Remark 2.3. z + TR(A log’ QQ-7) has a Laurent expansion [L] with 
poles of order at most j + 1: 


ipo-n — © b(AQ) | ve i k 
TR(A log! QQ?) = SIA + S aja(A, Q) 24 + 0(24). 
l=1 i-0 
The a and b coefficients are related. For example, the identity 


0,TR(A log? QQ-7?) = —TR(A log Qi*1Q-7) implies 


054146 = —(i + l)a4 i1 (A, Q),  0541,41(A, Q) = 105 1(A, Q). 


2.5. Differentiable families of canonical traces 


The definition of a C* differentiable family of classical symbols is completely 
analogous to the the holomorphic definition. Namely, the one-parameter 
family of symbols t + o;,t € R, with o; defined on an open set U C 
R^, is C* for a fixed k € Z* if (i) the order o, of c, is CF in t, (ii) 
each homogeneous component Gta, —;(2,£) is OF in t, (iii) for N >> 0 and 
KO (x,y) the truncated kernel, the map U > CKM), t o KO) (a, y) 
is C^ for some K(N) with limy.K(N) = oo. A family t > A; of 
classical VDOs is C* if it is defined in any local trivialization by C^ family 
of symbols. 


Remark 2.4. By (iii), for a C^ family t > c, the map t + (øt) is also 
C* in C^*(T*U), and then by (ii), the family t c, is C* in the usual 
sense. As a consequence, for a C* family t + o; and for any compact 
set K C T*U, t + |aFoi||k :— SUP. eje xlOt es (a, €)| is continuous and 
hence uniformly bounded on any interval [to ~ 7, to + n], n > 0, as are the 
homogeneous components (2:), .. jp with a = œ+. Moreover, the minus one 
order symbol (|£| + 1)"-e (akot) wy) (z,£) is bounded on T*U and gives 
rise to a continuous map 


te» (I 7*0 (ao) uy linge 
= sUPgerzu ((IEl - 1791 (afos) uu, (2, 6)1) - 
Hence (|é) + 1)"-*| (8801), 
1, to +n] by a constant Cto, (v). Therefore, for fixed z the map € +> 


| (fot) yy (2, £)| is bounded above by a map € ++ Cig ny (I| + [yeu 
which lies in L'(T7U) for N > 0. 


| is uniformly bounded above on [to — 
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This remark implies that the cut-off integral and the canonical trace 
commute with differentiation as long as the symbols and operators have 
constant noninteger order. 


'Theorem 2.1. 


1. Lett —— o, be a C! family of symbols on U with constant noninteger 
order a. Then 


d ! 
En trzot(x, E) d£ -f trzói(z, €), 
dt T*U TzU 


where t = 2. 
2. Let t 9 A; € Cl(M, E) be a C! family of constant noninteger order 
operators. Then 


d " 
Gerla) = TR(À)). (13) 


3. Assume that for fixed t, z +» o4(z) is a holomorphic family of 
classical symbols on U parametrized by z € W C C with holo- 
morphic order a(z) independent of t and that t +» oci(z) is a 
C? family for fired z € W. Then z > fosytreoe(z)(a, €) dé 
and z œ> Fr ytrade(z)(a, €) d are meromorphic in z, and the 
Laurent expansion of Fry ttxot(2)(2, €) d£ around z = Q is ob- 
tained by term by term t-differentiation of the Laurent expansion of 
Frey tteoe(2)(a, €) d£. 

4. Assume that for fired t, z œ> A(z) € CIM, E) defines a holomorphic 
family on W C C with holomorphic order a(z) independent of t, and 
assume that t ++ OF|,-oA,(z) is a C! family for k € Z?9. Then 
z  TR(A(z)) and z œ TR(A;(z)) are meromorphic in z, and the 
Laurent expansion of TR(A;(z)) around z = 0 is obtained by term 
by term t-differentiation of the Laurent expansion of TR(A;(z)). 


Proof. 1. Once we justify pushing the derivative past the integral, by (3) 
(and noting that we may choose N independent of t by our assumption on 


Conformal anomalies via canonical traces 279 
a(z)), we have 


di a £) d£ 


d dX 
== [.,* (04) wy (2, €) dE + à; |, , "n (Ot) q_; (a, €) dé 


+— - 
j=0,a—j+n#0 Sed 


" d i = d ; 
= i qus (0%) wy (2, €) d£ + 2 ve) utra (Ft); (z, £) dÈ 


+ : 
at+tn-j 


j=0,a—j+n40 


= " tro és (rm, £) d£, 
T*U 


Recall that for € € A C R”, to € R and e > O0, if | ~— to] € € 
implies |2f(&,6)| < 9(£) with g € L'(A), then $l fa F(E E) dE = 
fa i|... f(t,£) d£. This applies to the compact subsets A = B*U and 
A = SIU and f(t,£) = tre (ex), .; (z,£) and to A = TZU and f(t,€) = 
tra (ot) yy) (2, €) (where the the required uniform estimates follow from Re- 
mark 2.4 with k — 1). 

2. By 1, 


ài] poy MANOA =f ee AD( 0 d 


=f tolia — Qa) 
T:M 
Since A, has constant order a, A; has order œ modulo integers. Therefore 
À, has noninteger order, so fr Mu so (As), E) d£ ) dz is a global form on 
M and TR(A) = Gay Sug d£ Fr- ptt (À) (m, £) dé is well defined. Since 
TR(A) = Gi Sng dx fr: mtIz0(A)(z, £) dé, integrating (14) over M yields 
(13). 

4. We now prove 4, leaving the similar proof of 3 to the reader. If A,(z) 
has noninteger order, by 2 


STRA, (z)) = TR(A;(z)) 
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except at the poles, so this is an equality of meromorphic functions. By 
Proposition 2.2, the coefficients of the Laurent expansion on either side can 
be expressed in terms of the cut-off integral of trao (O5 A;(z)|z=0) (resp. 
treo (ð! A;(z)|z=0)) on T*U and ordinary integrals over compact sets of the 
—n component of trzOjo(A;(z))|, , (resp. trz0Z0(At(z))|,-9)) j € Z2°. 
As above t+» (OF A;(z)) l-o is C1, so we can push the derivative past the 
integral as desired. a 


Let h: W C C 2 R be aC! map such that 
BO) Uso) E a: J h'(A) (A — A) dÀ 
2T Co 


takes any weight A to h(A),h’(A) € Cé(M,E). Here 0 is an Agmon an- 
gle for A and C$ is the associated contour (where we assume Cg C W). 
Examples of such maps are 

z z 


h(z- —, W=R*; A(z)=28, W=C; h(z- z 


W -R*. 
Iz] 


for fixed c € R. 


Proposition 2.4. Let t — A, be a differentiable family of weights of con- 
stant noninteger order and with common Agmon angle. Then 


“TR (h(A) A7*) = TR (hA) À, A;*) — zTR (h(A) A, Ap) 
(15) 
This is equivalent to the following set of equations: 
d : f 
Fares (h(Ar)) = res (^ (At) A.) ; (16) 


d À ; 
qu^ (AD) = tr^ (h^ (A) À) = tres (ht) A, Aj) (17) 
Dir (h( Az) log? Ay) = tr^ (hA) Ar log? A) 


it^: (hGA) Ay Ay? log? Ar) — (18) 


for j € Z*. 
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Proof. Applying Theorem 2.1 gives the following equalities of meromor- 
phic functions: 


GIR (MA) Ar?) = TR (S (04) c7) (19) 


) 
a) 


35 SIR ME h(A) (Ap — A)T} Ay (At — A)7! dA A) 


- TR (5 (h(At)) A") 4 TR (may 


-TR (may) JE AW? (A, — A) Ay (Ay — A)? ax) 


= -ŻTR QUA h(A) (Ae — 2)? ax) År A) 
- TR (may) ( F , AT? (Ai X) aa) å) (20) 
= TR (ce h' (X) (4i — ay a) Ay Ar") 


-=TR (rao ( 1 : A787 (A, — A)! ax) A) (21) 
=TR (n'(A:) A A?) — zTR (hA) ut) À) 
- TR (hA) A, A;*) — zTR (h(AQ Å A) (22) 


In (20), (22), we use the cyclicity of TR on noninteger order operators, 
and in (21) we use integration by parts. This proves (15). 

By Theorem 2.1.3, the Laurent expansion of {TR (A(A:) Ay”) is the 
term by term derivative of the Laurent expansion of TR (h(A;) A; ^) . The 
rest of the Proposition then follows from identifying the coefficients in the 
Laurent expansions in (15) and using Proposition 2.3. a 


3. Conformal invariants and anomalies 


In this part of the paper, we use canonical traces to build functionals of 
conformally covariant operators and study their conformal properties. 


3.1. The conformal anomaly and associated two-tensor 


Let M be a closed Riemannian manifold and Met(M) denote the space of 
Riemannian metrics on M. Met(M) is trivially a Fréchet manifold as the 


282 Sylvie Paycha and Steven Rosenberg 


open cone of positive definite symmetric (covariant) two-tensors inside the 
Fréchet space 

C^? (T*M 8s T*M) := {h e C?(T*M & T* M) : hay = hy) 
of all smooth symmetric two-tensors. The Weyl group W(M) := {ef : f € 
C™(M)} acts smoothly on Met(M) by Wey] transformations 

W(g, f) ^ g :— eg, 

and given a reference metric g € Met(M), a functional F : Met(M) — C 
induces a map 


Fy =FoW(g,-):C°(M) >C, f (eg). 


Definition 3.1. A functional F on Met(M) is conformally invariant for a 
reference metric g if F, is constant on a conformal class, i.e. 


F(e4g)=F(g) forall f € C®(M). 


A functional F on Met(M) is conformally invariant if it is conformally 
invariant for all reference metrics. A functional F : Met(M) x M — C is 
called a pointwise conformal covariant of weight w if 


F(e49,2)=w-f(x)F(g,x) forall f € C®(M), forall x€ M. 


For conformal covariants, we always assume that F{g, x£) is given by a 
universal formula in the components of g and their derivatives at x. 
For a fixed Riemannian metric g = (gap), C® (M) has the L? metric 


fos Í f(x) f()dvol, (2). 


This extends to the L? metric on Met(M) given by 
(h, k)g :— [a g^ (2)g" (2) ha(z) kca(7) dvolg(2), (23) 


with (g?*) = (ga5) !. The L? metric induces a weak L?-topology on 
Met(M), and L?(T*M &, T*M), the L?-closure of C°(T*M &, T*M) 
with respect to ( , )5, is independent of the choice of g up to Hilbert space 
isomorphism. The choice of a reference metric yields the inner product 
(23) on the tangent space T,Met(M) = C?*(T*M &, T*M), giving the 
weak L? Riemannian metric on Met(M), and forming the completion of 
each tangent space. 
The metric g allows us to contract a two-tensor via 


trg(h) :— hb = g* Pha. 
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The various inner products are related as follows: 


Lemma 3.1. For g € Met(M),h € C*(T*M @, T*M) and f € C*(M), 


we have 
(h, f g)g m (trg(h), B . 
Proof. We have 


(fd), = a Fla) g (2g (2) has (2) geala) dvolg() 


2 A f(2) g^* (2) hax (2) dvol, (z) 
= (tr9(h), f), o 


A functional F : Met(M) — C which is Fréchet differentiable has a 
differential 


dF(g) : TyMet(M) = C*(T*M &, T*M) ^ C, 


d F(g + th) — Flg) 

dt |r=0 t ` 

For such an F, the differentiability of the Weyl map implies that the 
composition F, : C°(M) — C is differentiable at 0 with differential 
d£,(0) : ToC®(M) = C” (M) > C. 


dF(g).h := 


Definition 3.2. The conformal anomaly for the reference metric g of a 
differentiable functional F on Met(M) is dF,(0). In physics notation, the 
conformal anomaly in the direction f € C9? (M) is 


ôs Fg := dF,(0).f = dF(g).2f g 


us Fg t+ 2tfg)-Flg) d otf 
m QE d: 

Remark 3.1. F is conformally invariant if and only if d¥,(0).f = 0 for 
all g € Met(M), f € C*(M). 


If the differential dF(g) : C°(T*M @, T*M) — C extends to a con- 
tinuous functional dF (g) : L'(T*M 8s T* M) 9 C, then by Riesz's lemma 
there is a unique two-tensor T,(F) with 





df(g).h-(h,T,(£),, for all h € L?(T*M @, T*M). 
T, (.) is precisely the L? gradient of F at g. 
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Proposition 3.1. Let be a functional on Met(M) which is differentiable 
at the metric g and whose differential dF(g) extends to a continuous func- 
tional dF(g) : L'(T*M 8s T*M) — C. Then the differential dF,(0) also 
extends to a continuous functional d-,(0) : L?(M) — C. Identifying the 
conformal anomaly at g with a function in L?(M), we have 








d£,(0) = 2tr, (T,(F)). 


In particular, the functional F is conformally invariant iff tr, (15(.7)) = 0 
for all metrics g. 


Proof. The differential d(7,)o extends to a continuous functional because 


dF (0).f = dF(g)(2f 9) > 4F,(0).f = dF(g).2f 9 
By Lemma 3.1, 


dF 4(0).f = dF(g).2f 9 = (T9(7),2f 9)g = 2 (trg(To(F)), f), > 


as desired. D 


Definition 3.3. Under the assumptions of the Proposition, the function 
LH) OF :— 2trg (T5(7)) (x) 

is called the local anomaly of the functional F at the reference metric g. 

Example 3.1. In field theory, for a classical action .A on a configuration 

space Conf(M) with respect to a background metric g, A: à =œ A(g)(@), 

where Conf(M) is usually a space of tensors on M, the associated two- 

tensor 7,(.ÀA) is called the stress-energy momentum tensor. In the path 


integral approach to quantum field theory, the effective action YV(g) is the 
average over the configuration space of the exponentiated classical action 


W(g) = (A(g)) := —log(e ^9), 
where 


pe F(¢) Do 
Conf(M) 


is the average of F over the fields ¢ with respect to some heuristic volume 
measure Do on Conf(M). The associated two-tensor T,(W) is interpreted 
as the quantized stress-energy momentum tensor and denoted by 


T,(W) = Ty ((A)) . 


Conformal anomalies via canonical traces 285 


The local conformal anomaly associated to dA,(f) = 2 (try (T, (A)), f), is 
defined to be [Du] 


trgTy ((A)) — (tro T9 (A)). 


If the classical action is conformally invariant, as in string theory, 
trgT,(A) = 0 and the local conformal anomaly reduces to trgT, ((A)). 

In general, the classical action is quadratic: A(g)(ġ) = (A59, $)5, where 
(4, :)g is the inner product on the tensor fields ¢ induced by the metric g. 
Ag is a geometric differential operator, i.e. an operator depending smoothly 
on the metric g (via the curvature, for example). For bosonic strings, the 
fields are R¢-valued smooth functions on a Riemann surface M, and A, is 
the Laplace-Beltrami operator. As pointed out in the introduction, even if 
A(g) is conformally invariant, Ag is usually only conformally covariant. 


3.2. Conformally covariant operators 

Given a vector bundle E over a closed manifold M, we consider maps 
Met(M)  CI(M, E), g= Ag. 

Definition 3.4. The operator A, € Cl(M, E) associated to a Riemannian 


metric g is conformally covariant of bidegree (a,b) if the pointwise scaling 
of the metric 9 = e?f g, for f € C°(M,R) yields 


Ag = eM A ef = edf Aj, for A, := eS A, ef, (24) 
for constants a,b c R. 


We survey known conformally covariant differential and pseudodifferen- 
tial operators; more details are in Chang [C]. 


Operators of order 1. (Hitchin [H]) For M" spin, the Dirac operator 


D, := yf - V? is a conformally covariant operator of bidegree (25+, 24+). 


Operators of order 2. If dim(M) — 2, the Laplace-Beltrami operator 
Ag is conformally covariant of bidegree (0,2). It is well known that in 
dimension two 


Rz = e? (Ry + 2A, f), (25) 


where Ry is the scalar curvature, and by the Gauss-Bonnet theorem 


7 Rg dvol, = 27x(M), (26) 
M . 
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with the Euler characteristic x(M) (much more than) a conformal invariant. 
On a Riemannian manifold of dimension n, the Yamabe operator, also 
called the conformal Laplacian, 


Lg := Ag + cn Rg, 
is a conformally covariant operator of bidegree (*72, 212), where c, := 
~2 
qe) 
Operators of order 4. (Paneitz [Pa, BO]) In dimension n, the Paneitz 
operators 


P? := PP + (n — 4)Q? 


are conformally covariant scalar operators of bidegree (254, r44), Here 


Pn := A? + d* ((n — 2) Jo g — 4Ap') d with 

DRE a, = Pi He, da, 
?" 92(n-1)'  ? n—2 n^ 
Ag: the homomorphism on T*M given by ó = ($i) > (A9) $;, and 
n n J2 -AlAgl 2A, Jg . , : 

Qj = —*+—7 is Branson's Q-curvature [B1], a local scalar in- 

variant that is a polynomial in the coefficients of the metric tensor and 

its inverse, the scalar curvature and the Christoffel symbols. Note that 

A, = 1J, g precisely when g is Einstein. 


The Q-curvature generalizes the scalar curvature Rọ in the following 
sense. On a 4-manifold, we have 


Qj =e (Qr Pir) 


(cf. (25)), and fi, Qidvol, is à conformal invariant (cf. (26)), as is 
Su Q5 dvolg in even dimensions [B2]. 


Operators of order 2k. (Graham, Jenne, Mason and Sparling [GJMS]) 
Fix k € Zt and assume either n is odd or k < m. There are con- 
formally covariant (self-adjoint) scalar differential operators P7, of bide- 
gree (252%, 242%) such that the leading part of P7, is AŻ and such that 
P7. = Af on R” with the Euclidean metric. 

P7, generalizes Př, since P? = P7, and satisfies 


g,k 
n — 2k 
2 





Py = Pp + Qj 
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where Pr = d*S7d for a natural differential operator 57 on 1-forms. 
Note that P7, has bidegree (a,b) with b — a = 2k independent of the 
dimension and in particular has bidegree (0, 2k) in dimension 2k. 


Pseudodifferential Operators. (Branson and Gover [BG], Petersen [Pe]) 
Peterson has constructed VDOs, P?,,k € C, of order 2Re(k) and bidgree 
((n — 2k)/2, (n + 2k)/2) on manifolds of dimension n > 3 with the prop- 
erty that P7, — e ^f Pe af is a smoothing operator. Thus any conformal 
covariant built from the total symbol of P7, is a conformal covariant of 
Prik itself. The family P7, contains the previously discovered conformally 
covariant WDOs associated to conformal boundary value problems [BG]. 


3.3. A hierarchy of functionals and their conformal 
anomalies 


Since the known conformal invariants for conformally covariant operators 
Ag 
Ca, (0) = tr“9(I), logdet¢(A,) = tr^? (log Ag), TA, = tr^» (A, |A|) 
arise as weighted/canonical traces by (8), (11), (12), it is natural to look for 
a general prescription to derive conformal invariants from canonical traces. 
Let Ag € CI(M, E) be an operator associated to a Riemannian metric 
gon M. For f € C®(M,R), set g, := e?ftg,t € R, and set A, = Ag. 
We always assume that the map g — Ag is smooth in the appropriate 
topologies, so that A; is automatically a smooth curve in Cé(M, E). 
Lemma 3.2. A, € C/(M, E) is conformally covariant of bidegree (a,b) if 
and only if for all f € C™(M,R), 


At = (a — b) f A; —a[f, Ai]. (27) 
Proof. This follows from differentiating (24) applied to the family gq. O 


Theorem 3.1. Let Aj be a conformally covariant weight of bidegree (a, b) 
and whose order a and spectral cut 0 are independent of the metric g. The 
meromorphic map 


Fr(g) : z 9 TR (h(A5) A7?) 
has conformal anomaly 
6;TR (h(Ag) A7?) = (a — b) TR (f (A5) A; **) 
—z(a—b)TR(fh(4g)4z*) (28) 
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as an identity of meromorphic functions. 
This is equivalent to the following system of equations. 


1. The conformal anomaly of res(h(Ag)): 
dpres(h(A,)) = (a — b) res ( f h' (Ag) Ag). (29) 
2. The conformal anomaly of tr49(h(Ag)): 


bytrs (h(Ag)) = (a — b) tr^” (FW (A5) Ag) + E 





res(f h(Ag)), 
(30) 
3. The conformal anomaly of tr49(h(A,) log! Ag) for j € Zt: 


óptr^* (h(Ag) log? Aj) 
= (a — b) tr^» (f h' (Ag) Ag log? Ag) (31) 
+j (a — b) trê» (f h(Ag) log?! Ay) . 


Proof. Equations (28), (29),(30), (31) follow from (15), (16), (17), (18), 
respectively. In the computation, we use the cyclicity of TR on noninteger 
order operators, which eliminates the second term on the right hand side 
of (27). oO 


We collect these formulas for special choices of h. We assume A, and 
hence Ag is invertible. This allows us to ignore terms depending on the 
kernel of A,, which can be easily treated as in the proof of part 1 below. 
All invariants and covariants are understood to be conformal. 


Corollary 3.1. We have the following conformal anomalies for confor- 
mally covariant weights Ag of order a: 


1. Anomalies associated to h = 1: 


65CA,(0) = ógtr^» (I) = 0, 
sch, (0) = —órtr^* (log Ag) = —(a — b)tr49(f). (32) 


Hence QA,(0) = —+res(log Ag) is an invariant. Ca, (0) has local 
anomaly abres, (log Ag) and is an invariant whenever res, (log Aj) 
vanishes for all x € M. 


Conformal anomalies via canonical traces 289 


2. Anomalies associated to h(A) = A: 
dsres(Ag) = (a — b)res(fAg), 
órtr^* (A5) = (a — b)tr49(fAg) + 


dstr4s (Ag log Ag) = (a — b)tr49(f Ag log Ay) 
+(a — b)tr49(f Ag). (34) 


b—a 





res(f A4), (33) 


res; (Ag) is a pointwise covariant of weight a—b. If Ag is a differential 
operator, then res; (Ag) vanishes and tr49(Ag) = — Ires(A, log Ag) 
has local anomaly given by bares, (Ag log Ag). 

3. Anomalies associated to h(A) = A*,c € R: assuming Ag is admissible 
for fixed c, we have 


dgres(AS) = c(a — b)res(f AS), 
b—a 


ójtr^* (A9) = c(a — b)tr^» (f AS) + E 





res( f A$). (35) 


If AÇ is a differential operator (in particular, if Ag is differential and 
c € Z*), then res,(A§) vanishes and tr4s (A9) = —Lres(A$ log Ag) 
has local anomaly given by et- d res, (AS log Aj). 

4. Anomalies associated to h(A) = A/|A| and invertible Ag: 





dytx*4(Ag/\Agl) ~ “res ( F745). (36) 


Proof. Much of the Corollary follows immediately from the Theorem. In 
1, the invariance of res; (log A,) follows from (10). The last statement 
follows from tr49(f) = — tres( flog Ag) (9), since multiplication by f is 
a differential operator, and (12). If Ker(A) is nontrivial, ¢4,(0) is still 
a conformal invariant: by (11), (32), the new terms cause no trouble, as 
tr(II4) = dim(Ker A) is a conformal invariant and res(J) = 0. 

For the statement about res,(Ag) in 2, if ọ is a smooth function on M, 
then $ - A, is conformally covariant if A, is. By (33), 


s, fa) (I 


trao -4(Ag)(o, o) dx 
¿M 


= éjres(ó - Ag) = (a — b)res( f - Ø - Ag) 


= (a - 6) "A f(z)&(z) ( j: Gne oc dz. 
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Letting ¢@ approach a delta function at x and using the compactness of M 
to push this limit past p gives 


órresz; (A5) = (a — b) f (x)resz(A;). 


The last statement in 2 follows as in the proof of 1 from tr49(A,) 
—ires(Ajlog Ay). In 3, the last statement follows from tr^»(f Ac) = 
—ires(f AS log Ay). p] 


Remark 3.2. The conformal anomaly in string theory boils down to a fi- 
nite linear combination of local conformal anomalies b-a res, (log Ag) where 
the A, are Laplacians on forms. Their bidegree involves the dimension 
of spacetime, so this local conformal anomaly vanishes for a certain well 
chosen dimension. 


As stated in the introduction, the Corollary and the Laurent expan- 
sion of Theorem 3.1 provide a natural hierarchy among these invari- 
ants/covariants. The most divergent term in the Laurent expansion is a 
conformal invariant; if this global invariant vanishes in a particular case, 
then the new “most divergent” term, if it is of the form fy Z(g, x)dvolg(z), 
tends to give rise to a local conformal anomaly proportional to Z(g, x). This 
is confirmed by the more refined analysis for weights with nonnegative lead- 
ing order symbol, i.e. weights with smoothing heat kernels. 


Lemma 3.3. Let Ag be a weight of order a with nonnegative leading symbol 
and let the heat kernel for A = Ag have the asymptotic expansion [GS] 


oo 


m oo oo 
trzea(€, 2,2) ~ You 2e M b. (A, x)e* log e > ce(A, x)e*. (37) 


j=0 k=0 £-1 
Then 
(-1)**!klab.(A, x), k € Z29, 


TES, (A^) = (38) 
TÉ antar(A, x), ke Zi, 


with the understanding that anak =.0 if ak ¢ Z. In particular, resz(A) = 
ab, (A, x). 


The last sum in (37) appears only if (j — n)/a is never integral. In 
particular, this sum does not appear if Ag is a differential operator. 
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Proof. Setting ¢4(z, £) := wxy(A~*)(x) we have 


1 k 
Res,-.&CA(2, x) = Res,~owxyv(A~7**)(z) = "age = e 
since a(z) = a(—z + k) (see (4), (6)), where we use the same symbol for 
an operator and its kernel and assume A is invertible for simplicity. Let us 
compute this complex residue. We have 


1 it z—1 
GA(z, 2) = raf t^ trzea(t, z, x)dt 


1 : V imo QNS 
^ A P11 S aj(A x) b(A, z)t*logt 
k=0 


j=0 


co 1 oo 
* 5 ce( A, a) dt + T) i, t?ltrpea(t, x, x)dt. 
£—0 


Since the last term is analytic in z, an easy integration on the first term 
yields the result. In particular, res,;(A) = aby. o 


To state the final theorem, let the kernel &(e, z, y) of Ae-*!^! have the 
asymptotic expansion 


oo NUN oo oo 
tr;é&(e, m, x) ~ > ăj(A, zr) a + J bp (A, x)e log e + ` &(A, z)e*. 
j=0 k=0 £—1 


Set aj(4) = fy a;(A, x)dvolg (x), etc. 


Theorem 3.2. Let A = A, be a conformally covariant weight of bidegree 
(a, b), with nonnegative leading order symbol, and whose order a is inde- 
pendent of the metric g. 


1. a4 (A) + co( A) is a conformal invariant. 
2. We have 


ôp logdet ¿A = —ó; (x)CA (0) 
= (a - 5) f, f(t) (as (A, £) + co( 4, ©) dvolg (2), 


so log det; (A) has local conformal anomaly given by (b—a)(an(A, x)+ 
co(A,x)). In particular, det; A is a conformal invariant if A is a 
differential operator and dim(M) is odd. 

3. bı(A, x) is a a pointwise conformal covariant of weight a — b. 

4. an—a(A, X) is a pointwise conformal covariant of weight b — a. 
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5. We have 


ptr (A) 

= —ór(e1(4) + an+a(A)) 

= (b— o) f f(z) [c1 (A, z) + ano (A, x) — bı (A, x)] dvol,(z), 
M 


so that tr^(A) has a local conformal anomaly given by (b — 
a) (cı(A, 2) + an+al( A, £) — b1(A, x)) (with the understanding that 
On4o(À, x) = 0 ifa d Z, and ci(A,x) = 0 if A is differential). In 
particular, if A is a differential operator, then tr4(A) has a local con- 
formal anomaly given by (b — a)a44 4 (AÀ,x), and if A is a noninteger 
order VDO, it has a local conformal anomaly given by (b—a)cı (A, x). 

6. The results of 5 generalize to tr4(A*) fork € Z*, replacing c by cr, 
anta by ec bı by bk, and (a — b) by k(a — b). 

7. d¢na(0) = 2=res (tr) = —(b — a) fy, f()Gn(A, £). In particular, 
na(0) is a ee invariant if n and a have opposite parity. 


Proof. 1. This follows from the first point in Corollary 3.1 and the fact 
that ¢4(0) = an(A) + co(A). 

2. This follows from (12), (32), and the fact that tr4(f) = 
Sur f(x) (an(A, x) - co(A, x)). It is well known that only the eh = terms 
in the heat kernel asymptotics are nonzero for differential operators, so 
a4(À, x) = 0 in odd dimensions. 

3. This was shown in the second point of Corollary 3.1. 

4. If A is conformally covariant, so is A~!. The result now follows from 
3 applied to c = —1, which yields ójres(A !) = (b — a)res(f A^ !), and the 
Lemma. 

5. trá(fA) = Eput Arn) is the finite part of tr(f Ae ^*^) = 
—d.tr(fe~“) as € — 0, so tr^(f A) = — f, f(x) (ansa (A, x) + c1(A,2)). 
The first statement now follows from the ond equation in (33) and the 
fact that tres, (A) = —bı (4, x) (38). If A is a differential operator, then cı 
is replaced by an+a and res;(f A) = 0. If A is a non-integral order VDO, 
then again res;(f A) = 0. 

6. By the first equation in (35), dsres(A*) = k(a — b)res(f AF), k € Zt. 
The results for b, follow as in 5, using (38). We can use the second equation 
in (35) and tr4(fA*) = (—1)f.p.,.90*tr(fe-*4) to prove the result for the 
a and c coefficients. 

7. The first equality follows from (36) and Remark 2.2. For the second 
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equality, we have 
res(A/|A]) = res,—otr(ALA| !|A| ?) = ress; tr(A|A]~°). 


Using the pointwise version of the Mellin transform A|A|^5 = 
DT(s)7! fo" t*-14e-'l4ldt as in the Lemma, we get res (^) = -(b- 
a) fy f()Gn(A, x). The last statement follows from a careful computa- 
tion [R] (Prop. 3) of the the residue of A/|A|. Note that since |A| has 
nonnegative symbol, this restriction on the symbol of A can be dropped 
here. D 


Remark 3.3. (i) 1, 2, and 4 are known for the conformal Laplacian [BO, 
PR]. 3 is new to our knowledge. Related results for contact geometry are 
in Ponge [Pon]. 

(ii) The results above involving Wodzicki residues can be proved directly, 
where the cyclicity is valid for all order operators. 
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Dedicated to Krzysztof P. Wojciechowski on his 50th birthday from his co-authors 


The analytic approach to spectral flow is about ten years old. In that time it has 
evolved to cover an ever wider range of examples. 'The most critical extension was 
to replace Fredholm operators in the classical sense by Breuer-Fredholm opera- 
tors in a semifinite von Neumann algebra. The latter have continuous spectrum 
so that the notion of spectral flow turns out to be rather more difficult to deal 
with. However quite remarkably there is a uniform approach in which the proofs 
do not depend on discreteness of the spectrum of the operators in question. The 
first part of this paper gives a brief account of this theory extending and refining 
earlier results. It is then applied in the latter parts of the paper to a series of 
examples. One of the most powerful tools is an integral formula for spectral flow 
first analysed in the classical setting by Getzler and extended to Breuer-Fredholm 
operators by some of the current authors. This integral formula was known for 
Dirac operators in a variety of forms ever since the fundamental papers of Atiyah, 
Patodi and Singer. One of the purposes of this exposition is to make contact with 
this early work so that one can understand the recent developments in a proper 
historical context. In addition we show how to derive these spectral flow formulae 
in the setting of Dirac operators on (non-compact) covering spaces of a compact 
spin manifold using the adiabatic method. 'This answers a question of Mathai 
connecting Atiyah's L?-index theorem to our analytic spectral flow. Finally we 
relate our work to that of Coburn, Douglas, Schaeffer and Singer on Toeplitz op- 
erators with almost periodic symbol. We generalise their work to cover the case of 
matrix valued almost periodic symbols on RN using some ideas of Shubin. This 
provides us with an opportunity to describe the deepest part of the theory namely 
the semifinite local index theorem in noncommutative geometry. 'This theorem, 
which gives a formula for spectral flow was recently proved by some of the present 
authors. It provides a far-reaching generalisation of the original 1995 result of 
Connes and Moscovici. 


2000 Mathematics Subject Classification. Primary 19K56; Secondary 58J20, 
46L80, 58J30 


1. Introduction 


Spectral flow is normally associated with paths of operators with discrete 
spectrum such as Dirac operators on compact manifolds. Even then it is 
only in the last decade that analytic definitions have been introduced (pre- 
viously the definitions were topological). Recently it has been discovered 
that if one takes an analytic approach to spectral flow then one can handle 
examples where the operators may have zero in the continuous spectrum. 
The aim of this article is to give a discussion of spectral flow in as general 
an analytic setting as is currently feasible. In fact we consider unbounded 
operators affiliated to a semifinite von Neumann algebra and give examples 
where the phenomenon of spectral flow for paths of such operators occurs 
quite naturally. There has been a lot published recently on this subject, 
which is rather technical although the ideas can be explained reasonably 
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simply. This article is thus partly a review of this theory aimed at exposing 
these recent results to a wider audience. As the early papers dealt with 
von Neumann algebras with trivial centre (factors) and the more general 
situation of non-trivial centre was only recently completely understood we 
also felt that it was timely to collect the basic definitions and results in one 
place. Moreover we have rounded out the account with some additional 
new results and some carefully chosen illustrative examples. 

The methods we use are motivated by noncommutative geometry how- 
ever our results may be stated without using that language. The novel 
feature of spectral flow for operators affiliated to a general semifinite von 
Neumann algebra is that the operators in question may have zero in their 
continuous spectrum. It is thus rather surprising that spectral flow can 
even be defined in this situation. 

We focus on spectral flow for a continuous path of self adjoint unbounded 
Breuer-Fredholm operators {D(s) = Do + A(s)} for s € [0,1] in the sense 
that A(s) is a norm continuous family of bounded self adjoint operators 
in a fixed semifinite von Neumann algebra M and D(s) is affiliated to M 
for all s € [0,1] (we will elaborate on all of this terminology in subsequent 
Sections). We restrict to the paths of bounded perturbations because the 
analytic theory is complete and many interesting examples exist. The wider 
question of paths where the domain and the Hilbert space H(s), on which 
D(s) is densely defined, varies with s is still under investigation (see the 
article by Furutani [39] for motivation). This situation may arise on mani- 
folds with boundary where one varies the metric and is a difficult problem 
unless one makes very specific assumptions. Àn approach to this question 
has been introduced by Leichtnam and Piazza [45] building on ideas of Dai 
and Zhang [33] which in turn is based on unpublished work of F. Wu. It 
works for Dirac type operators in both the case of closed manifolds and the 
case of (possibly noncompact) covering spaces. This new notion is that of 
spectral section. 

Spectral sections enable one to define spectral flow as an invariant in 
the K-theory of a certain C*-subalgebra of the von Neumann algebras that 
we consider in this article. We have chosen not to discuss it here because, 
although it can handle the case where the space H(s) varies with s we feel 
that the theory is not yet in final form. Moreover it reduces in the von 
Neumann setting to Phillips approach. Another omission is a discussion of 
the topological meaning of spectral flow in the general analytic setting. We 
refer the reader to the work of Getzler [40], Boo8-Bavnbek et al [9], and 
Lesch [47]. 
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While our aim is to put in one place all of the basic ideas we do not 
include complete proofs instead referring where necessary to the literature. 
Thus we start with a summary of Fredholm theory in a general semifinite 
von Neumann algebra M with a fixed faithful semifinite trace r. We refer 
to such operators as ‘r-Breuer-Fredholm’ because we can trace the origins 
of the theory to Breuer [11, 12] but we need to refine his theory to take 
account of non-uniqueness of the trace 7 on a von Neumann algebra with 
non-trivial centre. In this setting we discuss Phillips' analytic approach to 
spectral flow for paths of bounded self adjoint Breuer-Fredholm operators 
in M. Then we include some simple analytic examples that show the theory 
is non-trivial. 

The theory for paths {D(s)}sejo,1] of self adjoint unbounded operators 
proceeds via the map s +» D(s) + D(s)(1+ D(s)?)-17. When {D(s)} 
is à norm-continuous path of perturbations (of the kind considered above) 
of D(0), an unbounded self adjoint r-Breuer-Fredholm operator, then its 
image under this map is a continuous path in the space of bounded self ad- 
joint r-Breuer-Fredholm operators [15]. Although (in the case V = B(H)) 
spectral flow can be defined directly for such paths of unbounded operators 
[9], we can also define spectral flow in terms of the corresponding path of 
bounded self adjoint operators. 

The second half of the paper is about analytic formulae for spectral 
flow that have appeared in the literature. After reviewing these formulae 
we relate them to classical theory via a study of spectral flow of gener- 
alised Dirac operators on compact manifolds without boundary and their 
covering spaces. A question first raised by Mathai [49] is settled by relating 
spectral flow to the L? index theorem. The deepest result in the theory 
is the semifinite local index theorem which we illustrate by application to 
an example of spectral flow for differential operators with almost periodic 
coefficients. This is inspired by work of Shubin [62] who initiated this line 
of enquiry. The generalisation to semifinite von Neumann algebras of the 
local index theorem of Connes and Moscovici [32] was achieved in papers of 
some of the present authors [18, 19] and has other interesting applications 
(not included here) for example see Pask et al [54]. 


2. Preliminaries 
2.1. Notation 


Our basic reference for von Neumann algebras is Dixmier [34] where many 
of the concepts we discuss here are described in detail For the theory 
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of ideals of compact operators in a semifinite von Neumann algebra we 
refer to Fack et al [38] and Dodds et al [35]. Throughout this paper we 
will consider M, a semifinite von Neumann algebra (of type Is or [Ig or 
mixed type) acting on a separable Hilbert space H. We will denote by 7 a 
fixed faithful, normal semifinite trace on A/ (with the usual normalization 
if N is a type I% factor). The norm-closed 2-sided ideal in M generated 
by the projections of finite trace (usually called 7-finite projections) will be 
denoted by X or just Ky to lighten the notation. The quotient algebra 
N/Ky will be denoted by Qw and will be called the (generalized) Calkin 
algebra. We will let m denote the quotient mapping N > Qy. 

We will let F denote the space of all 7-Breuer-Fredholm operators in 


N, ie., 
F — (T EN | x(T) is invertible in Qy}. 


We denote by F°* the space of self adjoint operators in F. The more inter- 
esting part of the space of self adjoint 7-Breuer-Fredholm operators in M 
will be denoted by "2^, i.e., 


FP = {T € F |T = T* and (T) is neither positive nor negative) . 


2.2. Some history 


For N being the algebra of bounded operators on H, i.e. the type Is factor 
case, Atiyah and Lusztig [2, 3] have defined the spectral flow of a continuous 
path in J;^ to be the number of eigenvalues (counted with multiplicities) 
which pass through 0 in the positive direction minus the number which pass 
through 0 in the negative direction as one moves from the initial point of 
the path to the final point. This definition is appealing geometrically as an 
"intersection number" and has been made precise [40, 10, 57] although it 
cannot easily be generalised beyond the type Ig. factor. Other motivating 
remarks may be found in Boof-Bavnbek et al [8, 9]. More importantly, 
there is no obvious generalization of this definition if the algebra M is of 
type IIs, where the spectrum of a self adjoint Breuer-Fredholm operator 
is not discrete in à neighbourhood of zero. J. Kaminker has described this 
as the problem of counting “moving globs of spectrum". 

In his 1993 Ph.D. thesis, V.S. Perera [55, 56] gave a definition of the 
spectral flow of a loop in F8* for a II. factor, M. He showed that the 
space, 2.(F$*), of loops based at a unitary (2P — 1) in 72^, is homotopy 
equivalent to the space, F, of all Breuer-Fredholm operators in the II% 
factor, PN P. Since Breuer [11, 12] showed that the index map F — R 
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classifies the connected components of F, Perera defines spectral flow as 
the composition sf : 0(73*) — F — R and so obtains the isomorphism 
71(.53*) S R. He also showed that this gives the “heuristically correct” 
answer for a simple family of loops. 

While this is an important and elegant result, it has a couple of weak- 
nesses. Firstly, since the map sf is not defined directly and constructively 
on individual loops it is not clear why spectral flow is counting “moving 
globs of spectrum". Secondly, in the nonfactor setting where the von Neu- 
mann algebra may have summands of finite type the map may not extend 
to paths which are not loops in any sensible way: in a finite algebra (see 
5.1) there can be paths with nonzero spectral flow, but every loop has zero 
spectral flow. 

Phillips! approach [57, 58] is the following. Let x denote the charac- 
teristic function of the interval [0, oo). If {B+} is any continuous path in 
F:°, then (x(B,)) is a discontinuous path of projections whose disconti- 
nuities arise precisely because of spectral flow. For example, if t4 < t; 
are neighbouring path parameters and if the projections P; = x(B;,) com- 
mute, then the spectral flow from t; to t9 should be trace( P — P,P) 
minus trace(P; — Pı P2) (= amount of nonnegative spectrum gained minus 
amount of nonnegative spectrum lost). However, this is clearly the index of 
the operator P, Pz : Po(H) — P,(H). If these projections do not commute 
then one can still make sense of this index provided 7(P,) = 7(P2) in the 
Calkin algebra. This notion was called essential codimension by Brown, 
Douglas and Fillmore [13] in the type Iso case and denoted by ec(P4, P2). 
Perera [55, 56] defined the obvious extension of this concept to II. factors 
and used it to explain why his definition of spectral flow gives the “right” 
answer in a representative family of simple loops. Phillips’ [58, 57] new 
ingredient is the fact that the operator Pı Pz : P2(H) — PA(H) is always a 
T-Breuer-Fredholm operator provided || (P1) — 7(P2)|| < 1. While Phillips 
only proved this in the case of a factor, we observed in Carey et al [21] that 
it works for a general semifinite von Neumann algebra. We will explain the 
proof in the next Section, and show that the condition ||r(P1) ^ 1(P5)]] <1 
is necessary and sufficient for Pj P; to be 7-Breuer-Fredholm. 

Since we can (easily) show that the mapping t — v (x(B;)) is contin- 
uous, we can partition the parameter interval a = to < tq < --- < tk =b 
so that on each small subinterval the projections v (x(B;)) are all close. 
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Letting P; = x(B:,) for i = 0,1,--- , k we then define: 


k 
sf ((Bx)) = Y; Ind(P;-1P;). 
i=1 


With a little effort this works equally well in both the type Is and IIo, set- 
tings and agrees with all previous definitions of spectral flow where they ex- 
ist. A simple lemma is the key to showing that sf is well-defined and (path-) 
homotopy invariant. Defining Hom(¥2*) to be the homotopy groupoid of 
F§*, Phillips proved the following theorem in the case of a factor. It extends 
to the general semifinite case [19]. 


Theorem 2.1. /f N is a general semifinite von Neumann algebra then sf 
as defined above is a homomorphism from Hom(F*) to R which restricts 
to an isomorphism of ™(F8*) with Z (respectively R) when N is a factor 
of type Inq (respectively, type IIo). 


We note that to show that sf is one-to-one on 71(758%) one must rely 
on Perera's result that Q(.-2*) ~ F. We also remark that in paragraphs 
7, 8 and 9 of the introduction to the Atiyah-Patodi-Singer paper [3] the 
authors appear to be hinting at the existence of à notion of spectral flow 
(for paths of self adjoint Breuer-Fredholm operators in a IJ. factor) to be 
used as a possible tool in an alternate proof of their index theorem for flat 
bundles. In some sense this hope is realised by the generalisation [18, 19] of 
the Connes-Moscovici local index formula to the semifinite von Neumann 
algebra setting. 


3. Breuer-Fredholm theory 


The standard references for Breuer-Fredholm operators in a general semifi- 
nite von Neumann algebra are in Breuer [11, 12]. In earlier work of some 
of the current authors [19] this theory was extended to handle Breuer- 
Fredholm operators in a skew-corner PA/Q in the general semifinite situa- 
tion with a fixed (scalar) trace 7 in both the bounded and unbounded cases. 
All of the expected results hold but their proofs are a little more subtle. The 
most difficult case, index theory for unbounded Breuer-Fredholm operators 
will not be covered here. However, in order to handle more cases (including 
the case of 7-finite von Neumann algebras), we allow our operators to vary 
within all of £** and not just in 2^. 

If Hi is a subspace of H, we denote the projection onto the closure of 
H 1 by [H il 
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Definition 3.1. Let P and Q be projections (not necessarily infinite and 
not necessarily equivalent) in M and let T € PNQ. We let kerg(T) = 
ker (T|o(g)) = ker(T) N Q(H). The operator T € PNQ is called (P - Q) 
T -Fredholm if and only if 

(1) [kerg(T]) and [kerp(7*)] are 7-finite in M, and 

(2) there exists a projection P, € P in M with P — P, r-finite in N and 
P\(H) € T(H). 

In this case, we define the (P - Q)-indez of T to be the number: 


Ind(p.Q; (T) =T [kerg(T)] ew [ker p(T*)] . 


We will henceforth abbreviate this terminology to 7-Fredholm or some- 
times Breuer-Fredholm and drop the (P - Q) when there is no danger of 
confusion. We observe that if P = Q then this is just the definition of 7- 
Fredholm used in Phillips et al [59] in the semifinite von Neumann algebra, 
QNQ, with the trace being the restriction of 7 to QNQ. 

We summarize the general situation of r-Fredholm operators with dif- 
ferent domain and range [19]. We re-iterate that the order of proving the 
usual results is crucial in developing the skew-corner case, as the various 
projections are neither equivalent nor infinite in general. 


Lemma 3.1. Let T € PNQ. Then, (1) If T is (P - Q)-Fredholm, then T* 
is (Q - P)-Fredholm and Ind(T*) = —Ind(T). If T = V|T| is the polar 
decomposition, then V is (P - Q)-Fredholm with Ind(V) = Ind(T) and |T| 
is (Q - Q)-Fredholm of indez 0. 

(2) The set of all (P - Q)-Fredholm operators in PNQ is open in the norm 
topology. 


Definition 3.2. If T € PNQ, then a parametrix for T is an operator 
S € QNP satisfying ST = Q + kı and TS = P + kz where kı € Kang and 
k2 € KPNP. 


Lemma 3.2. Ifthe usual assumptions on N are satisfied, then T € PNQ 
is (P -Q)-Fredholm if and only if T has a parametriz S € QN P. Moreover, 
any such parametriz is (Q - P)-Fredholm. 


Prop 3.1. Let G, P,Q be projections in N and let T € PNQ be (P - Q)- 
Fredholm and S € GNP be (G - P)-Fredholm, respectively. Then, ST is 
(G - Q)-Fredholm and Ind(ST) = Ind(S) + Ind(T). 


This proof carefully adapts the original ideas of Breuer [12] in a crucial 
way. Finally one is easily able to deduce the following expected results. 
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Corollary 3.1. (Invariance properties of the (P-Q)-Index) Let T € PNQ. 
(1) If T is (P - Q)-Fredholm then there exists 6 > 0 so that if S € PNQ 
and || T — S ||< 6 then S is (P - Q)-Fredholm and Ind(S) = Ind(T). 

(2) If T is (P - Q)-Fredholm and k € PKNQ then T +k is (P - Q)-Fredholm 
and Ind(T + k) = Ind(T). 


4. The analytic definition of spectral flow 
4.1. Essential codimension 


If P,Q are projections (not necessarily infinite) in the semifinite von Neu- 
mann algebra M we wish to define the essential codimension of P in Q 
whenever ||x(P) —7(Q)|| < 1, where r : V — Qw is the Calkin map. Once 
we show that the operator PQ € PNQ is a r-Fredholm operator in the 
sense of Section 3 then we will define the essential codimension of P in Q 
to be Ind(PQ). In case V = B(H) a related result to the following lemma 
appears in Proposition 3.1 of Avron et al [5] where one of their conditions is 
in terms of essential spectrum. Our one condition is in terms of the norm, 
and the proof is very different. 


Lemma 4.1. If P,Q are projections in the semifinite von Neumann algebra 
N andr: N — Qy is the Calkin map, then PQ € PNQ is (P- Q) — 7- 
Fredholm if and only if ||i(P) — 1(Q)|| « 1. 


Proof. Suppose ||7(Q) — 1(P)|| < 1. Then since 
I| CPQP) — «(P)Il € IIm(Q) — *(P)J] < 1 


and z(P)(W/Kw) (P) = (PNP)/Kpyp we see that PQP is a 7- 
Fredholm operator in PNP. Thus, kerp(QP) C kerp(PQP) and so 
[kerp(QP)] € [kerp(PQP)] where the latter is a finite projection in PA P. 
Similarly, [kerg(PQ)] is a finite projection in QMQ. Since the range of PQ 
contains the range of PQP, and since this latter operator is r-Fredholm in 
PNP, there is a projection P, < P so that r(P — Pj) < oo and the range 
of P, is contained in the range of PQ. That is, PQ is (P - Q)-Fredholm. 

On the other hand, if PQ is 7-Fredholm then PQP is a positive 7- 
Fredholm operator in PNP. Letting p = 1(P) and q = 7(Q), we see that 
pqp is an invertible positive operator in pQ yp which is € p, so ||p—pgp|| < 1. 
Similarly, ||g — qpg|| < 1. Now, 


(p — q? = [p — pap] — [a — apa] 
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is the difference of two positive operators, so that: 
—[a — apa) € (p — a < [p — pap]. 
Hence, 


Iip — 9| € Maztllp — papll. lla — apa]|) < 1. 


That is, 
Ir CP) — «(9)II = Ilp- 9)? « 1. D 


Definition 4.1. If P and Q are projections in A and if ||7(P)—2(Q)|| « 1 
then the essential codimension of P in Q, denoted ec(P, Q), is the number 
Ind(PQ) = Ind(p.g)(PQ). If P € Q it is exactly the codimension of P in 
Q. 


Lemma 4.2. If Pı, P», Ps are projections in N and if ||(P1)—1(P2)|| < 3 
and ||r(P3) — n(P3)|| < I then ec(P, P3) = ec(P;, P5) + ec(P2, Ps). 


Proof. Since we also have |{7(P,) — 7(P3)|| < 1, the terms in the equation 
are all defined by Lemma 4.1. Translating the equation into the language 
of index and using Lemma 3.1 and Proposition 3.1 we see that it suffices 
to prove that Ind ((P, P3)*(P; P5P3)) = 0. But, 


|| (Pi P3)* (P1 P2P3)) — 1(P3)|| = ||[r(P3 P1 P2P3) — 1(P3)|| 
€ ||[n(Pi P5) — w(P3)I| < [r (Pi P2) — (P3)I| + [| (P2) — 7(P3)1l 


€ ||n(P1) — v(P3)]] + lr(P2) — (P3)|| < 1. 


Thus, there is a compact k in P4N P; with ||P3P,P2P3 + k — Ps|| < 1. 
Hence, Ind(P; P, P2P3) = Ind(P4 P4 P; P3 + k) = 0 as this latter operator is 
invertible in P3 P3. Li 


Remarks 4.1. If P and Q are projections in M with ||P — Q\| < 1, then 
ec(P, Q) = 0. To see this, note that ||PQP—P|| € |IQ—P|| < 1sothat PQP 
is invertible in PNP and hence range P 2 range PQ D range PQP = 
range P. Thus, range PQ = range P and similarly range QP = range Q 
so the (P - Q) index of PQ is 0. 
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4.2. The general definition 


Recall that x = x(o,4;; is the characteristic function of the interval [0, oo) 
so that if T is any self adjoint operator in a von Neumann algebra M then 
x(T) is a projection in N. 


Lemma 4.3. If N is a von Neumann algebra, J is a norm closed 2-sided 
ideal in N, T is a self adjoint operator in N and r(T) is invertible in N/T 
(where 7: N — N/JZ is the quotient mapping), then x (x(T)) = n (x(T)). 


Proof. Since 0 is not in the spectrum of q(T), the left hand side is a 
well-defined element of the C*-algebra M/J. Choose e > 0 so that [—e, e] 
is disjoint from sp(z(T)). Let fı > fo be the following piecewise linear 
continuous functions on R: 


1 ift >0 1 ifte 
fi(t) = 4 linear on [76,0] , fo(t) = 4 linear on [0, e] . 
0 ift < —e 0 ift <0 


Now, fi > x > f2 on R, but all three functions are equal on sp(7(T)). 
Thus, 


x (1(7)) = fı (x(T)) = * (fi(T)) > (x(T)) 2 7 (f2(T)) 


= fa(n(T)) = x (x(T)). 
Hence, x (n(T)) = 7 (x(T)). D 


Definition 4.2. Let be a semifinite von Neumann algebra with fixed 
semifinite, faithful, normal trace, r. Let #°* denote the space of all self 
adjoint r-Fredholm operators in M. Let (B;) be any continuous path in 
F° (indexed by some interval {a, b]). Then (x(B:)) is a (generally discon- 
tinuous) path of projections in M. By Lemma 4.3 v (x(Br)) = x (n(Bi)) 
and since the spectra of 7(B;) are bounded away from 0, this latter path is 
continuous. By compactness we can choose a partition a = to < tı < < 
ty = b so that for each i = 1,2,--- ,k 


1 : 
Iir (x(B+)) — 7 ((B3)) || < 5 for all t, s in [t; 1, ti]. 
Letting P; = x(B:,) for i = 0,1,---,k we define the spectral flow of the 


path (B,) to be the number: 
k 


sf ({Bi}) = $ ec (P;-1, Pi). 


i=l 
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To see that this definition is independent of the partition, it suffices 
to see that it is invariant under adding a single point to the partition. 
However, this is exactly the content of Lemma 4.2. 


Remarks 4.2. (i) If (B) is a path in £?* and if t — x(B;) is continuous, 
then sf ({B:}) = 0. That is, as expected heuristically, spectral flow can be 
nontrivial only when the path t — y(B;) has discontinuities. 

(ii) For T € J^, let 


N(T) = (S € F” | lle (x(9)) — r (X(T) Il < 4}. 


Then N(T) is open in 5? since S  « (x(S)) = x (1(S)) is continuous on 
F**, Moreover, if S1, 55 € N(T), then by the definition of spectral flow, 
all paths from $1 to S3 lying entirely in N(T) have the same spectral flow, 
namely, ec (x(51), x(S2)) . 


Prop 4.1. Spectral flow is homotopy invariant, that is, if {B+} and (Bj) 
are two continuous paths in J^ with Bo = Bọ and Bı = Bj which 
are homotopic in F** via a homotopy leaving the endpoints fixed, then 


sf ({Br}) = sf (UB). 


Proof. Let H : I x I — F** be a homotopy from (B,) to {Bi}. That 
is, H is continuous, H(t,0) = B, for all t, H(t,1) = Bj for all t, 
H(0,s) = Bo = Bj for all s, and H(1,s) = Bı = B; for all s. By com- 
pactness we can cover the image of H by a finite number of open sets 
UNi,--., N&) as in Remark 4.2. The inverse images of these open sets, 
(H7! (Ni), , H^! (N,)) is a finite cover of J x I. Thus, there exists 
co > 0 (the Lebesgue number of the cover) so that any subset of I x I of 
diameter < eg is contained in some element of this finite cover of J x J. 
Thus, if we partition J x J into a grid of squares of diameter < eo, then 
the image of each square will lie entirely within some N;. Effectively, this 
breaks H up into a finite sequence of "short? homotopies by restricting H 
to I x J; where J; are subintervals of J (of length < eo/ V2). These short 
homotopies have the added property that for fixed J; we can choose a single 
partition of J so that for each subinterval Jẹ of the partition, H(J, x Ji) 
is contained in one of (N1,--- , Ng}. By concentrating on the ith “ short 
homotopy” and relabelling Ni,--- , Nj if necessary we can assume H is 
such a “short homotopy.” By definition, the sum of the spectral flows of 
the lower paths (ie. along I x {0}) is sf ((B;)) . Since the spectral flows 
of the vertical paths (i.e. along {t} x Ji) cancel in pairs, the sum of the 


Analytic approach to spectral flow in von Neumann algebras 309 


spectral flows of the upper paths (i.e., along J x {t1}) equals sf ({B{}) and 
hence sf ({B:}) = sf ({Bi}). E 


Examples 4.1. If M is a II% von Neumann factor with trace 7 then 
it is well-known (and not difficult to prove) that M contains an abelian 
von Neumann subalgebra isomorphic to L® (R) with the property that the 
restriction of the trace T to L® (R) coincides with the usual trace on L??(R) 
given by Lebesgue integration. We construct our first examples inside this 
subalgebra. Let Bo in L??(R) be the continuous function: 


1 dte 
Bo(t) - 4 t — ifte[-1,1], 
-1 ift<-l. 


Let s be any fixed real number. Then for t € [0,1] let B, be defined by 
Bi(r) = Bo(r + ts) for all r € R. Clearly (B;) is a continuous path in 
F^. Moreover, X(Bi) = XjLts,oo) which differs from x(9,,, by the finite 
projection X{—ts,0) if s > 0 (or, xo, 5) if s < 0). Thus, v (x(B:)) is constant 
in On. Hence, 

Po = x(Bo) = Xj0,00), Pi = x(B1) = X[~s,00) 
and 


sf ({B:}) = ec(Po, P) = Ind(PoP;) 





= T(Pi PoP;) T(Po PoP;) = S, 


We note that for these examples the spectral pictures are constant! That 
is, sp(Bi) = [—1,1] for all t and sp(m(B;)) = (—1,1) for all t. Thus, one 
cannot tell from the spectrum alone (even knowing the multiplicities) what, 
the spectral flow will be. 

These examples may seem paradoxical as there exists a (strong-operator 
topology) continuous path of unitaries {U+} so that B, = U,BoU7. How- 
ever, there cannot exist a norm-continuous path of such unitaries as this 
would imply that the path t + x(B;) is a norm-continuous path of projec- 
tions which it is not since ||x(B:) — x(B,)]| = 1 if s Z t. 

On the other hand, it is not hard to prove that there is a unitary U; in 
N so that B1 = Ui BgUf. Since the unitary group of M is connected in the 
norm topology we can find in M a norm continuous path {U;} of unitaries 
for t € [1,2] so that U, is as above and U2 = I. Then we can extend {B;} 
to a continuous loop based at Bo by defining B; = U;BoU; for t € [1,2]. 
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Since the second half of the loop satisfies t + x(B+) is norm continuous, its 
spectral flow is 0 and so sf ((B:)p,3]) =r- 

When WN is a type Jo; factor we can use a similar construction with 
£99 (Z) in place of L®(R) to obtain paths with any given integer as their 
spectral flow. Of course, these examples will not have a constant spectral 
picture. 


Remarks 4.3. It is clear from the above definition that spectral flow does 
not change under reparametrization of intervals and is additive when we 
compose paths by concatenation. Hence, spectral flow defines à groupoid 
homomorphism from the homotopy groupoid, Hom(4 2^) to Z in the type 
Iso factor case (respectively, to R in the type II; factor case). By the 
examples just constructed these homomorphisms are surjective in the case 
of factors, even when restricted to paths based at a point Bo in F^, ie., 
sf : mi (F2?) — Z (respectively, R) is surjective. To see that this group 
homomorphism is one-to-one on a factor requires the homotopy equivalence 
Fs* ~ U(oo) in the type Io; factor case or the homotopy equivalence [55, 
56] (729) ~ F in the type II. factor case: in fact, both results only need 
the somewhat weaker result, 2(F$°) ~ F. 


5. Spectral flow between self adjoint involutions 


We now revisit the special case which is naturally suggested by the definition 
of spectral flow. Choose projections P, Q € M such that ||r(P) -7(Q)]] « 1 
so that QP is 7-Fredholm. Let Bo = 2Q — 1, Bı = 2P — 1 and introduce 
the path B(t) = (1— t)Bo + tB1,0 € t € 1. One can easily show in 
this case that the path B+ consists of Breuer-Fredholm operators. We are 
interested in the spectral flow along this path. By Definition 4.2 it is equal 
to the Breuer-Fredholm index of QP in PNQ. By a careful analysis we 
will explain why this is the right definition. 

First notice that kerp(QP) = ker(Q)Nran(P) and kerg(PQ) = ker(P)N 
ran(Q). A simple calculation also yields kerp(Q.P) @ kerg(PQ) C ker(Bo + 
Bı). Conversely any element v of ker(Bo + Bi) satisfies v = Pv + Qv 
and hence PQ(Qv) = 0 and QP(Pv)v = 0 implying that ker(Bo + B1) C 
kerp (QP) @ kerg(PQ) (note that it is elementary to check that this is an 
orthogonal decomposition and in particular that kerp(QP) N kerg(PQ) = 
(0). 

Consequently to see what happens as we flow along B(t),0 € t € 1 we 
initially track what happens in 


ker(Bg Bi) = ker p(QP) ® kerg(PQ). 
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Now for v € kerp(QP), Bov = —v, Biv = v so that B(t)v = (2t — 1)v and 
spectrum flows from —1 to 1. Conversely for v € kerg(PQ) Bov = v, Biv = 
—v and B(t)v = (1 — 2t)v. Thus we get flow from 1 to —1. 

Hence the spectral flow along the path {B+}, denoted sf{B,} is the 
index of QP : PH — QH as long as we can show that there cannot be 
spectral flow coming in some more complex way from ‘outside’ ker(Bo-- B1). 
We analyse this possibility below. 


Remarks 5.1. Spectral flow for the path (B(t)) actually occurs at one 
point, namely ¢ = 1/2. To see this we note that B(t) has no kernel for 
t + 1/2 and ker(B(1/2)) = ker(Bo + B1). The proof of the former assertion 
is elementary because if B(t)u = 0 then BoBi1v = —++‘v so that, taking 
norms on both sides we deduce that 1 — t < t or t > 1/2. Similarly 
Bı Bov = — hv so that again taking norms we obtain t < 1/2. Thus there 
is only a kernel when t = 1/2. 


The analysis of this example is helped by the structure of the algebra 
generated by P and Q. We have: 


Lemma 5.1. Let U be the partial isometry in the polar decomposition of 
Bo + B1. Then 

(i) (Bo + B1)B(t) = B(1 — t)(Bo + B1) 

(ii) UB(t) = B(1 — t)U so that U Bo = B1U 


Proof. (i) This is a straightforward calculation. 
(ii) From (i) we get (Bo + B1)? B(t) = B(t)(Bo + B1)? so that 


U B(t)|Bo + Bi| = Bil — t)U|Bo + By | 


and hence on ker(Bo + B,)+ equation (ii) of the lemma holds. Because 
B(t) leaves the kernel of Bo + B, invariant both sides of (ii) are zero on 
this kernel proving the result. o 


In the type I factor case one can show there is always a gap in the 
spectrum of Bo + B1 about zero. This is because on ker( Bo + B,)+, the 
operator Bg + Bj is boundedly invertible in the type I factor case so there 
can be no spectral flow on ker(Bo + B,)+. We now show that even in a 


general semifinite von Neumann algebra that there can be no spectral flow 
when ker(Bo + B1) = (0). 


Prop 5.1. With the above notation, if ker(Bo + Bi) = {0}, then 
sf(B(t)) — 0. 
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Proof. By assumption 
ker(P) N ran(Q) = {0} = ker(Q) n ran(P). 


Now B = {1, (Q — P)?, (Q + P)]" is a commutative von Neumann algebra, 
so that all the spectral projections of (Q — P)? lie in B. Now ||(Q — P)?|| = 
IQ — P||? < 1 and by our assumption, 1 is not an eigenvalue of (Q — P)? 
because 


(Q— Pfz-z-P(Q-P)z-Pz-PQPz-0-(QPYz-0 





=> (QP)z = 0 = Pr € ker(Q) Nran(P) = (0). 


Hence Px = 0 and similarly Qr = 0. Thus z = (Q — P)?x = 0, and so 
xay (Q— P)?) = 0. Now, since ||(P) —7(Q)|| < 1 the spectral projections 
Pn — Xp -1/3]((Q T Pp 
are T-finite for large n, and in the commutative algebra B. Now, the pn are 


decreasing to x ay((Q — P)?) = 0 and so T(pn) > 0. Let € > 0 and choose 
n so that r(p4) < e, and note that 


Pn = XL1,- yTy TT. - P) 
so that p, commute with Q — P. Since p, € B, it commutes with Q + P, 
and so commutes with both Q and P! 

We now decompose our space with respect to 1 = (1— pn) +pn and note 
that both p, (71) and (1—pn)(H) are left invariant by all the B,. Hence the 
spectral flow will be the sum of the spectral flows on these two subspaces. 
Now, since T(pn) < e, the maximum absolute spectral flow on pp(H) is 
Ir(p«)| < €. 

On the other hand, on (1 — pn)(H) we let Qn :— (1 — pa)Q(1 — pa) = 
Q(1— pn) and P, :— (1 — p4)P(1 — pn) = P(1 — pn) so that 


B? := (1— pn) Be(1 — Pn) = (1—t)Qn+tPn on (1—pn)(H). 


Now, [Qn — Pall = (Qn — PaP € (1—1/n)!/2. So BẸ - BP = 
2t(Qn — Pa) and so for t € 1/2 


BS - Bel € Qn — Pall S (1 7 1/5)? =: 1- ôn. 
So when t € 1/2 we have 
o(B?) € [-1, 1] N Ball; 5, (0(Bo)) = [-1, —4n] U [ôn 1]. 


For t > 1/2 we have (1—t) < 1/2 and | B? — BP || € 1—ôn so again o( BP) C 
[-1, —ôn]U[ô, 1]. Hence there can be no spectral flow on (1—pn)(H). Finally, 
since |s f(B;)| < € and € > 0 was arbitrary, sf (B+) = 0. n 
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5.1. The case of finite von Neumann algebras 


Let us consider the case where the trace T on N is finite so that for any two 
projections P,Q in M, P — Q is trace class. The size of the positive part of 
the spectrum of Bo is T(Q) and the size of the positive part of the spectrum 
of Bı is T(P). Thus it is clear that T(P) — 7(Q) = T(P — Q) counts the 
net amount of spectrum that has moved across zero as one moves along the 
path B(t),0 € t € 1. So the spectral flow is 


«P-9 i m = 3r(f 2 q pou) = JE a? 


This simple observation should be compared with later formulae for spectral 
flow. 

Now by Lemma 5.1 there is a partial isometry U with U Bg = B,U on 
ker(Bo + Bi)+ so that if R is the projection onto this subspace 7[R(B4 — 
Bo)] = 0. Thus as before, to calculate 7(B, — Bo), it suffices to work in 
ker(Bo + B1) = kerg(PQ) © kerp(QP) and then it is clear that on this 
space T(P — Q) = $1(B; — Bo) is the 7 dimension of kerp(QP) minus the 
7 dimension of kerg(PQ). 


5.2. Example: APS boundary conditions 


Another way of thinking about spectral flow along {B{t)} which is familiar 
from Atiyah et al [3] is to relate it to the index of the differential opera- 
tor E + B(t). We will briefly sketch this connection for our example of 
involutions. 

Let us suppose that there is a path w(t),0 € t < 1 of vectors in H 
such that w(0) € ker(Q) and w(1) € ran(P). That is, Bo(w(0)) = —w(0) 
and Bi(w(1)) = w(1) so that this path represents some flow of spectrum 
across zero along the path B(t),0 € t € 1. Assume the path is smooth and 
consider the equation 


w'(£) + B(t)w(t) = 0. (5.1) 


By restricting our vectors w to lie in ker(Bp + B1) we can easily solve this 
equation. First note that from 


(Bo + By) B(t) = B(1 - t)(Bo + Bi) 


we see that B(t), for each t leaves ker(Bo + B1) invariant. We know that 
for w = w(0) in kerp(QP) = ker(Q)nran(P), B(t)w = (2t — 1yw, so (5.1) 
becomes w'(t) + (2t — 1)w(t) = 0 which has the solution: 


w(t) — et) ay(Q) 
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noting that w(0) — w — w(1) satisfies the boundary conditions. Similarly 
if w € kerg(PQ) one easily constructs a solution to the adjoint equation 


—w'(t) + B(t)w(t) = 0. 


Of course these are APS boundary conditions and we are verifying here 
that for the differential operator B — 2 + B(t) with APS boundary con- 
ditions the index of B is the spectral flow along the path B(t),0 «€ t <1. 
More precisely B is densely defined on L?((0, 1], H) with domain the Sobolev 
space of H-valued functions on [0, 1] with L? derivative. Because B(t) leaves 
ker(Bo + Bı) invariant we can solve Bw = 0 separately on this space and 
its orthogonal complement. 

Recall Lemma 5.1 where U, the partial isometry in the polar decom- 
position of Bo + Bi, gives an isometry from ker(Bo + B4) to itself and 
satisfies U B(t) = B(1— t)U. Suppose then that we have Bw = 0 where 
w takes its values in ker(Bo + B,)+. Then v(t) = Uw(1 — t) satisfies the 
adjoint equation B*v = 0 with the adjoint boundary conditions v(0) € QH, 
v(1) € PH. In other words, each solution of Bw = 0 has a counterpart 
solution Uw of the adjoint equation and vice versa. Thus, as expected, the 
net spectral flow on ker(Bo + B1)^ must be zero. 


6. Spectral flow for unbounded operators 


The framework is that of noncommutative geometry in the sense of Alain 
Connes [26, 27, 28, 29, 31]. However we need to extend this to cover odd 
unbounded 6-summable or finitely-summable Breuer-Fredholm modules for 
a unital Banach »-algebra, A. These are pairs (A, D) where A is repre- 
sented in the semifinite von Neumann algebra M with fixed faithful, normal 
semifinite trace 7 acting on a Hilbert space, H, and D is an unbounded self 
adjoint operator on H affiliated with M satisfying: (1 + D?)^! is compact 
with the additional side condition that either e~*” is trace class for all 
t > 0 (6-summable) or (1 + D?)-/? € £” for all n > p (with p chosen to 
be the least real number for which this holds) and [D, a] is bounded for all 
a in a dense *-subalgebra of A. The condition (1+ D?)-!/? € £” is known 
as n-summability. An alternative terminology is to refer to (A,NV,D) as 
a semifinite spectral triple. The theory of spectral triples in à von Neu- 
man algebra was first exposed in Carey et al [15] and further developed by 
Benameur et al [6] and some of the present authors [20, 17, 18, 19, 66]. 
If u is a unitary in this dense *—subalgebra then 


uDu* = D + u[D,u'] - D B 
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where B is a bounded self adjoint operator in M. We say D and uDu* are 
gauge equivalent. The path 


D? := (1 — t) D + tuDu* = D + tB 


is a “continuous” path of unbounded self adjoint Breuer-Fredholm opera- 
tors. More precisely, 


FY := D} (1 + (DEH ^ 

is a norm-continuous path of (bounded) self adjoint 7-Breuer-Fredholm 
operators. The spectral flow along this path {F¥} (or (D?)) is defined 
using the first Section via sf((D?')) := sf ({F¥}). It recovers the pairing 
of the K-homology class [D] with the K-theory class [u]. 

We can relate this spectral flow for the path (D?) of unbounded Breuer 
Fredholm operators to the relative index of two projections as follows. Let 
FY and F' be the partial isometries in the polar decomposition of F¥ and 
Ft? respectively. By convention these extend to unitaries by making them 
the identity on ker(Fj^) and ker(Fy^) respectively. We introduce the path 
(Fi) where F? = (1 — t) Fg + tF}'. We show below that the spectral flow 
along {F;"} is in fact equal to the spectral flow along {F“}. 


Prop 6.1. Let (.A, N, D) be a semifinite spectral triple, and let u € A 
be a unitary. Then the spectral flow from D to uDu* is sf(D,uDu*) = 
Ind(PuP), where P :— x(D). 


Proof. By the definition sf(D,uDu*) := sf(Fp, Fupw), where Fp :— 
D(14- D?)—1/2, With Fp as defined in the paragraph preceding the proposi- 
tion introduce the non-negative spectral projection P of Fp by Fp = 2P-1, 


Fupux = 2Q—1 = 2(uPu*)—1. If || (P) - n(Q)|| < 1, then by the definition 
Sf(Fp, Fubu) :5 Ind(PQ) = ec(P,Q). 
To see that ||r(P) — 7(Q)|| < 1, we have [15], Fp — Fupu« € Kw and 


Fp ~ Fp = Fp(1- |Fp|) = Fp(1 - |FpP)(1 + |Fp])! 


= Fp(14- D?) (1 + |Fp])! € Ky. 
Hence, 


2(P — Q) = Fp — fupe = (Fp — Fp) + (Fp — Fupe*) + (Fupes — Fupus) 
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is also r-compact, and therefore ||7(P) — 7(Q)|] = 0 < 1. By Lemma 4.1 
this shows that the operator PQ is (P - Q)-Fredholm. Hence, using the 
formula Ind(ST) = Ind(S) + Ind(T) from Section 3 above, we obtain 


sf(D,uDu*) = Ind(PQ) = Ind(PuPu*) = Ind(PuP). o 


We conclude this Section with a discussion of a theorem of Lesch [46]. 
Let A be a unital C*-algebra with a faithful tracial state 7, (m+, H+) be 
the GNS representation of A. Let (A, R, œ) be a T-invariant C*-dynamical 
system. We will identify A with its image 7,(A). Let A Xa R be the 
crossed product, so it acts on H = L?(R,H,) = L?(R) @H,. So we have 
representations 7 and A of A and R given as follows: (a) acts on € € 
H by n(a)é(s) = o;!(a)£(s) and A,£(s) = £(s — t). Let N be the von 
Neumann algebra generated by A Xa R. Clearly, A = {A:}ier is a one- 
parameter group of unitaries in M. Let D be its infinitesimal generator, that 
is A; = e-*D, t € R. We have z(o;(a)) = Az7(@)A-t, which is equivalent 
to 7(6(a)) = 2ri[D, 1(a)], where 6 is the infinitesimal generator of a, and 
a is in the domain of 6 which is a dense *-subalgebra Ap of A. 

In this situation a combination of Proposition 6.1 and earlier work [21] 
gives the following index theorem of Lesch [46] and Phillips and Raeburn 
[59]. 


Theorem 6.1. The triple (Ao, H, D) is a (1,00)-summable semifinite spec- 
tral triple and for any unitary u € Apo, the operator PuP is Breuer-Fredholm 
in PNP, and 


sf(D,uDu*) = Ind(PuP) = zru), 
where P = X{0,00)(D). 


In the case when A = C(T), a is the rotation by an angle t and 7 is 
the arclength integral on T, then modulo some fiddling with R vs. T, we 
infer the classical Gohberg-Krein theorem [41]. 


Corollary 6.1. [fu is a unitary in C(T) which is continuously differen- 
tiable then 





—1 f u(x) 
D,uDu*) 2 Ind(PuP) = — 
sf(D,uDu*) = Ind(PuP) zi] ut 
In the case when A = CAP(R) = C(Rg) (ie. A is the C*-algebra of 
all uniformly almost periodic functions on R, which we identify with the 
C*-algebra of all continuous functions on the Bohr compactification Rg), 
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ay is a shift by t and 7 is the Haar integral on Rg, we immediately infer 
the Coburn-Douglas-Schaeffer-Singer theorem. 


Corollary 6.2. Ifu is a unitary almost periodic continuously differentiable 
function then 





-1 (T u(x) 
D,uDu*) = PuP) = lim —— dz. 
SED OD) Inde) Jm AriT ie u(x) 7 
In the case when A = C(T?), o; is the Kronecker flow given by the 
vector field 0, + 00, with an irrational angle 0 and r is the Haar integral 
on T? we get the following example [15]. 


Corollary 6.3. For the unitary element u(z1,22) = 22 from C(T?), we 
have sf(D,uDu*) = Ind(PuP) = 0. 


7. Fredholm modules and formulae for spectral flow 


In the case of a finite von Neumann algebra with finite trace 7 for any 
projections P and Q, P — Q is trivially trace class. For a general semi- 
finite von Neumann algebra M arbitrary projections do not satisfy this 
property. However summability conditions on D guarantee that there is 
a function f such that f(P — Q) is trace class. In this setting Carey and 
Phillips [16] extended results of Avron et al [5]. Specifically, provided f(1) 
is nonvanishing and f is odd with f(P — Q) trace class, then 


1 
sf (B(t)) = InaQP = fa^ f(P - Q)). 
Starting from these results a somewhat lengthy argument produces gen- 
eral formulae for spectral flow in the case of p-summable and O-summable 


unbounded Fredholm modules [15, 16] which we will now describe. 


7.1. The Carey-Phillips formulae for spectral flow 


It was Singer [65] who suggested, in the 1974 Vancouver ICM, that spectral 
flow and eta invariants were given by integrating a one form. The first 
paper to systematically exploit this observation was that of Getzler [40]. 
Getzler's paper provided the inspiration for the following extensions. For 
paths of Dirac type operators formulae analogous to the ones we describe 
here go back to the original papers [3], see for example Chapter 8 of Melrose 
[52]. 
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Let (A, H, D) be a 6-summable spectral triple. We focus here on a 
couple of the main results of Carey et al [16] in the particular case where 
we compute the spectral flow from Do to Dı = uDou*. First we have the 
formula 


1 f “2 
sf(D,uDu*) = = | T(u[D, u*]e- PHD uD dt. 
0 
If (A, 'K,, D) is n-summable for some n > 1 then 
1 
sf(D,uDu*) = a] r(u[D, u*](1 + (D + tu[D, u*])?)7/2)at, 
n/2 JO 


with Cryo = f^ (1 + 32) "7? dz. 

In the type I case the theta summable formula appeared in Geztler 
[40]. The proof of this formula in general uses a result on spectral flow 
for bounded self adjoint Breuer-Fredholm operators which we will briefly 
explain. 


7.2. Paths of unbounded Breuer-Fredholm operators 


Our approach to spectral flow for a path of unbounded self adjoint operators 
affiliated to M is to introduce the map D +> Fp = D(1--D?)-/?, By Carey 
et al [19], Section 3 if (D(t)) = (D(0) + A(t)) is a path of unbounded self 
adjoint 7-Breuer-Fredholm operators affiliated to M where ( A(s)) is a norm 
continuous path of bounded self adjoint operators in M, then {Fp zy} is a 
continuous path of self adjoint r-Breuer-Fredholm operators in M. We then 
define the spectral flow of the path (D(t)) to be the spectral flow of the 
path {Fpa}, and note that in the case VW = B(H), by Boo8-Bavnbek et al 
[9] one can define sf({D(s)}) directly. 

The principal difficulty introduced by this point of view is that in prac- 
tice the map D(t) > Fp) is hard to deal with when it comes to proving 
continuity and differentiability. One of the main features of earlier work 
[16] was to surmount this hurdle. 

It is easier to deal with the map s + (A — D(t))~! where A is in the 
resolvent set of D(t) and to require continuity of this map into the bounded 
operators in M. This is equivalent to graph norm continuity. It is shown 
that [9, 47] for M = B(H) this resolvent map suffices for a definition of 
spectral flow for paths of unbounded self adjoint Fredholm operators. Un- 
fortunately the case of general semifinite M seems beyond the scope of these 
methods. 
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We let Mo = (D = Do + A | A € Nsa} be an affine space modelled on 
Nsa. Let y = (Di = Do + A(t),a € t € b) be a piecewise C! path in Mo 
with Da and D; invertible. The spectral flow formula of Getzler [40] when 
N = B(H) is 


sf(D,, Dp) = — [ot zT») - Sm (Ds) 


Je (oot) io - 102. 


where ne (D) are Dodd eta invariant correction terms: 


n. (D = -f (De-*^") t ?2gt 


and o is a one form defined on Msa, the tangent space to Mo, via a4 (X) = 
Vsr(X e-cP^). 

The most general formula in the bounded case deals with a pair of self 
adjoint r-Breuer-Fredholm operators {F;, j = 1,2), joined by a piecewise 
C! path {Fy}, t € [1,2] in a certain affine subspace of the space of all self 
adjoint 7-Breuer-Fredholm operators. The spectral flow along such a path 
is given by 


2 
e| "(icon Ferret) aces -AR 


where the 4(F;) are eta invariant type correction terms, C is a normaliza- 
tion constant depending on the parameters r > 0 and c > 1. The affine 
space in which (Fi) live is defined in terms of perturbations of one fixed 
Fo and by the condition that |l — F2|-*e-1-F*| ^ is trace class [16]. To 
see one important place where such complicated formulae arise, one takes 
the Getzler expression with € = 1 and where the endpoints are unitarily 
equivalent so that the end-point correction terms cancel: 


= I (500e) dt 


and does the change of variable F, = D:(1 + D?)~1/?. Then, (1+ D2)7! = 
(1 — F?) = |1 — F?|, and if one is careless and just differentiates formally 
(not worrying about the order of the factors), one obtains the expression: 


4 f's 4 (gg — Fà|-34h- FAI dt 
Vida Na ] l 


While the actual details are much more complicated, this is the heuristic 
essence of the reduction of the unbounded case to the bounded case. 


sf (Fi, Fa) = 
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The key observation in this approach is a geometric viewpoint due to 
Getzler. He noted [40] that in the unbounded case the integrand in the 
spectral flow formula is a one form on the affine space Mg. This goes back 
to the observation by Singer that the eta invariant itself is actually a one 
form. One may also explain this fact from our point of view [16]. In proving 
the bounded spectral flow formula one uses in a crucial way the fact that 
D — ap where ap(X) = r(Xel!- F5! ^) for X in the tangent space to Mo 
at D is an exact one form. 

Example. We revisit Corollary 6.3. The straight line path from D to 
uDu* is D? = D + t01 for t € [0,1]. As t increases from 0 to 1, the 
spectral subspaces of the operators D?' remain the same, but the spectral 
values each increase by 0. The spectral subspace of D corresponding to the 
interval [-0,0), E = E\~6,0), is exactly the subspace where the spectral 
values change from negative to non-negative. By a calculation very similar 
to the example from Section 4.2, the spectral flow of the path (D?) is 
exactly T(E) and since E = A(g) @ 1 where g = x(.6,9j we have 
oo 
sot) - 7) = f x-oodr - €. 
—00 


]t is also easy to verify directly that 0 is the Breuer-Fredholm index of the 
operator Ty := PuP in the II; factor PA P. Finally, using the formula of 
Section 7.1 with n/2 — 1 we calculate: 


T 


1 1 
1 dy uy2\-1 1 -1 
* f- (509 0+0) Ja- = fr (00+ 0+) )at 
0 0 
0 1 oo 1 0 1 oo 1 
0 oo 0 coo 


which gives the expected result Ind(PuP) = sf({D}'}) = 0. 


8. Spectral flow, adiabatic limits and covering spaces 
8.1. Introductory remarks 


We start with some observations of Mathai [49, 48] on the motivating ex- 
ample which arises from the fundamental paper of Atiyah [1]. Assume that 
Do is a self adjoint Dirac type operator on smooth sections of a bundle over 
an odd dimensional manifold M. We assume that M is not compact but 
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admits a continuous free action of a discrete group G such that the quotient 
of M by G is a compact manifold. We assume M is equipped with a G 
invariant metric in terms of which Do is defined and from which we obtain 
an Hermitian inner product on the sections of the bundle such that Do is 
unbounded and self adjoint on an appropriate domain. In this setting the 
G action on M lifts to an action by unitary operators on L? sections of the 
bundle. The von Neumann algebra M we consider is the commutant of the 
G action on L? sections [49]. Consider a path of the form D, — Do 4- A(t) 
where A(t) is a bounded self adjoint pseudodifferential operator depend- 
ing continuously on ¢ in the norm topology and commuting with the G 
action. Then Dj is self adjoint Breuer-Fredholm operator affiliated to V, 
and D,(1-4- D2)-!? is a bounded self adjoint Breuer-Fredholm operator in 
N for each t € R. 

While N is a semifinite von Neumann algebra it is not in general a 
factor. There is a natural trace on N (considered by Atiyah [1] in his 
account of the L? index theorem) which we now define. It will be with 
respect to this trace that we calculate spectral flow along (Do + A(t)) 
(recall that the type II spectral flow depends on the choice of trace non- 
trivially when the algebra M has non-trival centre). On operators with 
smooth Schwartz kernel k(x, y); x,y € M the trace Tg is given by taking the 
fibrewise trace of the kernel on the diagonal tr(k(r, x)) and integrating over 
a fundamental domain for G. This is the natural trace as may be seen by 
recognising that the representation of G we obtain here is quasi-equivalent 
to the regular representation. The regular representation is determined by 
the standard trace 7o which is given on an element ` Agg of the group 
algebra by To(? ; 49g) = Ae (with the identity being e € G and the A, € C). 

The analysis of spectral flow traditionally proceeds by replacing M by 
M x S! or M x [0,1] and considering the Dirac operator on this even 
dimensional manifold as in Mathai [49]. On covering spaces it is believed 
by the experts that one should be able to recover an analytic spectral 
flow formula however one cannot easily extract a proof from the literature. 
The argument we present in this Section shows how a special case of the 
spectral flow formulae discussed in the previous Section arises naturally 
from adiabatic limit ideas due originally to Cheeger [22]. 


8.2. Easy adiabatic formula in even dimensions (EAF) 


We use an adiabatic process, which leads to the formula for the leading term 
in the expansion of the (difference of) heat kernels. This is part of an IUPUI 
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preprint [67] which was never submitted for publication. We discuss the 
simplest possible case (of a compatible Dirac operator with coefficients in 
an auxiliary bundle) in order to avoid use of elliptic estimates as was done in 
Cheeger [22]. Therefore our main tool is Duhamel's principle (the expansion 
of the heat kernels of the Dirac Laplacians with respect to the perturbation 
terms [10, 51]) and we call our result the EAF — Easy Adiabatic Formula. 
(Let us point out that it is not difficult to imitate Cheeger's proof and obtain 
the EAF in complete generality i.e. for the family of Dirac operators with 
varying first order part.) We present a proof in the case of a closed manifold 
M and later on outline why our argument holds in the case of a continuous 
free action of a discrete group. 

Let B : C9 (M;S) — C™(M;S) denote a compatible Dirac opera- 
tor acting on sections of a bundle of Clifford modules S over a closed, 
odd-dimensional manifold M [10]. Introduce an auxiliary hermitian vector 
bundle E with hermitian connection V, and the operator Bo = B &v Idg 
(see Palais [53], Chapter IV). Let g : E — E denote a unitary bundle 
automorphism, then we can introduce the operator 


Bı = gBog ! = (Id 8 g)(B 8v Idg)(Id& g^!) . 


The difference T = Bı — Bo = |g, B]g ^! is a bundle endomorphism and we 
want to present a formula for the spectral flow of the family 


(B, = Bo + uT }o<u<i , (8.1) 


Spectral flow is à homotopy invariant, so we can restrict ourselves to 
the study of the spectral flow of a smooth family of self adjoint operators 
over S1. We introduce a smooth cut-off function a : R —> R, such that 


0 if u<1/4 , 
a(u) = 
1 if 3/4<u. 


We may also assume that there exists a positive constant c , such that 








d*a 
du <cu (8.2) 
forO <u<1,k=0,1,2. Now, we consider the family 
(B, = Bo+a(u)T} , (8.3) 


which in an obvious way provides us with a family of operators on S!. We 
may also consider the corresponding operator D = 0, + B, on the closed 
manifold N = S! x M where B, is given by the formula (8.3). The operator 
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D acts on sections of the bundle [0,1] x S & E/z , where the identification 
is given by 

(1,y;9(y)w) = (0, y;w) where we Sy 8 E, . 
Theorem 8.1. The following formula holds for any t > 0 


n 
index D = sf{By} = -[ Try Bue “Pidu , (8.4) 
0 


where as usual B, = 42 . 


The first equality in (8.4) goes back to the original Atiyah-Patodi-Singer 
paper [3]. They also proved a formula 


1 
siB) = f udu , 


where 7, denotes the r-invariant of the operator Bu . The equality 


1 
sf{Bu} = "B Try Bue ~P du 


and more (see below) was proved by the last named author around 1991 
and published in one of his IUPUI preprints [67]. The formal paper, which 
was supposed to contain a new discussion of Witten's Holonomy Theorem 
never appeared and the result eventually resurfaced in the paper by Get- 
zler [40]. We have to mention that it is not difficult to manufacture a more 
straightforward argument to prove the second equality in (8.4). Here we 
prove a stronger result that provides the “adiabatic” equality on the level 
of heat kernels, from which (8.4) and other results not covered in the cur- 
rent paper follow. The original proof was a “toy” model for a simplified 
version of Cheeger's proof of Witten's Holonomy Theorem [22] and proves 
the corresponding adiabatic equality on the level of the kernels of the cor- 
responding heat operators. Therefore we call this equality the EAF — Easy 
Adiabatic Formula. 

The EAF is obtained by applying the adiabatic process on N in the 
normal direction to a fibre M . We replace the product Riemannian metric 
g = du? + gm by a new metric 

2 

ge = + am = di? + 9m i (8.5) 

and let the positive parameter e run to 0. The corresponding operator De 
has the following representation 


D.(v, y) = Oy + Bely) : (8.6) 
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In the equality (8.6) we use a new normal coordinate v — * (y € M). The 
operator D, lives on the manifold Ne = Sl x M, where S} denotes the 
circle of length L, Both index and sf do not change their values under the 


deformation, hence we have the equality 
index D = indez D, = sf {Bea} = sf{Bu} . 


The famous McKean-Singer equality expresses the index in terms of the 
kernels of the heat operators 


index D = index D, = Tr e 1D: P* — Tr e PP: 


for fixed t > 0 as e — 0. Let ke(t; (v1, y1), (v2, y2)) (vj is the coordinate on 
S? and y; € M), denote the kernel of the operator e~t?" P: — e-tP«Pt , This 
is the difference of the heat kernels, which are pointwise bounded for fixed 
time t (see Proposition 8.1), which expands into expansion with respect to 
the parameter e. The contributions to the leading term from the kernel of 
the operator D*D and the kernel of the operator DD" cancel each other, 
hence this term is equal to 0. Theorem 8.2 provides the formula for the sec- 
ond term in the expansion. It follows that the kernel ke(t; (vi, y1), (v2, y2)) 
at the given point is of size of e and the volume of the manifold Ne is equal 
to 1-vol(M) hence at the end we obtain a finite limit 


im | tr ke(t; (v, y) (v, y))dvdy 
c0 Jn, 


equal to (8.4). 

Now, we present the kernel on Ne, which gives the leading term in the 
expansion of ke(t; (v1, y1), (v2, y2)). Let us fix vo the value of the normal 
coordinate and let e, (t; (v1, y1), (v2, y2)) denote the kernel of the heat op- 


2 
—tBing é 


erator e We also introduce eo'(evo)T' es, , kernel of the operator 


ea’ (evo)T'e f? ^o. To get the final product we have to take the convolu- 
tion of kernels. If kı, ko denote two time-dependent operators with smooth 
kernels on M, then kı * ko(t) = hs ki(s)ko(t — s)ds and on the level of the 


kernels we have the equality 


t 
ki * ko(t; y1, ye) = f ds f dz kı(s; y1, z)ka(t — 5; z, y2) . 
0 M 
We introduce the kernel 


Evo (t; (vi, yı), (v2, y2)) = 2ea' (evo)ea, (t; Ul; V2) (evo * Tey) (t; yi, Y2), (8.7) 


where ea, (t; v1, v2) denotes the kernel of the 1-dimensional heat operator 
defined on R. by the operator —02. Let us also point out that ea’ (evo)T is 
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simply equal to eB (at vo), where dot denotes the derivative with respect 
to u-variable, so it is the operator £ Bey 


V=v90 
At last, we are ready to formulate the EAF 


Theorem 8.2. For any t > 0 there exists co and a constant c > 0 such 
that for any 0 < € < €o 


€ 


lkt; (vo, yı), (vo, y2)) — En (t; (vo, 91); (vo, y2))Il Ee n . (8.8) 


Remarks 8.1. (1) It has been already pointed out that we only present 
the proof of EAF for the family (8.3). The method we use works for any 
family {Bu}o<u<i, such that for any 0 € u < 1 the difference B, — Bo is 
an operator of order 0 and 


Bı —gBog ^! and |B, — Bo < cu . 


If the difference betweeen the operators B,, is a 1st order operator then we 
have to follow a more complicated version of the argument as presented in 
Cheeger's work [22]. 

(2) The proof we use allows us to replace y€, which appears on the right 
side of (8.8), by €" , for any 0 « r « 1. 


Proof. (2nd Part). The most technical part of the proof is presented in 
the next subsection. There we use the Duhamel’s Principle to obtain the 
equality 


t 
e tare — etre — "i e^ 9^1« (A5, = Ai,)e 07952 «ds 
0 


t 
=}, [e *^* (Aa, —A,.)e7 67 09 (e 1814 eA) (Ag ,.— A, gle (670^2«]ds 
0 


t 
i e^ P(As, — Ar <)(e 679924 — e 7 )h0)ds , 
0 


and we show that the kernels of the second and third terms on the right 
side are point-wise at most of the size «2. Hence, we only have to study 
the first term and show that it gives the kernel (8.7) as € — 0. 

The operator 


t 
f e7*5» (A5, — Ay Jen (t-)40ds (8.9) 
0 
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can be represented as 


t 
f eC 99 e7*P3 (26a (ev)T)e- t7 9-9 97 £79 Bo ds = 
0 


t 
i p (2ea’ (ev))e- £79 (79) g7 5B, Te) Bewods , 
0 


First, we study le(s, t; v, v2) the kernel of the part which acts in the normal 
direction 


e^* C99 (Qea! (ev))e- t7 9 C85) 


We have 
; E ~ Coza? = iy eS 
S, t; Vo, vo) = — m (2€a’ (ez)) — dz 
«os , -œo  wv4Ams 4n(t — s) 


To simplify, we assume vg = 0 (this will be justified in the next subsection). 
We obtain 
tz? 
l ( t ) +00 e 43(t=s ( d 
8,0; vo, vo) = — —= (ea (ez))dz 
EL, 6, VO, 2 T Pray ( = 3) 
Now, we only have to show that 


+00 -zy 48(t—s) $ 
=> £ ~= (eo (ez) — eo (0))dz| < era 


e VES vi 


This is the place where we use (8.2). We apply here the special case of a 
trick used in the next subsection. 
First, an elementary E shows that 


ass) 
4s(t—-s) 


zl» e En 


is exponentially small with respect to « . We have 


~= (ea! (ez) — eo' (0))dz| 


tz? 


z2 
LS 7 4s(t— 8) 


(eo (ez) — eo (0))dz| < Pour < eec 
zl» de ist — s) vt Iz» de NTC pe. 
en mS _ £2 
< '€ dte < ee te 
E z 


>y wate 
It follows now from (8.2) that 


|a’ (ez) — o/(0)] < eave 


ESL 
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for z < F This gives 


tz? 
e As(t-s 


Nolo 


tz? 
7 4s(t—s) 
(eo (ez) — eo (0))dz| < cae?- E ma 


zl de _ Vs(t — s) mens 


We see that up to a term of order £ a the kernel le(s, t; v1, v2) (for «4 = vo = 
vo) is equal to 


+00 tz? 
1 56-3 eQ '(vo) 


2 VAT — s) vt’ 
and le(s, t; v1, v2) can be ate by the kernel of the operator 
-t(-9;) 





a! (uo) == 


2ea' (voje 


As a result of these estimates the operator (8.9) can be replaced by 
2eo/ (evo)e-* C 2) [ e^ Bevo Te- (79) Bevo qs : 
which has kernel equal to i 
2ea' (evo)ea, (t; v1, v2) i as f ev (5:1, W)T(W)evo(t — 5; w, y2)dw , 
which is exactly the kernel €,, . B 
Corollary 8.1. The spectral flow formula (8.4) follows from the EAF. 


Proof. The EAF shows that ke(t; (v1, y1), (v2, y2)) is equal to 


ea’ (ev1)ea, (t; v1, va) (ev, * Tev )(t; y1, y2) + O( 5). - 


ES 
ed ww 


It follows that, for € small enough, we have the equality 


index D = 2 | tr ca (evo)ea, (t; vo, Vo) (Evy * Teu) (t; y, y)dydvo 
Ne 


1 
.[ 95 EQ m ides [ True" sBesTe-(t- 8) Bivods 
0 


1 


* eo (evo) T -tB? 
= dvo TrmTe “ods 
| vat 0 


1 1 
€ t H 
=4/ =f a! (evo)Tr a Te !P*vo (edug) — 4/ F Try Bue Pedu . B 
T Jo T Jo 
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Let us observe that (for compatible Dirac operators) 


[t t 1 
lim Lf Tru Bye cau f du lim ~ Try Bye"? =| Iudu , 
zi 0 


where 7, = (dim ker(B.) + np, (0)) is the 7n-invariant of the operator Bu 
[3]. 


8.3. Technicalities 


We write the operator D, as 
D, = 0, +(Bota(evo)T) + (o(ev) ^ a(evo))T = 0,-- Bey + B(ev)T . (8.10) 


In the following we consider the operator D, as an operator living on Rx M . 
This does not change anything in the proof, but simplifies the computations. 
Of course there is a problem with the definition of the index of D, in this 
set-up. Even though Bevy is a constant operator for v < 0 and I <v 
the index may not be well-defined unless the operator Be» is invertible 
for those values of the normal coordinate. Hence, one can think that we 
perturbed the tangential operator by a small number and the invertibility 
condition is satisfied. In any case it follows that the integral from the kernel 
ke(t; (v, y), (v, y)) over [0, H x M gives an integer equal to the index of D, 
on Ne and the integral over the leftover of R x M gives a finite error term, 
which goes to 0 as e — 0. Hence it is not difficult to show that 


inder D. = f tr ke(t; (v, y), (v, y))dydo , 
RxM 


where on the left side we have the operator on N,. 

We work on R x M and we have to show that EAF holds at any given 
point (vo, y). After reparametrization, we can assume that vo — 0 and our 
operator has the form 


De = Oy + Bo + B(ev)T , 


where the cut-off function B(v) satisfies G(0) = 0. The corresponding Lapla- 
cians are 


Aj, = DID, = —02 + Bg + B(ev)(BoT + T Bo) + 8" (ev)T? — eB'(ev)T 


= —0? + Be + B(ev)T, — eB'(ev)T. , 
and 


Aze = D-D* = —02 + B + Blev)T, + Bl (ev)T , 
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where T denotes the 1st order tangential operator BoT + T Bo + B(ev)T?. 
To evaluate ke(t; (0, y), (0, y)) we apply Duhamel's Principle [51, 10]: 


t 
eg tv — etA. — 4 ee tAire (67 952«)ds 
0 ds 


t 
= | eTA ne (Az e — Arle 9 Az ds . 
0 


The difference A». — A1, is equal to the bundle endomorphism 2€@’(ev)T 
and this is the term which brings the 1st, and the most important, factor of 
€ into the formula. Once again, we simplify the presentation and introduce 
Laplacian Ao = —02 + B2 and study each summand in the equality 


e tne T etiz. = (e7t^1« _ e t^v) + (eto E e t^2«) ] 


The application of Duhamel's Principle to the first summand leads to 
the series 


t 
ett. o e tho «f e 391« (Ao Nu Ai«)e 7 9^ogs 

0 

t 
i, e7 A0 (Ao — Ay )e- 67*9^0gs, 
0 
t $1 
+ i dsi 1 ds; e^ *??^1«(Ag — Ay ce 817 92)40(Ag — A, Jew (79040 
0 0 


eo t Sk—1 
m x dn. f ds, e^ **^9(Ao = Aic). (Ao = A1 <)e7 479040 . 
k=1 70 9 


The result we state now is a standard application of Duhamel’s Principle 


Prop 8.1. Let us consider the operator Ag = Ao + G(ev)R , where R : 
C9 (M;S) ^ C®(M; S) is a tangential differential operator of order 1 . 
Then, there exists positive constants cı and ce (independent of e) such that 
for any sufficiently small e the following estimate holds 





mil d? (v3 yy). (v2.22) 
llen(t; (v1, 41), (v2, y2))|| < at eo o, (8.11) 


where eg(t; (v1, y1), (v2, y2)) denotes the kernel of e~*4F , 
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Proof. The estimate (8.11) holds for Ao and we have 


oo t Sk—1 
e tAr_e-tho — Y fi ds}... 1 dsp e^ 5*^9(B(ev)R)...(B(ev) R)e- (t-*:)o 
k=1 0 0 


( e **B0 R....Re- (t-*0Bà ) 


The kernel of the operator in the first bracket is estimated as follows 


(ag ele) (xcu 


as 0 € (ev). This leads to the estimate 


llen(t; (v1, yr), (va, y2)) — eo(t; (v1, y1), (v2, v3))I| < 


e- Gp 


abl ( e7**B6 R....Re~t- 91) B ) (5:31, 92)]| - 


The series here is estimated in the standard way. 'T'he kernel of the operator 


Re~*®0 is bounded by cit ^ g-o a Therefore we follow [51] and 
obtain 


oe 2 
>l ( eine tt ) tyny] € cat PP ec EL 





The positive constants above do not depend on e. D 


It is no problem to see that the estimate (8.11) from Proposition 8.1 
is also satisfied by kernels of the heat operators defined by A1, and A2., 
which leads to the following useful property. 


Corollary 8.2. The contribution to the kernel ke(t; (0, y1), (0, y2)) provided 
by the points distant more than X from {0} x M may be disregarded. 
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Proof. We have 


|| (e7*^*« — e 42) (t; (0, y1), (0, y2)) || = 


if e *^1«(2eB(ev)Te- 9) 42 (t; (0, 91), (0, y2))dsl| < 


f ds f dudz|le1,<(s; (0, y1), (u, z))2e8(eu)T (u)eo «(t—5; (u, z), (0, y))]| . 
0 RxM 


We want to show that the integral over |u| > a is exponentially small with 
respect to e. 


t 
J ds NEN dz||e1,«(s; (0, y1), (u, z))||2eB(eu) 


x|[T Qu)||llea,«(t — s; (u, z), (0, ¥)) Ih 


= 


t 
< cse | ds f 
0 ju 


mbi a, d?((0,y1). (u,z)) om 
au f dz cs F eTe s (t—s) ? 
M 


I» 


2 
-c2 d (Quo) Q2) 


+1 u2 u2 


t 
< cxe-vol(M) f as | (s(t — s))- 7? e 9? eis dy 
0 Iul» Jz 





t 2 2 
u^ Hore ee 
< cxe-vol(M) | as f e ^ se St-sdy 
0 Iul» Je 


t 2 
AnP a = 2% 
< cxevol(M) f as f e ®t du < cee «t 
0 Iu» dz a 


Now the idea of the proof of the EAF can be easily understood. The 
kernel ke(t; (0, y1), (0, y2) is the kernel of the operator 


t 
n € Are (A5, — Aree C7 992«ds . (8.12) 
0 
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Kernels of both heat operators e~*4i< , expands into series where the lead- 


ing term is the kernel of the operator e~*4° . It follows that the leading 
term in the expansion of the kernel of the operator (8.12) is 


i "d f eo(5; (0, y1), (2, w))(2€8 (ez)T (w))eo(t—s; (z, w), (0, y2))dzdw . 
0 RxM 


(8.13) 
This gives us the contribution which appears in the EAF. 
We have to show that further perturbation brings the consecutive pow- 
ers of J/e into the picture in order to finish the proof. So let us replace 
eo(s; (0, y1), (z, w)) by ei,e(s; (0, y1), (z, w)) in the formula (8.13), hence 


t 
] £s eT (ues 
0 
is replaced by 
t 
f e7*^1« (2ep' (ez) T (w))e- 7 9)Aods 
0 
and the kernel of e~*41« — e75^0 brings the extra factor \/€ as the elemen- 
tary estimates presented below show. The operator A, is obtained from 
Ao by adding the correction term of the form *y(ev)S1 , where y(ev) is the 


cut-off function with the properties specified earlier. 


The main estimate 
We have 
lle1,e (65 (0, Vy), (0, w)) Ez eo(t; (0, y), (0, q))|l 


=| I P [ec f, dz ex (5 (0, y), (v, z)) y(ev)S1(z)eo(t; (v, 2), (0, a))1 


< | ds a OY dy f, dz les. (0, 9). (v, 2))ll-[ylev)l-1S1 (2)eolt; (v, 2), (0, 9) 


ob 





t -d. 
ve 2mil (€ v2 d? (yz m42 v2 4.d2 (z,a) 
< eve | ds f a f dzcis ? e s "e(t-s) 3 e ts 
1 
0 CIT M 





1 d tv? d? (y, d? (2,9) 
Cu e C305 eei HER 60a ES 


: E s JU ————— z—— r 
< evec | zc." n. d NES Pa ei) F 
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Ve [ 1 | pe na d?(y,z ti d? (2,4) 
X037. | —= ds | dz(s(t—s) 2e ?^ s e ^? ts 
= ai , Vt—s P (s( ) 


The following elementary inequality is used to estimate the factor 
20:2 ~e em 





e ^ e : 
2 2 
d'(y,q)  d'(y,2) , Peg) 
t 7 s t-s ` 
We have 
—c2 dun. c2 C —e 2c? Ëa 2e seg « 





a? (y.) d? (y, d?(z, 
e € uri e e? E 2 c2 PICENO) 
All this amounts to 


lent; (0, y), (0, w)) — eo(t; (0, y), (0, q))Il 


t 2 (z, 
sa pent [E | ds oto y te cef 
t 0 t-s M 





d? (y,q) 


2 2 ; 
Saee EP. f apos) Teo Pci 
M 


c, w.a) 
< es et^ * e C275 


Now, we can show the fact used in the proof of the EAF in the previous 
subsection. We have 


t 
e te — e tx. = e 3^1« (Aa, _ A1 e)e7 07942 ds 
0 
t 
- n [e 7*9 (Az —A1,;)e 079 ^2« - (e7581« 6 940) (Ay , A, cle” € 9^2«]ds 
0 
t 
= ip e7*A*(A5, — Aree 6-9) ^oqs 
0 
i 
+f (e^ *^x« - e7880) (Aae EN Aree 67 9^2«ds 
0 


t 
«f e7*^* (A5. ES Ai)(e faze ES e~ (t-94^o)qs : 
0 
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The operator A2, — A1, = 2efl'(cev)T brings a factor e and the first 
term on the right side is of the form 3 eTA (A2 e — Ay Je) 40ds and 
of the € size. The next term on the right side 


t 
f (e75 Ane — e7520) (Ag e — Ay je Ae ds 
0 
contains additionally the difference e^3^1.« — e~*4°, hence it is of the size 
€2. This is also the case of the last term Js e-*^9(A5 . — Aj .)(e7 4-922 — 
e-€-9o)ds. It follows that, as we take limit as € — 0, only the integral 
(over R x M) from the first term is going to survive. The kernel of this 
operator at the point (t, (0, y1), (0, y2)) has the form 


(eos (2€G" (ev) Teo) (Et, (0, yı), (0, y2)) , 


where eo(t; (v1, y1), (v2, y2)) denotes kernel of the operator e~*33. This is 
exactly what we need in order to complete the proof. 


8.4. The EAF for operators on covering spaces 


We let M be the universal covering space for the closed manifold M , with 
the corresponding fundamental group G(— 71(M)). We assume that we 
are given a G-invariant, compatible Dirac operator on M 


B:C*(MiS$eE)— C*(M;SeE), 


where G acts on E via a representation p . The appropriate von Neumann 
algebra M is the commutant of the G action and there is a corresponding 
trace T = Tg as described by Atiyah [1] and introduced at the beginning of 
this Section. 

We introduce now a G-invariant unitary bundle automorphism h of the 
auxiliary bundle É , and we consider family {B,,} as defined in (8.1). This 
family has a well-defined spectral flow and we want to prove that 


sf (B,) = indexA (8.14) 


(Here the tilde just denotes the covering space analogues of the operators 
we introduced before). This is the result which corresponds to Theorem 8.1 


Theorem 8.3. 


1 
indez = sf(B,) = i nC ds. (8.15) 
0 
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We remind the reader that the 7-invariant in this context was studied by 
Cheeger and Gromov [23], Hurder [44] and later on by Mathai [49] and 
others. To prove the theorem 8.3 have only to show 


1 
indezcã = | [treed (8.16) 
0 


This however follows easily from the extension of the EAF to the present 
context. We follow the previous argument. The indezgGÁ is equal to 

ra (e t4 À E e tA") 
(The McKean-Singer formula for the index holds when the von Neumann 
algebra is not necessarily a factor [19]). We blow up the metric and all the 
arguments from the compact case come through with the slight modifica- 
tions. 

The only problem we face is that although our trace is defined by the 
integral over the (compact) fundamental domain we have to integrate over 
the whole non-compact manifold M , when applying Duhamel's Principle. 
First let us notice that the standard point-wise estimate on the heat-kernel 
(8.11) holds on M [36]. The difficulty follows from the well-known fact that 
the volume of the ball with a fixed center on M may grow exponentially with 
the radius of the ball. Therefore we have to be careful with the arguments 
which lead to the proof of the results which correspond to Proposition 8.1 
and Corollary 8.2. Actually, everything works only because the volume 
growth is at most exponential in the diameter. We omit the estimates 
which lead to the proof of Proposition 8.1 for the case of the covering space 
M. However to present the flavour of the computations involved we present 
a modification of the argument used to get Corollary 8.2. We work on the 
space M, (or on R x M ) now, so the proper formulation of the result is as 
follows. 


Corollary 8.3. Let y1,y» € M then we may disregard the contribution to 
the kernel ke(t; (0, y1), (0, y2)) provided by the points (u,z) € R x M such 
that |u| > Z and d(z, M) > 1. 


Proof. We start as in Section 8.2 


lle ^ — e+e (t; (0, y1), (0, y2)) = 


t 
if e An (2ef(ev)T e 9^» | (t (0, y1), (0, y2))ds < 
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t 
Í ds f , dudz||ei,«(s; (0,91), (u, 2))2e8(eu)T (u)e»,.(t — s; (u, z), (0, y) |. 
0 RxM 


We have to remember that nothing is changed (i.e. we obtain a negligible 
contribution), while we work on compact pieces of the space R x M . Here 
we want to show that the integral over (u, z) € R x M such that |u| > X 


and d(z, M) » 1 is exponentially small with respect to e . 


t 
| as f au f dz 
0 lu> te {z;d(z,M)>1} 


lene; (0, y1), (u, 2))][2e8 eu) T (u) || lle2,<(¢ — s; (u, z), (0,y))I| < 


t 2 2 
4^ ((0,91),(u.2)) d^ ((u,2),(0,u2)) 
ae | as f du f dze™®? s e ^ ts < 
0 Iu» Jz {z;d(z,M)>1} 


d?(z;M 
271-5 





d?(z;M 
2—5 e 


: cg x oco a 
cse | ds e se ims dy E dz e^ 
0 lul» 2 {z;d(z,M)>1} 


The first integral on the right side is estimated as in Section 2 


2 ud 
i ee @ ta du < 
lu>- 


f e^? * du < v= | e^" dv < coe. 
lul> Jz C2 J|v|»4/2 c2 


The second integral involves volume of the manifold M. Modulo negli- 
gible error (up to a contribution from a compact set) we can look at it as 
the integral over the outside of the ball centered at the fixed point j € M 
with radius R = 1 + diam M . We do have 


eu 
{z;d(z,9)>R} 


99 E kon 72 
a f e 9? t e^" dr < cg e Tdr < 
R R 


t 2 t 2 
coy — f e" dv € eA] — e. " 
C6 Jv» /*&R C6 


d?(z;j 


d? zi 
e o EP dz < f e^? t dz < 
(zid(z,g)» R} 


d? (z; 
fea 
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9. Spectral flow for almost periodic gauge transformations 
9.1. Shubin’s framework 


We follow Shubin [62, 63] which in turn extends the original paper of 
Coburn et al [24, 25]. In this paragraph, we review the definition of the 
von Neumann algebra which is appropriate for the study of almost periodic 
operators. Recall that a trigonometric function is a finite linear combi- 
nation of exponential functions eg : z ++ e*<*§>. The space Trig(R”) 
of trigonometric functions is clearly a «—subalgebra of the C*—algebra 
Cy(R”) of continuous bounded functions. The uniform closure of Trig(R”) 
is thus a C*—algebra called the algebra of almost periodic functions and 
denoted AP(R"”). Since this C*—algebra is unital and commutative, it is 
the C*—algebra of continuous functions on a compact space Rẹ% which is 
a compactification of R” with respect to the appropriate topology. The 
compact space R% is called the Bohr compactification of R” or simply the 
Bohr space. Addition extends to R% which is a compact abelian group 
containing R” as a dense subgroup. There is a unique normalized Haar 
measure og on R% such that the family (e¢)¢cr» is orthonormal. Namely, 
the measure op is given for any almost periodic function f on R” by: 


; 1 
ap(f):= TIU. GT = f (z)da. 


By using the measure ag one defines the Hilbert space completion L?(R%) 
of Trig(R"). This Hilbert space is called the Besicovich space and it has 
an orthonormal basis given by (eg)eems. In other words, the Pontryagin 
dual of Rẹ% is the discrete abelian group R7 and the Fourier transform 
Fp : P (RI) — L?(R3) is given by: 


fg(&)- eg, with de(n) = den, 


where d¢,,, is the Kronecker symbol. We shall denote by F the usual Fourier 
transform on the abelian group R” with its usual Lebesgue measure. 

For any f € Cy,(R”) we shall denote, for any vector À € R”, by Ty f 
the translated function defined by (T)f)(z) = f(x — A). Let f € a(R”) 
and let e > 0 be given. A vector A € R” is called an e— period for f if the 
uniform norm of T f — f is bounded by e, i.e. 


TAF — fllo :— sup |f(¢— À) - f(0) S e 
teR” 


A subset E of R” is relatively dense if there exists T > 0 such that 
T z] á 
Sm 3 


R^ E:u— -> 
Vrz € duc u ze| yta 
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It is worth pointing out that, for any function f : R” — C, the following 
properties are equivalent [24]: 


e f is an almost periodic function. 
e f is a continuous bounded function whose e periods are relatively 
dense for every e > 0. 


It is clear from the second characterization of an almost periodic func- 
tion that any periodic function is almost periodic. An interesting class of 
examples arises from the study of quasi-periodic functions. Assume for 
simplicity that n = 1 and let a = (01,:--,05) € R? be a fixed list of 
real numbers. Then for any summable sequence c = (Cm)mezr, we get an 
almost periodic function on R by setting: 


Oc,o (X) = X : Cm ene ma»z 
mEZP 


Then more complicated examples of almost periodic functions arise as 
limits of periodic or quasi-periodic functions. For instance, the function 
Y n>o Gn cos( 5z) where 57, |an| < +00, is an almost periodic function. 

The action of R” on R$ by translations yields a topological dynami- 
cal system whose naturally associated von Neumann algebra is the crossed 
product von Neumann algebra L®(R%) x R^. It is more convenient for ap- 
plications to consider the commutant of this von Neumann algebra denoting 
it by M. It is also a crossed product. This time it is the von Neumann 
algebra L^? (R^) x R}. The von Neumann algebra is a type IIo, factor 
with a faithful normal semi-finite trace 7. It can be described as the set 
of Borel essentially bounded families (A,,),erx of bounded operators in 
L?(R^) which are R?—equivariant, i.e. such that 


Ay = Gu(Ao) = T-,AoT,, Vy c R^. 


Here and in the sequel we denote by c,, conjugation of any operator with the 
translation T, so that c, (B) = T_, BT,,. If we denote by M, the operator 
of multiplication by a bounded function v, then examples of such families 
are given for any A by the families 


(Op (Me, uerg : 


We choose the Fourier transform 


1 


FIO = oria e'** f (z)dz. 
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Now the von Neumann algebra N can be defined [24, 25] as the double 
commutant of the set of operators (Me, & Me, Ta $ 1lÀ € R^) on the 
Hilbert space H = L?(R?) @ L?(R4) 

There is a natural way to imbed the C*—algebra AP(R”) in M by 
setting 


mf) = (c, (My))uens 


This family then belongs to V and 7 is clearly faithful. Viewed as an 
operator on H, a(f) is given by z(f)(g)(z,u) = f(x + u)g(zx,u). If B= 
(B,), is a positive element of M, then we define the expectation E(B) as 
the Haar integral: 


E(B) := Bydagp(p). 
R$ 
Since the family B is translation equivariant and since ag is translation 
invariant, the operator E(B) clearly commutes with the translation in 
L?(R^") and is therefore given by a Fourier multiplier M (pp) with yg a 
positive element of L®(R”). Recall that the Fourier multiplier M (yp) 
is conjugation of the multiplication operator M, by the Fourier trans- 
form, i.e. M (eg) =F IMG. When the function ¢ is for instance in 
the Schwartz space, the operator M(B) is convolution by the Schwartz 
function Gay -lo. Hence the expectation E takes values in the von 


Neumann algebra M(L®(R")), ie. 
E:N — M(L™(R")). 


Now, using the usual Lebesgue integral on R”, we use the normalisation of 
Coburn et al [24] and introduce the following definition of the trace T: 


(B) = [ esto. 


Lemma 9.1. [24, 25] The map 7 is, up to constant, the unique positive 
normal faithful semi-finite trace on N. 


The space L!(N , 7) of trace-class 7—measurable operators with respect 
to N is the space of r—measurable operators T as explained by Fack et 
al [38] such that Áo. io) u3(T)ds < +00. Here uZ(T) is the s—th char- 
acteristic value of T' [38], for the precise definitions. More generally and 
for any p > 1, we shall denote by L?(N,r) the space of r—measurable 
operators T such that (T*T)?/? € L'(W,r). It is well known that the 
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space L?(N , T) AN is a two-sided *—ideal in M that we shall call the p—th 
Schatten ideal of M. 

We also consider the Dixmier space L'?*(N,7) of those operators T € 
N such that 


| * uL (T)dt ~ O(log(s)). 


Again, L'9?*(N,7) is a two-sided *—ideal in M. There are well defined 
Dixmier traces Ty on L'^9*(N,7) parametrized by limiting processes w (6, 
21]. 

Consider the trace on the von Neumann algebra A/ evaluated on an 
operator of the form M, K where a is almost periodic and K is a convolution 
operator on L?(R”) arising from multiplication by an L! function k on the 
Fourier transform. We have, 


g 1 
MaK) = dim. cur / "PE Jj: KOG 


More generally, any pseudodifferential operator A on L?(R”, C^) with 
almost periodic coefficients of nonpositive order m acting on C^ —valued 
functions, can be viewed as a family over R% of pseudodifferential operators 
on R^. To do this first take the symbol a of A, then the operator o, (A) 
is the pseudodifferential operator with almost periodic coefficients whose 
symbol is 


(x, €) — a(x + u, £). 


When m < 0, we get in this way an element of the von Neumann algebra 
N. We denote by Y9 p the algebra of pseudodifferential operators with 
almost periodic coefficients and with non positive order. When the order 
m of A is > 0 then the operator A! given by the family (c,(A)) ucRg is 
affiliated with the von Neumann algebra M. If the order m of A is < —n, 
then the bounded operator A? is trace class with respect to the trace T on 
the von Neumann algebra A & My (C) [64][Proposition 3.3] and we have: 


1 
r(A*) = lim am] tr(a(z, ¢))dxd¢ 
T-++00 (2T)" J 5r ers xR" ) 
Indeed, the expectation E(A') is a pseudodifferential operator on R” with 
symbol denoted by E(a) and is independent of the x—variable, it is given 
by: 


. 1 
E(a)(¢) = , lim. Gry rS a(x, Ç)dz. 
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Hence the operator E(A!) is precisely the Fourier multiplier M (E(a)) and 
80: 


rat) = [ EONO. 


Let US, be the space of one step polyhomogeneous classical pseudodiffer- 
ential operators on R with almost periodic coefficients. 


Theorem 9.1. Let A be a (scalar) pseudodifferential operator with almost 
periodic coefficients on R^. We assume that the order m of A is € —n 
and we denote by a-n the —n homogeneous part of the symbol a. Then 
the operator A? belongs to the Dirmier ideal L'??(N', T). Moreover, the 
Dixmier trace Tu ( A") of A! associated with a limiting process w does not 
depend on w and is given by the formula: 
nA =i f  a-n(z dos Gr)dc 
N JRE xS^-1 

Proof. We denote as usual by A the Laplace operator on R”. The oper- 
ator A(1-- A)"/? is then a pseudodifferential operator with almost periodic 
coefficients and nonpositive order. Hence, the operator [A(1 + A)"/?]t = 
AT (1 + A*)"/? belongs to the von Neumann algebra M. Now the operator 
(14- A3)7"/? is a Fourier multiplier defined by the function ¢ + (14-C2)"/2, 
Hence if, for A > 0, Ej is the spectral projection of the operator (1-- A) -"/? 
corresponding to the interval (0, A) then the operator 1 — Ej is the Fourier 
multiplier defined by the function ¢ — 1, o9) (C? + 1)"/?). It follows that 
the trace 7 of the operator 1 — Ej is given by 


1 
1 


It is easy to compute this integral and to show that it is proportional to + 
So the infimum of those A for which 7(1 — Ey) < t is precisely proportional 
to i Hence the operator (1-- A*)7"/?, and hence A, belongs to the Dixmier 
ideal L'?9(W, 7). 

In order to compute the Dixmier trace of the operator A, we apply 
Shubin [62]| Theorem 10.1] to deduce that the spectral 7—density NA(A) of 


A has the asymptotic expansion 
A 
NAA) = xo) +0(1)), A— +00, 


where xo(À) is given by: 


wares [A Loss Ann Od (d. 


n 
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Now, if A is positive then by Benameur et al [6][Proposition 1]: 
Tul A) = lim ANA(A) = Xo( A). 
A—4-o0 


This proves the theorem for positive A. Since the principal symbol map is 
a homomorphism, we deduce the result for general A. n» 


The reader familiar with the Wodzicki residue will observe that the 
normalisation we have chosen for the trace in the von Neumann setting of 
this Section eliminates a factor of Qm which occurs at the corresponding 


point in the type I theory. 





10. The odd semifinite local index theorem 


The original type I version of this result is due to Connes-Moscovici [32]. 
There are two new proofs, one due to Higson [43] and one due to Carey et 
al [18]. The latter argument handles the case of semifinite spectral triples. 
Quite remarkably this very general odd semifinite local index theorem is 
proved by starting from the integral formulae for spectral flow that we have 
described in earlier sections. We do not have the space here to explain how 
it is done. 

We restrict our discussion to a statement of the theorem. First, we 
require multi-indices (k1,...,km), ki € {0,1,2,...}, whose length m will 
always be clear from the context. We write |k| = kı +---+km, and define 
a(k) by 


a(k) = 1/Kkilka! +++ km!(kı + 1)(k + ko + 2) (|k| + m). 
The numbers o,,,; are defined by the equality 


n—1 n f 
I[¢ +j4+1/2)= dons 
j=0 j=0 


with ooo = 1. These are just the elementary symmetric functions of 
1/2,3/2,.. n — 1/2. 

If (4, H, D) is a smooth semifinite spectral triple (ie A is in the domain 
of ô” for all n where 6(a) = [(1 + D?)!/2, a]) and T € N, we write T™ to 
denote the iterated commutator 

[p^ [D?, [ EL [D?, T] "^ WI) 
where we have n commutators with D?. It follows [18] that operators of 
the form 


pi) m ape + p?y-iit- m) 
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are in N when T; = [D, aj], or = a; for a; € A. 
Definition 10.1. If (A, 71, D) is a smooth semifinite spectral triple, we call 
p = inf{k € R : 7((1 + D?)-*/?) < oo) 
the spectral dimension of (A, H, D). We say that (A, H, D) has isolated 
spectral dimension if for b of the form 
b = ao[D, a4]? --- [D, am] 2 (1 + D?) 0/21 
the zeta functions 
Go(z — (1 — p)/2) = r(b(1 + D?) 7*Q-9/2) 
have analytic continuations to a deleted neighbourhood of z = (1 — p)/2. 


Now we define, for (A, H, D) having isolated spectral dimension and 


b= ao[D, a; ^? cn: [D, aj] ^7) (1 ge p2)-m/2- I 


7;(b) = resz—(1—py/2(z — (1 — p)/2) (2 — (1 — p)/2). 
The hypothesis of isolated spectral dimension is clearly necessary here in 
order to define the residues. The semifinite local index theorem is as follows. 


Theorem 10.1. Let (A, 4, D) be an odd finitely summable smooth spectral 
triple with spectral dimension p > 1. Let N = [p/2] + 1 where |] denotes 
the integer part (so 2N —1 is the largest odd integer € p-- 1), and let u € A 
be unitary. Then if (A,H,D) also has isolated spectral dimension then 


sf(D,u*Du) = E Lye Dy, qu, u*,...,u,u*) 


where $4 (u, u*,...,u,u*) is 


2N—1-m |k|+(m—1)/2- 


$5 (-1) a(k)oq tm -1)/2)5 
|k[-0 j-0 


XTj (ulD, ut}... [D, u] 2 (1 + Diya) 


When [p| = 2n is even, the term with m = 2N — 1 is zero, and for m = 
1,3,..,2N — 3, all the top terms with |k| = 2N — 1 — m are zero. 


We aim to compute the terms in this formula for semifinite spectral flow 
in the case where D is the Euclidean Dirac operator on the spin bundle S 
over R” tensored with the trivial bundle rank N bundle and u is a smooth 
almost periodic function from R” to U(N). 
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11. Almost periodic spectral triple 


We now apply the local index theorem to compute spectral flow. We thus 
assume that n is odd. The von Neumann algebra constructed previously is 
non-separable and so to avoid a discussion of the non-separable situation we 
need to slightly modify our approach in this Section. In fact it is sufficient 
to study the dense countable abelian subgroups of R”. Let us fix one such, 
call it D and explain how the theory works for this case. Consider the 
subalgebra A of AP(R”) consisting of almost periodic functions generated 
by ez with £ € D. We denote by A” the *-subalgebra of AP(R”) consisting 
of functions in A which have bounded derivatives of all orders. The von 
Neumann algebra we now consider is the crossed product algebra of D 
with L*??(R"))and is denoted by M. We take the Hilbert space on which 
this algebra acts to be B2(R?) & L?(R?) where B2(R") is the Hilbert 
space completion of A where the norm and inner product are given by the 
restriction of the Haar trace on AP™(R™) to A (note that B2,(R") & 
£?(D)). This type II,, von Neumann algebra is endowed with a faithful 
normal semi-finite trace that we denote by 7. (We note that the explicit 
formula for 7 is as given in Section 9.) 

The usual Dirac operator on R” is denoted by 6. So, if S carries the spin 
representation of the Clifford algebra of R” then 6 acts on smooth S— valued 
functions on R”. The operator 6 is Z" —periodic and it is affiliated with the 
von Neumann algebra Ms = M & End(S). This latter is also a type IIo; 
von Neumann algebra with the trace 7 @tr. More generally, for any N > 1, 
we shall denote by Ms,y the von Neumann algebra M & End(S @ C) 
with the trace 7 & tr. 

The algebra A and its closure are faithfully represented as 
x—subalgebras of the von Neumann algebra Ms. In the same way the 
algebra A & Mn(C) can be viewed as a *—subalgebra of /Vfs,w. More 
precisely, if a € A then the operator a! defined by: 


(at f)(z, y) := a(z +y) f(x,y), Vf € BDR”) & L'(R?), 


belongs to M. The operator a! is just the one associated with the zero-th 
order differential operator corresponding to multiplication by a. The same 
formula allows to represent A & Mpy (C) in Ms,n. For notional simplicity 
we put N = 1 in the next result although we will use a general N > 1 in 
the subsequent subsection. 


Prop 11.1. The triple (A, Mf s, 05) is a semifinite spectral triple of finite 
dimension equal to n. 
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Proof. Note that the algebra A is unital. The differential operator ð is 
known to be densely defined, elliptic, periodic and self adjoint on L?(R^, S). 
Therefore, the operator ð! is affiliated with the von Neumann algebra M s 
and it becomes self adjoint as a densely defined unbounded operator on the 
Hilbert space B2 (R") & L?(R”, S) with 0? = AI where I is the identity 
operator and A is the usual Laplacian. For any smooth bounded almost 
periodic function f on R”, with bounded derivatives of all orders, the 
commutator [6, f] is a 0—th order almost periodic differential operator and 
so [O*, f] belongs to the von Neumann algebra Ms. 

On the other hand, the pseudodifferential operator T = (0? + 7)-1/? 
is essentially the Fourier multiplier associated with the function k tw 
quy Therefore, its singular numbers (T) can be computed ex- 
plicitly as in the proof of Theorem 9.1 and shown to be proportional to 
pU. a 


11.1. Analysis of terms in the above example 


First we note that the spectral dimension is the dimension n of the under- 
lying Euclidean space and this is assumed to be odd. It follows that the 
summation over |k| in each term in the preceding theorem is over the range 
0 < |k| € n — m. Second we note that m is always odd. 

Let us write €1,€2,...,€n for an orthonormal basis of R”, 
c(e1), c(e2), ..., c(ex) for the corresponding Clifford generators. So we have 
c(ei)c(e;) + c(e;)c(ei) = 20;;1 and we can write 6 = 37 ic(ej) & 10; where 
1 just denotes the identity matrix. We let u € A% & End(C") be unitary. 
Thus u[d, u*] = $7 ic(e;) & 0;u* The trace is now the product of the trace 
on the spinor part times the von Neumann trace composed with the matrix 
trace on the matrices acting on V. This very simple structure enables us to 
eliminate all but one of the terms in the local index formula by first taking 
the trace of the product of Clifford generators. Note that the trace on the 
Clifford algebra in the spin representation is given by 


Trspis (i^ c(e1)c(ez) ...c(€n)) = i021 -0/2 
and the trace on any product of 0 « k « n generators is zero. 
A typical term in the local index formula is proportional to 
rj (u[8, u*]? [8, uU . . . (6, u]-? (8, u*] (1 + A) 797/72) (x) 
This is, up to a sign, a product of factors of the form (udu* — 8) *). The 


Laplacian commutes with 6 so that a typical factor is of the form 5 ^; c(e;) & 
gi and the g; are N & N matrix valued pseudodifferential operators. Since 
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there is always a product of an odd number of factors of this form 5^; c(e;)® 
gj in a term (x) the trace on the Clifford elements will produce zero unless 
m =n. In that case |k] is forced to be zero. 

Thus only one term survives in the local index theorem and that term 
is (see appendix) 


(—1)n-07/2 


n2(n-1) 


To(u[8, u*][9, uJ[O, u*][9, u] . . . [O, u][B, u*](1 + A) 72) 


To compute this we first take care of the Clifford algebra. Using the fact 
that [6, u] = —u[O, u*]u we write the formula for the spectral flow as 


S ~a gnl, u]u*)" (1 + A)7"/2) 


We let T'ry be the matrix trace on the auxiliary vector space. Now 
(D, uju*) = V 7 i0; (u)u*c(dz;). 


Writing f; = 0;(u)u* we then have 


(D,wu')^ 2i M7 fne ficte): elen) 


Jof. sjn) 


where the sum is extended over all multi-indices J. Every term in the sum 
is a multiple of the volume form, and so has non-zero (spinor) trace. In 
terms of permutations we have 


([D,uu*)^ =i EE CI da c(e1) ::: c(en) 


oE” 


=: Ni"c(e1) +++ c(en). 
In taking the trace we may first take the matrix trace over the Clifford 
endomorphisms of the spin bundle (with [...] denoting ‘the integer part of") 


and so, with rg = 7 x Try x Trgpin 


TQ ((D, ujra + PERE = res, 9Ts («D u]ju*)^(14- D?) Msn) 
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= res, o2 D/2j- li x Try) (O(1 +D?) 


2(n- 1)/2 1 21—n/2—s 
= TeSs— =0 Fiin+l)/2) lm Ba J pan DO f. CRI ) d£ 


(n— )/2y o] (gn- 1) 1 oo p^-l 
- res? i072 lim ery 3 T | Frar d" 


2(n-D/2ygi(gn-ty e Í T'(n/2)T(s) 
0 4D] (2T)" JL rs 2T (n/2 + s) 


a Vol(S"7!)llim 1 Try (Q 
= orna V OS™ )5lim s Res v (Q9. 


Now 


= Tre$5.0 


(47)n/? 
2n-1T(n/2)' 
Putting the previous calculations together gives our final result. 


Vol(S^-!) = 


Theorem 11.1. With the notation as above the spectral flow along any 
path joining the Dirac operator 6 to its gauge equivalent transform udu* by 
an almost periodic U(N) valued function on R” is given by the following 
formula: 


Ji 4-172] 4/2 M m 
sf (ð, udu") = TO F n/2)20*072 T> (270 ary Faye 


12. Appendix 
12.1. Coefficients from the Local Index Theorem 


The formula provided by the local index theorem for the special case con- 
sidered in Section 11 is 





n 
—1 
sf(D,u*Du) = P jena m Ds, au, u*,... uu?) 
Vri s 2 
where $4, (u, u*,...,u,u*) is given in Theorem 10.1. We already know that 


we need only compute the top term (degree n) of the local index theorem, 
because the Clifford trace will kill all the other terms. Since we have a 
simple spectral triple, the only multi-index k = (k1, ...,kn) which arises is 
zero. In particular, we require a(0) = + 

The numbers o,,,; are defined by the equality 


m-—1 


II (z+141/2) = X omj. 
iz0 j=0 
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These are just the elementary symmetric functions of 1/2,3/2, ...,mm — 1/2. 
When m = 0, this is the empty product, so co, = 1. For |k| = 0 we have 

= |k| + (n — 1)/2 = (n — 1)/2 and because we have simple dimension 
spectrum, we only want j = 0. Then c(,..1)/2, is the coefficient of 1 in the 
product II AM (z -- l4- 1/2). This is the product of all the non-z terms, 


which is 
(1/2)(3/2) x +++ x ((n — 3)/2 + 1/2) = ans LESE -1) 


The reason for writing this so elaborately, is that in this form it is obvious 
that ít is equal to 


In -1)/2+ 1/2) = 


Combining all these calculations gives us 


T(n/2). 


Sl- 





Pn(a0, Q1,... Gn) = Vini OE ) n (ao[D, a: : [D, an] (1 4 ya A 


12.2. Constants from Chn(u*) and pairing 


When we pair ¢, with the Chern character of a unitary, we divide out 
by V27-i, which is only in the Chern character of (A,H,D) to make it 
compatible with the Kasparov product. The Chern character of u* has 
degree n component 


(19777 (n — 1)/2)!u& ut Bug Du" e AM, 
So (since sf(D, uDu*) = Ta n(Chn (u*))) 


(HEDT (n/T (in + 1)/2) 


sf (D, uDu*) = ral 


xTo(u[D, u*]--- [D, u*] (1 + pss 


Using the duplication formula for the Gamma function, we can simplify the 
constant in the last displayed formula. The duplication formula yields 


Tl'(n/2)T (n/2 4- 1/2) = Val (n) t! = /nz(n — 1))27"*!, 
and inserting this gives 


(710-072 


sf(D,uDu*) = GD) 


To(u[D, u*]---[D,u*]1 + Don 
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We present some applications of ideas from partial differential equations and dif- 
ferential geometry to the study of difference equations on infinite graphs. All 
operators that we consider are examples of "elliptic operators” as defined by Colin 
de Verdiere [4]. For such operators, we discuss analogs of inequalities of Cheeger 
and Harnack and of the maximum principle (in both elliptic and parabolic ver- 
sions), and apply them to study spectral theory, the ground state and the heat 
semigroup associated to these operators. 
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1. Preliminaries 


We consider graphs (without loops or multiple connections) G — (V, E) 
where V is a set whose elements are called vertices and E, the set of edges, is 
a subset of the set of two-element subsets of V. For an edge e = {x,y} € E, 
we will denote by [z, y] the oriented edge from z to y and write E for the 
set of all oriented edges. We also write x ~ y if {x,y} is an edge. All graphs 
considered will be connected. 

By a function on a graph we will mean a mapping f : V — C. By an 
operator on a graph, we shall always mean an operator acting on functions 
and follow Colin de Verdiére [4] in defining the notion of “self-adjoint, pos- 
itive, elliptic operator." Observe first that every operator L is given by a 
matrix (b;,,). We require our operators to be local, i.e. 


by =0 if {x,y} is not an edge anda fy. 


This work is supported in part by a PSC-CUNY Research Grant. 
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Thus 


Lf (x) = bzs f(x) + > bay f(y) 


zayy 


The constant functions are annihilated by L if and only if ar bry = 
—bz,2 for every x € V. Every local operator L can be rewritten in the form 


Lf(z) = W(z)f(z) + X` asq(f(z) — F(y)) (1) 
yr 
where W(x) = bz + ».,., bzy and asy = —bz,y. We will often write 
L = A + W, where A, given by the sum in the formula above, annihilates 
constant functions and W denotes the operator of multiplication by the 
function W(x). 
Let (V) be the space of complex-valued functions f satisfying 
Y sev lf (z)|? < oo equipped with the standard hermitian inner product 


(9) = X Fa). 


rcV 


We denote by Co(V) the space of all functions on V with finite support. 
In order that the operator L be symmetric on Co(V), i.e. (Lf, g) = (f, Lg) 
it is necessary and sufficient that as, = ay; and W(z) + Ð yna as, € R. 
We want to think of the operator in (1) as a “Laplacian” plus a potential. 
Thus, we impose an additional condition on A that will make it positive 
on Co(V). Namely, we require that az,, be real and positive for every edge 
{x,y}. We will refer to such operators as elliptic, positive and symmetric. 
A very important example is the combinatorial Laplacian A = A given by 
choosing az, = 1 for every edge, 


Af(z) = X (F2) - f(y)) = m(x)f(z) -X f(y), 


gy rey 


where m(x) is the valence of the vertex z c V i.e. the number of edges 
emanating from z. 

The following lemma sheds some light on the structure of a positive, 
symmetric operator. First, we need a definition. Let C(E) denote the 
space of functions ¢ on oriented edges satisfying ¢([z, y]) = —@([y, x]) for 
every edge {x,y} and let 


&(E)-(6€C(E)| $ ellz y]? < co}. 


{z,y} EE 
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We equip ¢?(F) with the natural inner product 
<o,¥>= Y ole, Yole). 
{z,y}EE 
In addition, given a positive, symmetric operator A as above, define the 
(possibly unbounded) operator d4 from (V) to ?(E) by 
daf([z,y]) = yas (f(x) — f(y))- 


Lemma 1.1. Suppose f and g are two functions on the graph and one of 
them has finite support. Then 


(Af, g) =< daf, dag >. 


In particular, if f has finite support, (Af, f) > 0 with equality if and only 
if f =0. 


Proof. The proof is a simple calculation. 


ages: (x as (fe) - sa») qs) 
T ye 
= MD azy(f(2) - AUUE) IU) =< daf,dag > 
{x,yJEE 
To justify it note that an edge {z,w} contributes to the first sum twice. 
The contribution is 


azw( f(z) — f(w))g(z) + au ((w) — F(2))9(w) = 
az,w( f(z) — f(w))(g(z) ~ g(w)) 


since @z,y is symmetric. This proves that the two sums are equal. The 
statement about strict positivity of (Af, f) follows trivially. n» 


We wish to consider L = A+W as an unbounded operator on /?(V) and 
to study its spectrum. In order to obtain a reasonable setup we will require 
that the potential W be bounded from below by a constant, W(x) > c for 
all z € V. By the lemma above, L is semi-bounded, i.e. (Lf, f) > c(f, f) 
for every f € Co(V). By Theorem X.23 of Simon and Reed [12], L then has 
a distinguished self-adjoint extension, the Friedrichs extension, L such that 
Ao(£), the bottom of the spectrum of L, has a variational characterization 





ay . (Lf, f) 
ROE ee OE BEC pe M) 
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We will abuse the notation and write Ao(L) for Ao(£). 

In general, without any further restrictions, the operator L with domain 
Co(V) may have many self-adjoint extensions. The theorem below gives 
conditions under which L is essentially self-adjoint, i.e. has a unique self- 
adjoint extension, cf. [12], Theorem X.28. 


Theorem 1.1. Suppose that A is a positive, symmetric and bounded as 
an operator on (V). Let W be bounded from below by a constant. Then 
L — A-- W is essentially self-adjoint on Co(V). 


Proof. Choose a positive constant « so that W+« > 1. By Theorem X.26 
of [12], it suffices to show that 


(A+W+k)*f =0 (3) 


implies that f = 0. Taking the inner product of the equation above with 
the function 6, (z(y) = 1 if x = y and 0 otherwise), using the definition of 
the adjoint and Lemma 1.1, we see that (3) is equivalent to 


(A --W -- k)f =0, f EÊ) 


where (A + W + &)f is computed pointwise as in (1) with W replaced by 
W +k. Since A is bounded and Co(V) is dense in £?(V), (Af, f) > 0 by 
Lemma 1.1. Therefore, 0 = (Af, f)+((W+«)f, f) = (f, f). It follows that 
f = 0 which proves the theorem. oO 


Remark 1.1. Observe that the condition that A be bounded holds if a = 
SUP @z,y < oo and M = supm(z) < oo. In fact, in this case || A ||< 2aM. 


Remark 1.2. We view the Theorem 1.1 as an analog of Theorem X.28 of 
[12] which applies to a differential operator —A + V on R”. Clearly, A is 
unbounded but the unboundedness is an infinitesimal effect that does not 
occur for difference operators on graphs. We view the boundedness of A 
or the condition a « oo as a partial replacement of uniform ellipticity, (see 
Corollary 2.1 below for a proper analog of uniform ellipticity). Similarly, 
M « oo is à bounded geometry condition. 


We now state two local results. Their continuous analogs - the maximum 
principle and Harnack's inequality - are discussed at great length in Protter 
and Weinberger [11]. Let Vi C V be a set of vertices and let G4 be the full 
subgraph of G generated by Vj (i.e. the set of edges of G consists of all edges 


o 
{x,y} of G such that z,y € Vi). Let Vi = {zE Vi | yx implies y € 
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oO o 
Vi } and OV, = VM. We say that V; is connected if every two of its vertices 


x, y can be connected by a path of edges (xo, 21], [z1, 22], ... , [a 1, £n], 
Oo 
zo = Z, Zn = y with x; € Vi for i —0,1,...,n 


Lemma 1.2. Let L = A+W where A is positive, symmetric and W is 


o 
nonnegative. Suppose VQ C V is a subset with Vi connected. Let f be a 
function on Vi such that 


Lf(z) = Af(z) -W(z)f(z) 20 for z € V. 


If f has a minimum at xo € Vy and f(xo) € 0 then f is constant on Vi. 


Proof. Suppose zo € V is a minimum and f(zo) € 0. Then 
0< Y assa (f(20) — f(y)) + W(zo)/ (zo) < 0 
yrzo 


since A is positive, r9 is a minimum, and W (xo) f(zo) < 0. It follows that 
all terms in the sum above are equal to zero, ie. f(y) = f(zo) for every 
y ~ zo. By connectedness, f is constant. o 


Lemma 1.3. Suppose A and W satisfy the assumptions of Lemma 1.2. 
Let Vy CV, ze y, zx,y € Vy. If 

Lf =Af+Wf>0 and f>0 on M 
then 


dep g Sia) « (Wis) + aay tvs) 
(W(x) + yar Qs,z) ~ f(y) = Ary : 


Proof. By symmetry, it suffices to prove one of the two inequalities above. 
We have 


(A+W)f(2) = $ as2(f(a) — f(2)) + W(z)f(z) 2 0. 


Therefore, 


(= az, Jie ) -W(z)f(z) > 7a. f(2) > az yf (U). 


ZNT ZNT 


This, of course, is equivalent to the lower bound on f (z)/ f(y) in the state- 
ment of the lemma. o 
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We refer to Lemma 1.2 as the maximum principle and to Lemma 1.3 as 
the Harnack inequality. The significance of the Harnack inequality is that 
it gives a bound of the ratio f(z)/f(y) in terms of the coefficients of the 
operator but independent of the function f. 


2. Existence of ground state 


In this section we prove, for an operator L = A+W with positive, symmetric 
A and the potential W bounded from below by a constant, the existence of 
a ground state, i.e. a positive solution of the equation 


Lo = Ao(L)0, 


cf. Pinsky [10] for an extensive discussion in the continuous setting. We 
assume that the underlying graph G is connected and fix a vertex zo as an 
“origin”. Consider the exhaustion {Gn}; of G where, for every n, Gn is 
the full subgraph with the vertex set V, = {x € V | d(zo, x) € n). Here, 
d(x, y) denotes the combinatorial distance between z, y € V, i.e. the length 


of the shortest path of edges connecting z with y. Clearly, V. is connected 
for every n > 1. We will construct a ground state $ by solving certain 
“boundary value problems" on G,, and taking a limit of the solutions. In 
order to get started we need to review these boundary value problems. 
Thus, let U be a finite subset of V such that the full subgraph generated 
by U has connected interior. Let Co(U) be the space of functions on U 
that vanish on OU. Extending functions in Co(U) by zero embeds Co(U) 
isometrically in Co(V). We define, for f € Co(U), Lu f € Co(U) by 


Ly fl) = roe + Dery deu(f(e)- fly) its eU, 
0 if x € OU. 

We can define Ay f € Co(U) for f € Co(U) analogously. The calculation in 
the proof of Lemma 1.1 shows that Ay and Ly are symmetric operators on 
Co(V) and that Ay is strictly positive. It follows that Ao(Ly), the smallest 
eigenvalue of Ly on Co(U), has variational characterization 

FECU (ff) FECU} (f, f) 
where in the last expression above we identify f with its extension by zero 
outside U. 


Ao(Lu) 





Proposition 2.1. The eigenspace of Ao(Ly) is one-dimensional and every 
eigenfunction p belonging to Ao(Lu) has constant sign in the interior of U. 
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Proof. It is enough to consider real-valued functions. Replacing W by 
W +c with a suitably large c, we can assume that W is nonnegative. Since 


(Lufi P= — 9, alf) - Fy)? + D> Wasa 


o o 
z-^y,r€U,ycU z€Ug 


replacing f by |f| decreases the Rayleigh-Ritz quotient in (4). Therefore, it 
follows that if » is an eigenfunction belonging to Ao(Lu) then |v/| is one as 
well. Thus we can assume that there exists a nonnegative eigenfunction w. 
Since the Raylegh-Ritz quotient is nonnegative, Ao(Lu) > 0. The maximum 


principle in Lemma 1.2 implies that 7 is strictly positive in Ü . Finally, if 
the eigenspace of Ao(Lu) had two or more dimensions, there would exist 
another eigenfunction ¢ orthogonal to v. Therefore ¢ would have to change 
sign and be negative at an interior point, but this is impossible by the 
maximum principle. o 


We are now ready to prove 


Theorem 2.1. Consider an operator L = A+ W on a connected graph G 
with positive, symmetric A and the potential W bounded below by a con- 
stant. There exists a ground state $ for L i.e. a function $ > 0 on V such 
that 


Lo = roo 


where Ag = Ao(L) is the bottom of the spectrum of (the Friedrichs extension 
of) L on G. 


Proof. The proof for the case of the combinatorial Laplacian was given 
in Dodziuk and Mathai [8]. We follow the same line of argument here 
but remark that exhaustion argument of this kind is applied very often in 
studying partial differential equations on noncompact domains or domains 
with non-smooth boundaries as, for example, in [10], Chapter 4. Note 
first that by adding a suitable constant to the potential W we can assume 
without any loss of generality that W > 0. We use the exhaustion of G 
by finite subgraphs Gn described above. Let A, = Ao(Lgc,) and let on 
be the corresponding positive eigenfunction of L on Co(V,,) normalized so 
that ¢,(%0) = 1. By the variational characterization of eigenvalues and of 
the bottom of the spectrum (2), (4) we have Àn N Ao. Fix a point y € V. 


Then, there exists k — k(y) such that y € V, for all n > k. Choose a path of 
length d(zo, y) that connects zo and y. Using the normalization ó4(zo) = 1 
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and applying the local Harnack inequality in Lemma 1.3 to successive edges 
of the path, we see that the sequence ¢,,(y) is bounded above and below by 
positive constants that are independent of n. Using the diagonal process, we 
choose a subsequence (nx), such that the sequence (Øn, (y));?., converges 
to the limit ¢(y) of every vertex y € V and $(y) > 0. Since Lọ is given 
by the formula (1) and An N Ao we see that $ is a positive solution of 
Ld = Ao as required. D 


We now need the following lemma to control the behavior at infinity of a 
ground state under certain additional assumptions. 


Corollary 2.1. Assume that A is symmetric and positive, that the graph 
G has bounded valence sup,¢y m(x) = M < oo and that the operator A is 
uniformly elliptic in the sense that there exist constants y, F > 0 so that 
y € azy € T for every edge {x,y}. Suppose a function f on V satisfies 
Af 20, f » 0. Then, for every x,y € V, 


—d(z,y) d(x,y) 
(>) giez (5) l 
Y f(y) Y 

Proof. By Lemma 1.3, y/MT < f(z)/ f(w) € MT'/yif z ~ w. We connect 


x with y by a path of edges of length d(x, y) and apply these inequalities 
for every edge along the path. The corollary follows. Oo 


Observe that this is entirely analogous to Theorem 21 in [11]. 


3. Cheeger’s inequality 


In this section, we assume that L = A and give a lower bound for the bottom 
of the spectrum of A on G. This bound originated in Riemannian geometry, 
cf. Cheeger [3], and has been studied a great deal for the combinatorial 
Laplacian on graphs, cf. Lubotzky [9], Dodziuk [6], Dodziuk-Kendall [7]. 

As before, let A be a positive, symmetric elliptic operator on an infinite 
graph G and let U C V be a finite subset. We define 


DO heey Any 
h4(U) = = ey NE (5) 
and 
B(G, A) = inf ha(U) (6) 


where #U denotes the number of vertices of U. 
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Theorem 3.1. Suppose sup,cy M(x) = M < oo The lower bound of the 
spectrum of A on G satisfies 


B(G, AY. 


Ao(A) = 2M 


Proof. We follow the proof of Theorem 2.3 of [6]. Let (G,);9., be the 
exhaustion of G used in the proof of Theorem 2.1. Since Àn N Ao it will 
suffice to show that Àn > (G, A)?/2M independently of n. We will fix 
n, set U = Vn and let ó be positive eigenfunction of Ay. Observe that by 
Lemma 1.1 and (4) 


< dad, dad > 
(6, 4) 
if we extend $ by zero outside U. Consider the expression 


A= DO Vas! (z) - (y). 


{z,y}EE 


An = Ao(Av) = (7) 


By Cauchy-Schwartz inequality we have 


A= Y Vasslé(z) - e) lole) + o(y)| 


{x,y} 
1/2 1/2 
< | Y le) + sr) | YS asué(2) - sor) 
{x,y} {x,y} 


1/2 
< Và p (9*2) reun) (daġ, da4)’. 
{x,y} 


In 5; (x "ICA (x) + $? (y)), every vertex contributes as many times as the 
number of edges emanating from it. Hence we get the following upper 
bound on A. 


A x V2M (6,9)! ? (dag, dap). (8) 


On the other hand we can estimate A from below in terms of (¢,¢) as 
follows. Let 0 = vo < vı < v2 < ... < vw be the sequence of all values 
of ¢?. Note that, since A(x) = Ao(U)¢(z) at every interior vertex x and 
since Ao(U) > 0 by (7), every interior vertex x will have a neighbor y such 
that (x) > $(y). Define a set of vertices U;, i = 1,2,..., N as follows. A 
vertex x € U belongs to U; if and only if ó?(x) > vi and let F; be the full 
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graph generated by the set U;. Now 


N 
A-M Y Y vaso - $0). 
i—1 $?(z)—vi yr $? (y) «vi 
If à? = wj and $?(y) = vi.& for some k € (1,2,...,i), then on the one 
hand, ¢?(x) — ¢?(y) = (vi — vi-1) + (Vi-1 — vi-2 + - . . (Vi-k+1 — Vi—k) and, 
on the other hand, x € ðU; 18U; 1... N 0Uj ku. It follows that 


N 
A > vi = Vi—1) 5 V/üz y 


i=1 y~r, yEOU; 


Applying (6) we obtain 


N N 
A > ha (U) V Uv; — vii) = 8 EU; — vii) 
i=1 


i=l 


with 8 = 8(G, A). “Summation by parts" now yields 


N-1 
A2B Caz Y uU - um) 

i=1 
Observe that #U,, is the cardinality of the set where $? = vy while #U; — 
#Uj41 is the number of points where ¢? = v;. It follows that 


A > B(9, 4). 
This inequality combined with (7) and (8) gives the desired lower boundo 


We remark that one can also bound 9(A) from above by a related 
isoperimetric constant. Namely, let xy be the characteristic function of a 
finite set of vertices U C V. Then 


No(A) < £daXvdaxu > _ Dos usev gu tzw 


(xu; xu) #U 
It follows that 
Ao(A) < &(G, A) = int eecusetuet ew 
#U 

where the infimum is taken over all finite subsets U of V. 

Note that for the combinatorial Laplacian A, asz, = 1. Thus 6(G, A) = 
(i (G, A). In particular, for graphs of bounded valence Ag(A) = 0 if and only 
if 8(G, A) = 0 which is analogous to a result of Buser [2] in the Riemannian 
setting and is very useful in connection with various characterizations of 
amenability of discrete, finitely generated groups, cf. Brooks [1]. 
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4. The heat equation 


In this section we make several standing assumptions. Namely, we assume 
that the graph G has bounded valence sup,cy M(x) = M < oo; that the 
potential W = 0 i.e. L = A; and that a = sup(; jeg asy < oo. We shall 
study the parabolic initial value problem 


Au 4 Bt =0 (9) 
u(x, 0) = uo(x) 


and the associated heat semigroup using the method of Dodziuk [5] applied 
previously to the combinatorial Laplacian in [8]. Here u(x,t) is a function 
of x € V and t > 0, while ug is a given function on G. The first equation 
above will be referred to as the heat equation. 

We are going to use the following version of the maximum principle, see 
[11], Chapter 4 for an analog in the continuous setting. 


Lemma 4.1. Suppose u(x,t) satisfies the inequality Au + ĝu «0 on U x 
(0, T] for a finite subset U of V. Then the maximum of u on U x [0, T] is 
attained on the set U x (0) U OU x [0, T]. 


Proof. Suppose (zo,to) € Ü x (0, T] is a maximum. It follows that 
ĉu (zo, to) > 0 so that Au(zo, tg) < 0. On the other hand, (1) and positivity 
of A imply that Au(zo,to) > 0. The contradiction proves the lemma. O 


We use the lemma above to prove the uniqueness of bounded solutions of 
(9). 


Theorem 4.1. Let u(x,t) be a bounded solution of (9) with the initial 
condition |uo(x)| € No. Then u is determined uniquely by uo and 


[u(z,t)| € No 


for all (x,t). Moreover, if a bounded initial condition uo is given, then a 
bounded solution u(x,t) of (9) exists. 


Proof. Suppose that u(x,t) is a bounded solution. Let Ni = sup |u(z, t)|. 
Fix zo € V and define r(x) = d(z, xo). By our assumption on the valence 
and (1) 


|Ar| € aM. (10) 
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Consider an auxiliary function 
Nj 
v(z,t) = u(x,t) - No — m (r(x) -- a(M +1)t), 
where R is a large parameter. Let U = B(zo, R) be the set of vertices of V 


at distance at most R from zo. The function v(z,t) is nonpositive on the 


set U x (0) UOU x [0, T] and satisfies (A + 2)v < 0 on U x [0, T] because 
of (10). Lemma 4.1 implies therefore that v(z,£) < 0 so that 


u(x,t) € No + at (r(z) + a(M + 1)t) 


on B(zo, R) x [0, T]. Keeping (x,t) fixed and letting R increase without 
bounds, we see that u(x,t) < No. Applying the same argument to —u yields 
lu(z,t)| € No. Since T > 0 and x were arbitrary, this last inequality holds 
for all z € V and t > 0. Uniqueness follows by considering the difference of 
two solutions. We postpone the proof of existence of the solution. m 


Recall that under our assumption A is a bounded operator on £?(V). 
Therefore, we can define for t > 0 


oo th AF 
P, = e^ = Sey (11) 
k=0 : 


Obviously, u(x, t) = (Pug) (x) is a solution of (9) whenever uo is in £2(V). 
Since || P, |< 1 we see that for every z € V and t > 0 


u(x, t)| l| uC, t) [S] uo || 


so that u(x,t) is a bounded solution and we get uniqueness. We would like 
to extend the semigroup P; to a larger class of functions. 
We define p(x, y) to be matrix coefficients of the operator P,, i.e. 


pi(z, y) = (Piôs, by) 


where ó; is the characteristic function of the set (x). Similarly, let A(z, y) = 
(Adz, ôy). Since A is self-adjoint both of these matrices are symmetric. 
Writing uo = » ^, uo(y)ó, and using the symmetry, we see that 


Pyuo(2) = (Pruo bz) = 2al v, y)uo(y (12) 


V 


for uo € £?(V). Substituting uo = dy we see that p;(z, y) satisfies the heat 
equation in variables x,t. We try to extend P; to functions that are not 
necessarily in /?(V) by using this formula and verifying the convergence 
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of the series. To do this we shall need an estimate in the lemma below of 
pr(z,y) for t € [0, T] and d(z, y) large. 


Lemma 4.2. For every T > 0 there exist a constant C = C(a, M,T) > 0 
such that 


C 
P9 qq gj 


for all t € [0, T]. 


Proof. Write A” (x,y) for the matrix coefficient of the n-th power of A. 
Then A(z,y) = 0 if d(x,y) > 1 by the locality of A. It follows, that 
A" (xz, y) = 0 if d(x,y) > n. Now suppose that d(x, y) = k. It follows from 
(11) that 


pley = Y, COT (13) 


n-k 


Since the operator A is bounded with || A ||X 20M, 
|A” (z, y)| = 1(A"6,,0,)| € 27a" M”. 


Therefore the series obtained by factoring out 1/k! from (13) is easily seen 
to be uniformly bounded for t € T. This proves the lemma. D 


The lemma says that for t bounded, the heat kernel p(x, y) decays very 
rapidly as the distance d(z, y) goes to infinity. This is à familiar behavior of 
the heat kernel of a Riemannian manifold of bounded geometry. Thus we 
can substitute for uo in (12) functions of moderate growth so that the series 
defining u(z, t) converges and produces a solution of (9). In particular, this 
yields existence of bounded solutions of (9) asserted in Theorem 4.1. More 
precisely, for bounded initial data |uo| < c, we define the solution of (9) by 
(12) and group the terms as follows 


co 


X p(z, yulu) = >>) So mG.wv)uo(y) 


k=0 \d(z,y)=k 


By our assumption on the valence, the number of terms in the inner sum 
is at most M^. Thus, for a bounded t, the absolute value of the k-th 
term together with its t derivative is dominated by (C/k!)M*c because of 
Lemma 4.2. This shows that the series converges very rapidly and can be 
differentiated term by term proving existence in Theorem 4.1. For future 
reference we make the following 
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Remark 4.1. In the argument above we could have allowed uo to grow 


at a certain rate. For example, the argument goes through if |uo(y)| < 
cy ec2 ey), 


Our next result gives a relation between a ground state and the heat. 
semigroup. It illustrates a technique used frequently in the study of dif- 
fusions as, for example, in Sullivan [13], Pinsky [10] and Dodziuk-Mathai 
[8]. Let H = {u : V —C]lu-¢e £7(V)}. It is a Hilbert space with the 
inner product < u,v >= Ð „ey u(z)v(z)ó?(x). We use the ground state 
$ to transplant the semigroup P; to H. Namely, define P; as a bounded 
self-adjoint operator on 4 by 


B, = evt [$67 1] P,[9] = e^t [6 ]e-*^ [9], (14) 


where Ag = Ao(A) and [f] denotes the operator of multiplication by a 
function f. Observe that for ug € H 


Puola) =e" Y cns d) wv) (15) 
y 





by (12). Clearly, P,, t > 0 is a semigroup with infinitesimal generator 
-Å = -[67*Y(A - 9)(9). 
The following calculation gives a local formula for A. 


Au(z) = $^ (z) A(Gu)(z) — Aou(z) 
= $7 (x) ) So azy (G( z)u(z) — é(y)u(z)) 


t(x) X` az, (é(y)u(z) — é(y)u(y)) — Aou(z) 
yox 
= Aou(z) + Eee adr) ) sies u(y)) — Aou(z) 
= P asy ie j ula) —u(y)). (16) 


yc 


Note that A is different than the local operators considered until now as its 
coefficients are not symmetric in z, y. We will consider however the initial 
value problem analogous to (9) for the operator A. 
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'Theorem 4.2. Under the assumptions stated in the beginning of this sec- 
tion, the initial value problem 


has a unique bounded solution u(x,t) for every bounded function uo. 


Proof. The proof is completely analogous to the proof of Theorem 4.1. 
The uniqueness used only the maximum principle in Lemma 4.1 which in 
turn depended only on positivity and not on symmetry of the coefficients 
of the operator A. The proof thus applies equally well to the operator A 
whose coefficients are positive by (16) since the ground state $ is positive. 
Similarly, one proves existence for bounded initial data using the formula 
(15) and applying Remark 4.1 together with the estimate of Corollary 2.1. 

o 


The following corollary is of independent interest. Its special case was 
used to derive certain estimates of the heat kernel for the combinatorial 
Laplacian in [8]. 


Corollary 4.1. Under the assumption of this section, the ground state ó 
of A is complete i.e. satisfies 


Pip = etg, 


Proof. By the theorem above, PB, applied to the function ug = 1 is a 
solution of the equation Au + ou = 0 with the initial data up. The function 
identically equal to one is also a solution. By uniqueness, the two solutions 
are equal i.e. 


1 
Aot 
ert y^ plr, yolu) 21 
Li (aj 09 
for all t > 0,2” € V. This proves the corollary. Oo 


Acknowledgement. I am very grateful to Radek Wojciechowski for a 
careful reading of the paper, correcting errors and making suggestions that 
lead to improvement of exposition. 
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Index theory has had profound impact on many branches of mathematics. In this 
note we discuss the context for a new kind of index theorem. We begin, how- 
ever, with some operator-theoretic results. Berger and Shaw [11] established that 
finitely cyclic hyponormal operators have trace-class self-commutators. Berger [9] 
and Voiculescu [31] extended this result to operators whose self-commutators can 
be expressed as the sum of a positive and a trace-class operator. In this note we 
show this result can't be extended to operators whose self-commutators can be 
expressed as the sum of a positive and a Sp-class operator. Then we discuss a 
conjecture of Arveson [4] on homogeneous submodules of the m-shift Hilbert space 
H2, and propose some refinements of it. 

Further, we show how a positive solution would enable one to define K-homology 
elements for subvarieties in a strongly pseudo-convex domain with smooth bound- 
ary using submodules of the corresponding Bergman module. Finally, we discuss 
how the Chern character of these classes in cyclic cohomology could be defined and 
indicate what we believe the index to be. 
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1. Introduction 


The complex Hilbert space H is said to be a Hilbert module over the alge- 
bra A if H is a unital module over A. This is equivalent to a representation 
of A on H. In the last two decades, there has been considerable interest in 
the study of Hilbert modules for various classes of algebras, in part as an 
approach to multivariate operator theory. For Douglas and Paulsen [20], 





Part of this research was done while the author attended the joint India-AMS Meeting 
held in Bangalore in December, 2004. His visit was supported by a grant from the 
DST-NSF Science and Technology Cooperation Programme. 
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A was assumed to be a function algebra and module multiplication to be 
bounded. Other authors (e.g. Muhly-Solel [29], Eschmeier-Putinan [23]) 
have considered other kinds of algebras. More recently, there has been an 
interest in modules for which A is the algebra of polynomials C[z] with 
various assumptions such as (1) coordinate functions act contractively or 
(2) they act as a spherical contraction. (The bold z will be used to denote 
points in C™.) Arveson [2] considered the latter case and identified the m- 
shift space H2, as having particularly nice properties. In the course of his 
studies, he [4] raised a question about the almost reductivity of the submod- 
ules of H2, & C^, for 1 < k < oo, generated by homogeneous polynomials; 
that is, modules for which the coordinate multipliers and their adjoints have 
compact or p-summable cross-commutators. Later Arveson [5] established 
this result for submodules generated by monomials. (Also, see Arveson [6] 
and Guo-Wang [27] for some subsequent work on this topic.) Douglas [16] 
extended this result to a class of commuting weighted shifts which includes 
the m-shift and Bergman and Hardy modules for the ball. 

In this note we discuss Arveson’s conjecture in full generality and 
more. We suggest, in particular, that submodules of Bergman modules 
over strongly pseudo-convex domains of C™ with smooth boundary deter- 
mined by subvarieties are p-reductive for p > m. Moreover, in such a case 
they determine odd K-homology classes (cf. Brown-Douglas-Fillmore [13]) 
for the space equal to the intersection of the subvariety with the boundary 
of the domain. Further, one could define a Chern character using the cyclic 
cohomology of Connes [14]. We conjecture that this class is the one deter- 
mined by the almost complex structure on the intersection of the subvariety 
and the boundary. Such a result would be a new kind of index theorem. 

We begin by considering some results of Berger [9], which extended 
his earlier theorem with Shaw [11] in operator theory. The latter result 
established that self-commutators of hyponormal operators are trace-class 
in the presence of finite cyclicity. 

My interest in the question of almost reductivity was spurred by Arveson 
and resulted from an ongoing dialogue with him on his work on this topic. 
This rather unusual note was the subject of conference talks given in 2005 
at IUPUI, Penn State and Roskilde University and is presented here to 
bring to the attention of other researchers, what we believe to be a most 
promising and interesting topic. 
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2. Results in operator theory 


Recall that the bounded linear operator T on the Hilbert space H is said 
to be hyponormal if the self-commutator [T*, T] = T*T — TT* is a positive 
operator. Berger and Shaw [11] demonstrated the surprising result that 
a finitely cyclic hyponormal operator has a trace-class self-commutator. 
There is also an estimate of the trace involving the degree of cyclicity and 
the area of the spectrum of T' but that inequality will not concern us at 
this time. 

Recall that an operator X on #H is said to belong to Sp, the Schatten- 
von Neumann class, for 1 € p « oo, if X is compact and the eigenvalues 
of (X* X)!/? belong to £ (cf. Gohberg-Krein [25]). Now Sı consists of 
the trace-class operators. One knows that S, is a Banach space with dual 
space $4 with i + n = 1, for 1 € p < oo, if we identify Sœ with L(H), the 
space of all bounded operators on H. Further, Sp is a two-sided ideal in 
Soo = L(H). 

In subsequent years, Berger [9] extended the Berger-Shaw Theorem to 
cover a larger class of operators which is the class we shall consider. (There 
was also related work by Voiculescu [31] and Carey-Pincus on this class.) 
For 1 € p < oo, well say that an operator T on H belongs to A, if 
(T*, T] = P4 C, where P > 0 and C is in Sp. Observe that all hyponormal 
operators are in A, as are all operators T for which [T*, T] is in Sp. Observe 
also for p = 1, that there is a well-defined trace on the self-commutators 
of operators in A, taking values in (—oo, oo] and that for T in A; we have 
[T*, T] trace-class iff this trace is finite. 

Finally, we will let Ao denote the operators T for which [T*, T] = P+C 
with P positive and C compact. 

The class of hyponormal operators is closed under restriction to invari- 
ant subspaces. That is, if T is hyponormal and V is an invariant subspace 
for T, then T|y is hyponormal. The following lemma shows the same is 
true for class Ap. 


Lemma 2.1. (Berger [9] and Voiculescu [31]) Jf T' belongs to Ap for 1 < 
p € oo or p — 0, and V is an invariant subspace for T, then T|y is in Ap. 


Proof. If one writes T = ( 4 B) relative to the decomposition H = V@V~, 
and Q is the orthogonal projection on to Y, then 


((Tl»)*. (Tlv)] = Q(T", TI + QTQ T*Q, 
where Qt = I — Q. Since [T*, T] = P +C, with P > 0 and C in Sp, we 
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have 
((Tlv)*, (7]y)] = (QPQ + QTQ^T*Q) + QCQ 
and the first sum on the right-hand side is positive while QCQ is in Sp. O 


The following result is a special case of a result due to Berger [9]. We 
reproduce the proof since it is short and we believe deserves to be better 
known. 


Proposition 2.1. If T is in Ay and V and {Vn} are invariant subspaces 
for T such that each V, is finite dimensional, Vn C V4441 for all n and 
U Vn is dense in V, then [((D|y)*, (T|y)] is trace-class. 
n-i 
Proof. Let Q and {Qn} be the orthogonal projections onto V and {Vn}, 
respectively. Then {Qn} converges in the strong operator topology to Q. 
Adopting the same notation as in the preceding proof for the representation 
of the self-commutators, we have [(T |y, )*, (T|v,)] = Pn+Cn for each n and 
[(T|v)*, (T|y)] = P+ C. Moreover, the sequence (P) converges strongly 
to P while the sequence (C4) converges to C in the norm on Sj. 

Since T|y, is finite rank, we have Tr[((T|y,)*, (T|v,)] = 0 and hence 
0 < TrP, < ||C.||: for all n. Further, we have ||C4l; — ||Cll; which 
implies that lim TrP, « M < oo and hence TrP < M using a vari- 
ant of Fatou's Lemma. "Therefore, P is trace-class from which the result 
follows. o 


Actually Berger proved a stronger result. Suppose we have another 
invariant subspace Vo contained in all the V, so that the dimension of 
Yn / Vo is finite for all n and T|y, is in Aj. Then the preceding argument 
yields the same conclusion, namely, that the self-commutator of T'|y is in 
$i. 

We now reframe Proposition 2.1 in a setting which makes the hypotheses 
more transparent. 


Theorem 2.1. Let T be an operator in A, and Y be an invariant subspace 
for T spanned by generalized eigenvectors for T|y. Then [(T|y)*, (T|y)] is 
in S| . 


Proof. Let {f;,} be a sequence of generalized eigenvectors for T|y which 
spans V. Further, let V, be the invariant subspace for T generated by 
{fk}k=1; Then the (V,) are nested, finite dimensional and their union is 
dense in Y. The result now follows from Proposition 2.1. o 
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We would like to obtain the analogous result for operators in Ap. In 
an earlier version of this note we thought we had proved it. Unfortunately, 
the following example shows it to be false. 


Example 2.1. Consider the weighted unilateral shift Sn defined on £? with 
the standard basis {e,}?2, so that 


See [otim 
nek = 


€k41; n « k. 


An easy calculation shows that ||[S%,Sn]JB = n'~? for 1 < p < oo. 

If V, is the subspace of /? spanned by {ex}2,,, then S,V, C Vn and 
oo 

ll [GS], )*, (Salv, )]llp = 1 for all n. Moreover, if we set S = @ Sn acting 
n-l 


on K C and y = ® Vn, then ||[S*, S]||p < oo but ||[(Slv)*, (Sly)]llp = oo 
for all p, lp. 


We conclude that S* is in Ap, V} is spanned by generalized eigenvectors 
for S* (hence one can construct the desired sequence of finite dimensional 
approximates for it) but S*|y. is not p almost reductive. Observe that V+ 
and Y are not finitely cyclic for S* and S, respectively. 

As we indicated above, our original goal was to extend Proposition 2.1 to 
Ap and thereby extend Theorem 2.1 to this class. Unfortunately, Example 
2.1 shows this is impossible. 

Since a finite dimensional invariant subspace for T is spanned by the 
generalized eigenvectors for it, the hypotheses of the foregoing theorem is 
the only way to fulfill the condition in Proposition 2.1. Berger introduced 
the notion of an invariant subspace Vo being effectually full in Y by requiring 
the denseness in V of the set of vectors in V that some nonzero polynomial 
in T' takes into Yo. This hypothesis enabled him to satisfy the weaker 
hypotheses we have mentioned earlier. 

A question which presents itself at this point is whether Theorem 2.1 
might hold for all invariant subspaces of T' without any restriction. The 
following example shows that this is not the case. 


Example 2.2. Consider the Bergman space B?(D) for the unit disk D 
which can be defined as the closure of the analytic polynomials in L?(D) 


We want to thank W.B. Arveson for pointing out the mistake in the earlier version of 
this note. 
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relative to planar Lebesgue measure. Further, consider the operator T' — 
Mx, where M; is multiplication by z on B?(D). Note that T lies in A1. 


Suppose we have invariant subspaces M and N for T such that 0 C 
Mt c N c B?(D). If both T|m and T|w are in Aj, then the same is true 
for the compression of T to the semi-invariant subspace N/M. (This is 
essentially Theorem 1 in Douglas [16].) However, one knows (cf. Apostol- 
Bercovici-Foias-Pearcy [1]) that there is à semi-invariant subspace for the 
Bergman shift so that the restriction of the Bergman shift to it realizes 
each proper contraction operator on a separable Hilbert space. Hence we 
can obtain a semi-invariant subspace for which the self-commutator of the 
restriction is not even compact. 

Here would be a good place to record a result which is a refinement of 
Theorem 1 of Douglas [16]. 


Theorem 2.2. If Mı and Ms are essentially reductive modules for the 
algebra A and X: Mı — Mg is a module map having closed range, then 
both ker X and ran X are essentially reductive. 


Proof. If we write Mı = (ker X)+ ker X and Mz = ran X e (ran X)*, 
then X has the form (Xo o); where Xo is an invertible operator from 
(ker X)- onto ran X. 

For T' any operator between Hilbert spaces, let T denote its image in 
the corresponding Calkin algebra, that is, modulo the compact operators. 
Since both Mı and Mg are essentially reductive, for y in A the elements 
Ay and B, are normal, where A, and B, denote the operators defined by 
module multiplication by y. 


AD 0 BIBE ; 
Let Ay = ( Ah a2) and B, = ( H ne) be the representations of 
Ay and B, relative to the decompositions of Mı and M2, respectively. 
If we consider the images of all these operators in their respective Calkin 
algebras, we can apply the Fuglede-Putnam * Theorem to conclude that the 
relationship X Ay = = B, yk implies that AG X* =X "B, and therefore, we 
have X* X A, = Áo X*X. This equation in turn implies that ÂZ Rg Xo =0 
and thus Â?! = 0 since XzXo is invertible. However, A?! = 0 for all 
p in A means that ker X is essentially reductive since M is essentially 
reductive. _ Working with Mə we conclude that XX *B, = = B, X X* and 
hence Xo X2 Bu = 0. Again this implies that ran X is essentially reductive 


since Mg is esseritially reductive which completes the proof. D 
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Unfortunately, since no appropriate analogue of the Fuglede-Putnam 
Theorem is known for the p-summable case, such a proof won't allow us to 
conclude p-reductivity of the kernel and range if Mı and Mg are. However, 
Arveson [6] gives such a result for a specific class of Hilbert modules and 
module maps. 


3. Almost reductive Hilbert modules 


A Hilbert module M over the algebra A(N) for Q a bounded domain in C™ 
is said to be essentially reductive [20] if all cross-commutators (MZ, My] 
are compact for y and v in A(Q). If these operators actually lie in £p for 
y and w coordinate functions, then M is said to be p-reductive. 

We now show that Theorem 2.1 enables one to settle a question about 
cross-commutators for some submodules in the multi-variable setting so 
long as they have trace-class cross-commutators. Since the conjecture of 
Arveson [4] motivated this study, let us begin by considering it in some 
detail. 

Recall that H2, the m-shift Hilbert space for 1 < m < oo, is defined 
using the symmetric Fock space and is a module over C[z]. Moreover, Arve- 
son showed that multiplication by each coordinate function Z; acts contrac- 
tively on H2, and all cross-commutators (Z7, Z;] lie in Sp for p > m and 
1€i,j <m. Arveson conjectured that the restriction operators Y; = Z;|s 
and their adjoints also have Sp cross-commutators for any submodule S of 
H2, CF for 1 < k < oo generated by homogeneous polynomials. Moreover, 
he established the result for S generated by monomials. He [6] has also de- 
veloped a theory of "standard Hilbert modules" in an effort to establish 
his conjecture. Another proof of the result for monomial submodules was 
given in Douglas [16] and it also covered certain commuting weighted shifts. 
Also, Arveson showed that the general case for homogeneous submodules 
of H7, for m = 2 followed from a result of Guo [26]. Finally, a generaliza- 
tion to the case of certain pairs of commuting weighted shifts was recently 
obtained in Guo and Wang [27]. 

The simple matrix calculation used in Douglas [16] and the proof of 
Theorem 2.2 shows that if T1 and T5 are two operators on a Hilbert space 
H with an invariant subspace for both such that [71, T7] lies in S, for 
1 < p < oo or p = 0, then the compressions $; = T;|g have [S], S2] in Sp 
iff [R], Re] is in S, for Ri = T*|gi. Thus we can focus on either G or Gt. 

We consider the case of commuting weighted shifts using the notation 
of Douglas [16]. We have a weight set A for the index set Am, 1 < m < 
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oo, with the Hilbert space Ma, and the weighted shifts defined by the 
coordinate functions Z;, 1 < à < m. The weight set A satisfies (x) if 
the shifts are contractive, (*«) if all cross-commutators of the coordinate 
multipliers and their adjoints are compact, and (**), if the latter operators 
lie in Sp. Actually, in the following result one can replace (+) by assuming 
only (*)' that the Z; are only bounded. 


Theorem 3.1. If ^ is a weight set satisfying (*)' and (*«)1, S is a submod- 
ule of Ma & Cr, 1 € k < oo, so that S+ is generated by polynomials, and 
Yi = Zils, then the cross-commutators [Y,*, Y;] are in Sı for 1 € i,j X m. 


Proof. If we set T = Z} for some fixed i, then S. is invariant for T. 
Moreover, S^ is spanned by polynomials. Therefore, T and SŁ satisfy 
the hypotheses of Theorem 2.1 which implies that [Y;, Y;*] lies in S1 for all 
1 << m. Here we are using the fact that the self-commutator of the 
restriction of Z; to S lies in S; iff the same is true for the restriction of Z7 
to SŁ. 

Now if we take T = Zi + Zf for 1 < j x: k < m, then T and SŁ again 
satisfy the hypotheses of Theorem 2.1. Therefore, we have [Y; c Y, Y? +Y,] 
lies in S1. Since [Y5, Y7] and [Y;, Y] lie in S1, we conclude that the real 
part of [Y;, Y] is in 51. Repeating the argument for T = Z7 +iZ;j, we see 
that the imaginary part of [Y;, Y7] is in Sı which completes the proof. O 


Let P, denote the subspace of C[z] consisting of homogeneous poly- 
nomials of degree n. If S is generated by homogeneous polynomials, then 
S = @(SNP,). This in turn implies that St = @(S+NP,) and hence S+ is 
generated by polynomials. Thus Theorem 2.1 applies to homogeneous sub- 
modules. Instead of assuming that S+ is generated by polynomials, which 
are joint generalized eigenvectors for the adjoint of coordinate multipliers, 
we could assume more generally that S+ is spanned by such vectors. 

Observe that we can't consider Ma & £?, where £? is the infinite- 
dimensional Hilbert space since the cross-commutators on it would no 
longer be in Sı. However, if we consider a finite direct sum of block weighted 
shifts satisfying the analogues of (*)', (*«)1, then the result does carry over 
and the blocks could be infinite, so long as the cross-commutators are still 
in $,. 

While most natural examples of multi-variate Hilbert modules are not 
1-reductive, one can obtain a family of nontrivial examples in the context 
of commuting weighted shifts. 
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Example 3.1. For m > 1, if the weight set is taken to be: Ag = {(1 + 
ay t 02 9- +am)!} ?, then Ma is 1-reductive if ô > md and the Z; are 
in So if ô > 7. Thus Ma is a nontrivial example of a 1-reductive Hilbert 
module for ô satisfying F > 6 > os and Theorem 3.1 applies. 


As we have indicated, originally we had hoped that Theorem 2.1 would 
extend to Sp, p > 1, but as Example 2.1 indicates, this is not the case. 
Another approach would be to represent either the submodule or the corre- 
sponding quotient module as the kernel or cokernel of a closed module map 
to which Theorem 2.2 applies. The difficulty here is that the module map 
must have closed range and we know few conditions that guarantee that. 

Since most natural examples of multivariate Hilbert modules are p- 
reductive only for p > 1, this approach reveals little about the validity 
of Arveson's conjecture in general either for H2, or other natural examples. 
Even though that is the case, let us describe what we believe is a natural 
setting for the conjecture. 

Let Q be a bounded, strongly pseudo-convex domain in C™ with smooth 
boundary and B(Q) be the Bergman space, that is, the subset of functions 
f in L?(Q) relative to volume measure for which Of = 0 taken in the sense 
of distributions. One knows (cf. Taylor [30]) that the module action on 
B?(Q) by functions holomorphic on a neighborhood of the closure of 2 is 
p-reductive for p > m. That is, cross-commutators of these multiplication 
operators and their adjoints lie in S,. For Z a variety of Q, let B2(Q) be 
the functions in B?(Q) that vanish on Z and let Qz be the quotient module 
B?(0)/BZ(Q)) (cf. [18]). One can show that Qz is a contractive Hilbert 
module over A(Q) with support in the closure of Z. Moreover, since B?(f1) 
is a kernel Hilbert space and evaluation at z in Q is continuous, there is 
a vector kz in B?(Q) for which f(z) = (f,kz)p2(q) for f in B?(Q). The 
vectors {kz} are joint eigenvectors for the adjoint of the operators defined 
by the module action. Moreover, one has that Qz is the closed span of 
{kz | z € Z}. Therefore, this example satisfies the same kind of hypotheses 
as in Theorem 3.1. 

More generally, one can see that one could consider any submodule of 
B?(Q) defined as the orthogonal complement of a collection of eigenvectors 
{kz} and their partial derivatives, which are also generalized eigenvectors 
for the adjoint of module action. These submodules include the closures 
of ideals in the algebra of functions holomorphic on some neighborhood of 
the closure of Q. In particular, one can consider not just the functions that 
vanish on a subvariety but those that vanish to higher order. Moreover, 


378 Ronald G. Douglas 


using the result in Douglas [16] we see that if these submodules are p- 
reductive for p > m, then the quotient module obtained from them are also 
p-reductive for p > m. 

Although the evidence for such a result is perhaps scant we are opti- 
mistic enough to formulate: 


Conjecture 3.1. If S is a submodule of B?(Q) such that S^ is spanned 
by joint generalized eigenvectors for the adjoint of the operators defined by 
the module action, then both S and S^ are p-reductive for p > m. 


This result, even in the multiplicity one case, would be of considerable 
interest. For a submodule obtained as the closure of a principal ideal I 
in Clz]|, the result is equivalent to the weighted Bergman space defined for 
the measure |g|?d Vol on Q being p-reductive for p > m, where q(z) is a 
generator for J. However, one might expect, if Conjecture 3.1 holds, for the 
generalization to finite multiplicity to also be valid. 


Conjecture 3.2. The same conclusion as in Conjecture 3.1 for submodules 
of B?(0) & CF. 


There is an even stronger result possible which would be very useful in 
our considerations of the following section. (See Douglas [17] and Douglas- 
Misra [19] for the necessary definitions.) 


Conjecture 3.3. If M is a finite rank, quasi-free, p-reductive Hilbert mod- 
ule over A(Q) and S is a submodule for which S+ is spanned by generalized 
eigenvectors for the adjoint of the operators defined by the module action, 
then S and S+ are p-reductive. 


It is quite likely that some additional “regularity” hypotheses on M are 
necessary for the last conjecture to hold. 

There is another way to frame the final conjecture using a notion intro- 
duced in Douglas and Misra [17]. Recall that a Hilbert module M is said 
to belong to class (PS) if it is spanned by the generalized eigenvectors for 
the adjoint of the operators defined by the module action. 


Conjecture 3.3'. Let H be a finite rank quasi-free, p-reductive Hilbert 
module over the algebra A(Q). If M is a submodule of H such that H/M 
belongs to the class (PS), then M is p-reductive. 
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4. K-homology classes 


Let H be a p-reductive Hilbert module over the algebra A and 7(H) be the 
C*-algebra generated by the operators defined by module multiplication on 
H and let C(H) be the commutator ideal in J (H). Then C(H) consists of 
compact operators and hence (J (H) + K(H))/K(H) is a commutative C*- 
algebra. Therefore this quotient C*-algebra is isometrically isomorphic to 
C(X) for some compact Hausdorff space X44. In Davidson and Douglas 
[15], it is shown for A a commutative Banach algebra that X} can be 
identified with a closed subset of the maximal ideal space MA. Similarly, 
if A = C[z| and the module action of the coordinate functions are all 
contractive operators, then one can identify Xz as a closed subset of the 
unit polydisk “D™. 

In any case, since we have the short exact sequence 0 —^ K(H) — 
J (H0) + K(H) —^ C(Xxn) — 0, one always obtains an odd K-homology 
element, denoted [H], in K(X). While we hope to investigate these 
classes more thoroughly after additional cases of the conjecture have been 
established, we want to draw attention here to a few natural questions and 
raise a few more conjectures. Our aim is to show why these are interesting 
questions. We focus on the case of Bergman spaces over strongly pseudo- 
convex domains with smooth boundary. 


Theorem 4.1. Let Q be a bounded strongly pseudo-convez domain in C™ 
with smooth boundary, B?(Q) be the Bergman module, Z be a subvariety 
of Q, B%(Q) be the submodule of functions in B*(Q) that vanish on Z and 
Qz be the quotient module B?(Q)/B2(Q). If Qz is a p-reductive module 
for the algebra of functions holomorphic on some neighborhood of #9, then 
[Oz] is in K1(Z noQ). 


Proof. The only thing requiring proof is the fact that X9, C ZN ON. 
This follows from the fact that Xg2(q) = 0€? and that BZ (Q) is a Hilbert 
module over A(Q)/Az(Q). Oo 


The question arises as to which element of K,(Z 10€) is obtained. One 
can show in some cases such as 2 = B” that it is the fundamental class, 
taking multiplicity into account, determined by the complex structure on 
Q or the spin®-structure on OQ (or the negative of these classes) and I 
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conjecture that this is true in general. One problem which arises is that 
ANN Z need not be a manifold. 

One can show by various means that the K;-classes determined by 
B?(B™) and H2, are equal. In fact, the same seems to be true for any 
kernel Hilbert module over B™ that is essentially reductive. (An argument 
showing this fact would follow from Conjecture 3.3.) I suspect the same 
thing is true for the K;-classes obtained for a subvariety Z, that is, the 
Kı-class doesn't depend on the kernel Hilbert module over Q with which 
one begins. 

Finally, there is one other issue I would like to raise before concluding. 
We will again frame it in the context of submodules of Bergman modules. 
Although one can show that BZ(Q) is p-reductive for p > m, it is not p- 
reductive for any smaller p. That is, it has the same degree of *smoothness" 
(cf. [9]) as does B?(Q). However, I don't believe that is the case for Qz. 
In particular, in Douglas [16], I showed that its smoothness depends on the 
dimension of Z or the degree of the Hilbert polynomial (cf. Douglas-Yan 
[22]) for Qz. I will formulate one final conjecture, that an analogous result 
holds in general. We state it only for the case of the unit ball. 


Conjecture 4.1. Let I be an ideal in C|z] and S be the submodule obtained 
from its closure in B?(B™). Then the quotient module B?(B")/S is q- 
reductive for q > dim(Z n B"), where Z is the zero variety of I. 


There is another line of investigation possible here if this conjecture 
holds. If Qz is p-reductive for q > dim(Z 1B"), then it should be possible 
to define a cyclic cohomology class following Connes [14] which will be 
the Chern character of [Oz]. One interesting question is how this class 
varies when the subvariety Z changes. For example, suppose one considers 
Ze = {z € Q|p(z) = c) for c in C. As one knows, for some c, Ze N OQ. will 
be a manifold while for others, it is not. Moreover, there is also the issue 
of QN Ze being a manifold while Ze has singularities in Q. 


I thank Paul Baum for discussions on how to define such a K-homology class which is 
related to our earlier work Baum and Douglas [7]. 

In Guo and Wang [27], the K-homology class obtained for homogeneous modules in 
B? (B?) is consistent with this conjecture. 

Added in proof: R. Levy has pointed out to the author that his earlier work in [J. 
Operator Theory 21 (1989), 219—253] and [Acta Math. 158 (1987), 149-188] is relevant 
to this index question. 

Guo and Wang [27] verify this conjecture in case dim(Z N B™) < 1. 
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One fascinating example to consider would be the presentation of the 


exotic spheres found by Brieskorn [12]. Recall that he exhibited analytic 
polynomials for which an exotic sphere is obtained from the intersection of 
the zero variety of the polynomial in C” with spheres of small diameter. Al- 
though the precise polynomials he used are not homogeneous, this example 
indicates that one is likely to obtain interesting varieties in our context. 


I believe different techniques will be needed to establish such a conjec- 


ture. The result of Douglas and Voiculescu [21] provides a lower bound on 
p if [Qz] is indeed a fundamental class for 3N  Z. 
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1. Introduction 


The objective of this paper is to determine a complex structure on the 
noncommutative disk C(D,), the q-deformation of the unit disk D. This 
noncommutative disk is a C*-algebra that is a subalgebra of the quantum 
group SU,(2) and can be conveniently described using generators and a 
(quadratic) relation. It has been studied fairly extensively in the litera- 
ture - see Klimek, Lesniewski [4], Nagy, Nica [5], Shklyarov, Sinel’shchikov, 
Vaksman [8], [9], [10], [11], [12], and references therein. In particular, as 
q varies, the family of quantum disks C(D,) forms a deformation of the 
commutative disk, corresponding to q = 1. To determine a complex struc- 
ture on C(D,) we define and study partial derivatives on C(D,) and in 
particular the concept of holomorphic noncommutative functions. 

The series of papers by Shklyarov and collaborators is very much related 
in spirit to our paper but is technically quite different, much more algebraic. 
A similar study of a complex structure on the noncommutative plane was 
done by Rochberg and Weaver [7]. 

An important point of view of this paper is that we work in a con- 
crete representation of C(D,) in a Hilbert space H?(D, dy) of holomorphic 
functions on the unit disk D, square integrable with respect to a certain 
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measure. The algebra C(D,) is in this representation realized as the algebra 
of Toeplitz operators with continuous symbols. Also, we use this represen- 
tation to realize different operations (scaling, derivatives, integral...) on 
C(D,) as coming from operators in H?(D, du). This is well suited for op- 
erations that are only densely defined as it allows for good control over 
domains. 

It turns out that there are two natural notions of holomorphic structure 
on the quantum disk which we call weak and strong. Weakly holomor- 
phic noncommutative functions directly correspond to ordinary holomor- 
phic functions while the strongly holomorphic ones come from the scaled 
disk iD. We also study noncommutative harmonic functions. Just as ordi- 
nary two dimensional harmonic functions, their quantum counterparts on 
the unit disk can be written as a sum of holomorphic and antiholomor- 
phic part. They exhibit many of the familiar properties like a maximum 
principle. 

The paper is organized as follows. In Section 2 we recall the definition 
of the quantum disk and in particular we study in depth its representation 
using Toeplitz operators. Section 3 contains the definition and our study of 
the properties of the derivatives and the integral on the quantum unit disk 
C(D,). Finally in Section 4 we introduce and study quantum holomorphic, 
antiholomorphic and harmonic functions on the unit disk. 


2. Quantum unit disk 


In this section we review C*-algebraic aspects of the quantum unit disk 
C(D,). It is defined as the universal unital C*-algebra generated by a 
generator z, and its conjugate denoted by z, and satisfying the following 
relation: Zz = qzz + (1 — q). Symbolically: 


C(D4):-« 2,2 | Zz = qz%+(1-—q) > (1) 


We will restrict ourself to 0 < q < 1. Let us briefly recall the construc- 
tion of the universal C*-algebra. If a is à polynomial in z, Z we define its 
norm as the supremum of ||p(a)|| over all Hilbert space representations p 
satisfying the relation. One verifies that this defines a sub-C"*-norm and 
the corresponding completion mod the null space gives the universal C*- 
algebra. 

Notice that if q = 0 the relation Zz = 1 is the defining relation of the 
standard Toeplitz algebra € - see Fillmore [3]. If q — 1 the relation becomes 
the commutativity statement Zz = zz. Additionally, since ||Zz|| = ||zz|| = 
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||z||? we get ||z||? = a||zl|? + (1 — q), which implies that ||z|| = 1. It is then 
natural to define C(D1) to be the algebra of continuous functions C(D) on 
the unit disk D := {¢ E€ C: |¢| x 1}. 


Theorem 2.1. (see [4]) Let {en} be the canonical basis in l5, n = 0,1,2..., 
and let U : lg — ly be the following weighted unilateral shift: Uen = 
vl-q^**leq4;. Then C(D4) = C*(U), where C*(U) is the C*-algebra 
generated by U. 


Proof. As noted above the case of q = 0 is the standard Toeplitz algebra 
case. If q > 0 we calculate explicitly that U*e,4, = 4/1— q**le,, and 
consequently U*U en = (1—q4"*) e, and UU*e,, = (1—q^) en, which verifies 
that U gives a representation for C(D,). To verify that this indeed is the 
defining representation one needs to classify all irreducible representations. 
This was done in [4]. oO 


Corollary 2.1. (see [4]) We have the exact sequence: 
0 — K — C(D,) — C(8D) — 0, (2) 


where K is the ideal of compact operators in lz and OD, the boundary of D, 
is the unit circle. 


Proof. The corollary follows from the general theory of weighted shifts, see 
Conway [2]. Briefly, the commutator [U, U*] is compact since its eigenvalues 
(1—q)q” — 0 as n — ov, and, since the C*-algebra is irreducible, it contains 
all compact operators. The quotient C(D,)/K is generated by the unitary 
operator [U] the spectrum of which is the full unit circle. For details see 
[4]. a 


In the exact sequence (2) the map ce : C(D4) — C(0D) is called the 
symbol map. 


Proposition 2.1. The C*-algebras C(D4) are isomorphic to each other 
and for every q, 0 € q < 1, we have C(D4) = X, where X is the Toeplitz 
algebra. 


Proof. Let V : l2 — lz be the unilateral shift Ve, = en41, so that C*(V) = 
T. Notice that U — V is a weighted shift (U — V)e, = A&e441, where 
weights À4, — 0 as n — oo. Consequently U — V is a compact operator. 
The proposition now follows from the exact sequence (2). i| 
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The C*-algebras C(D,) are also continuous in q in the following sense: 


Theorem 2.2. (see [5]) The C*-algebras C(D4) for 0 € q « 1 and C(D) 
for q — 1 form a continuous field of C*-algebras with the space of cross- 
sections obtained by completing the space of polynomials in z and Z with 
coefficients which are continuous functions of q. 


Proof. This was done by Nagy and Nica in [5] for an even bigger range 
-1 <q <1. m 


As the final part of this section we will discuss another useful represen- 
tation of C(D,). It is using Toeplitz operators and is implicitly contained 
in [4] but we work out the details here. 

Consider the following measure on the unit disk D: 


a(o) = TG — ea) So a6, ue (C, (3) 


i20 m>0 


where 6j¢j2=,2 is the normalized Lebesgue measure on the circle |¢|? = r?. 
Let H?(D, du) C L?(D, dp) be the closed subspace consisting of holomor- 
phic functions and let P be the corresponding orthogonal projection. If 
f € C(D) we define the Toeplitz operator T(f) : H?(D,du) > H?(D, dy) 
with symbol f, by: T(f) = PM(f)P, where M(f) is the multiplication by 
f. 


Theorem 2.3. (see [4]) With the above notation, the C*-algebra generated 
by {T(f)}, f € C(D), is naturally isomorphic with C(D4). The isomor- 
phism is determined by identifications: z = T(¢), z = T(C) 


Proof. It follows from the definition that ||T'(f)]| € supcep|f(C)]. Since 
polynomials in ¢ and ¢ are dense in C(D) and T(C™¢") = (T(¢)*)™ (T(Q))”, 
we see that the algebra generated by Toeplitz operators is in fact generated 
by the single operator T'(C). Next, because dy is rotationally invariant, the 
functions ("^ are mutually orthogonal and form an unnormalized basis in 
H?(D, dy). To find an orthonormal basis we compute 


/ Ic?" du(c) = M ang" LG - 27465) 


m>0 i20 


B E gon 
E Ha q') (^ 2 Ilzcsslt — q") | ` 


i»0 m21 
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Using the Euler's identity: 


1 qz" 


mci —— 
ILo(1 — zo) 2 Iles - q*) 


gives f |¢|?" du(¢) = 1 if n = 0, and, for n > 1: 


a l-q i+1 n—1l 
[ mao = ELS [Ie-em 


1=0 


(4) 


It follows that the measure dy is probabilistic and the following is an or- 
thonormal basis in H?(D, dy): 


1 ifn =0 2 
Mizo 17 **1) 


We now find the matrix elements of T(¢) with respect to the basis en: 


DO EO tte ag RNPEL UA 


mde Mota) 


bag 6 4. 


So the matrix elements of T(C) are equal to that of U of the structure 
theorem 2.1, which concludes the proof. o 


From now on we will identify C(D,) with the concrete algebra generated 
by Toeplitz operators in H?(D,du) C L?(D,dy). For future reference we 
recall here the definition of the Bergman kernel K (6,7) for H?(D, dy). It is 
the integral kernel of the projection P so it has the reproducing property: 


J KDA auto = 06) (6) 


where ¢(¢) € H?(D,dp). It can be explicitly computed using a basis in 
H?(D, dy), for example the one given by (5). We obtain: 


K(¢,m) = Yew (0e = «Y ay 


n>1 
1 


= on? T 
ILzo — Sñ) () 
In the above we again used the Euler identity (4). 


By construction, the space of polynomials in Toeplitz operators is dense 
in C(D,). More is actually true as spelled out in the next statement. 
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Proposition 2.2. The subspace of Toeplitz operators T(f), f € C(D) is 
dense in C(D,). 


Proof. It follows from the defining relation of C(D,) that the linear span 
of 2^7". m,n > 0, forms a dense subalgebra of C(D,). Indeed, since zz 
expresses linearly in terms of Zz we can rearrange any polynomial in z, Z so 
that powers of Z come first. But zz? = T'((* (^) and the claim follows. 


3. Calculus on C(D4) 


In this section we introduce calculus on the quantum unit disk. In the 
following we assume that q > 0. Formal aspects of the calculus on C(D,) 
can be found in Chu, Ho, Zumino [1] as well as in (8, 9, 10, 11, 12]. We 
concentrate here on issues of domains for various unbounded operators 
and we will always identify C(D4) with the concrete algebra of Toeplitz 
operators of 'Theorem 2.3. 

Let D := (6 € H?(D,du) : ¢(¢/q) € H?(D,dy)). Clearly D is a dense 
subspace in H?(D, du) containing all polynomials, or more generally entire 
functions. We define a scaling operator j : H?(D, du) — H? (D, dp) by the 
formula: 


jé(C) := (aC). 
The operator j is bounded, one-to-one and Ranj — D. Using the defining 
formula (5) we have 

jen = en, (8) 
so that j is a self-adjoint compact operator. Since zZe, = (1 — q”)en and 

Zzen = (1— q"*l)e, we have 
zz=1- Ĵĵ, 7z=1-qj. (9) 
An element a € C(D,) is called scalable if J (a) := j^!aj is a bounded 


operator. We have a simple proposition: 


Proposition 3.1. The operator j~1aj is bounded iff a maps D to D. 


Proof. If a preserves D then j~'aj is defined everywhere. To show that 
it is bounded, we use the closed graph theorem which implies that we 
need to verify that if z, — x and yn := J(a)r, — y then J(a)r = y. 
Since j is continuous we have jy, = ajtn — jy. But aj is continuous 
SO aj, — x and consequently ajx = jy, which is what we wanted. The 
converse statement is straightforward. o 
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We write C,(D4) for the set of scalable elements of C(D,). The proposi- 
tion below shows that C,(D,) is a subalgebra of C(D,) containing Pol(D,), 
the algebra of polynomials in z,z. However, examples below show that 
C, (D4) is not closed with respect to taking adjoints and inverses. 


Proposition 3.2. With the above notation we have: 
J(1) 21, J(zZ) 2 qz, J(z) 24752. (10) 
If a,b € C,(D4) then ab € C,(D4) and J(ab) = J(a)J(b). 


Proof. The proof consist of straightforward computations verifying each 
of the properties. For this we need explicit formulas for z, z. Theorem 2.3 
implies 


2(¢) = Co(C), (11) 


while the structure Theorem 2.1 says that 


Zen = V1 —Q™t engi, (12) 


where en were defined in (5). Taking the adjoint gives 


Zen = V/1-— g” en-1, a3) 
(the right-hand side is defined to be 0 when n — 0). This implies that 
z¢" = (1—q")¢"~!, which in turn gives: 
(C) — (qc) 
C ; 


A sample calculation verifying one of the statements of the proposition 
follows: 


26(¢) = (14) 


J(z)&(C) = 97*296(6) = zjd(C/a) = Siola) 
= q Coe) = 47 !zé(C) Oo 


We are now going to look at examples to illustrate some subtleties of 
the notion of scalability. First notice that 1 — qZ is invertible since ||qZ|| = 
q < 1. The inverse a := (1 — gz)~! is clearly in C(D,) and is scalable 
because J(a) = (1 — q?z)~!. However, a* = (1 — qz)^! is not scalable 
as J(a*) = (1 — z)^! is unbounded. Next consider b := 1 — qz. Clearly 
b € C(D,), b is scalable, b is invertible, and the inverse of b is in C(Dj). 
But since b^! = a*, b^! is not scalable. 

Next we introduce two operators 6, ô in H?(D, dy) that will be used to 
define Dolbeault - type operators 0,0 on C(D,). The precise form of ô, ô 
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is dictated by the desired properties of ô, ð as described in the Proposition 
3.4. 

The operators ô, ô are defined to be unbounded operators in H?(D, du) 
with domains both equal to D and given by the following formulas using 
2,2,): 


6 = (q—1) jz = (q-1) qt zg}, (15) 


6=(1—q) j^z2(1- 9) 'gzj *. (16) 


Proposition 3.3. With the above notation, the operators 6,6 are closed 
(on D). 


Proof. To show that ó is closed the following needs to be demonstrated: 
if dn — à, bn € D and y, :— j^1zó, — v, then à € D and j-!z¢ = v. 
Applying j to Yn and using the continuity of j gives z¢, — jw. On 
the other hand, since z is continuous, we have z¢, — z$. Consequently 
zp = jp, which means that zó € D and j^!z$ = y. What's left is to show 
that $ € D. Applying Z to both sides of zó = jV and using (9) and (10) 
we obtain 
$ = aj — qj) >ZY, 

which concludes the proof that ó is closed. The proof for ó is analogous 
with the exception of the fact that zz has a kernel. The analog of the above 
formula works on the orthogonal complement of that kernel. The proof is 


then concluded by observing that the kernel of zz is one dimensional and 
is contained in D. o 


Using the equations (8), (11) and (14), we obtain the following explicit 
descriptions of the operators ô, ó: 


P(e) = (a — 1) ^ €/a9(C/a) (17) 
ss = = (18) 


Optionally, when working with the operators ô, ô one can use their matrix 
elements, obtained using (8), (12) and (13): 


ben = (q = rg +D v1- gu €n41; 
=4 —1 
en = PA ye Ny 1—q™en-1. 


-1/4 
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Now we use those operators to define complex structure on C(D,) - for 
this we need the analogs of the usual complex derivatives 0,0. They are 
defined using scaled commutators with ó,ó as follows. If a is scalable we 
define (a), O(a) to be (in general unbounded) linear operators defined on 
D by: 


O(a) = ĝa — J(a)ó, 


O(a) = ĝa — J(a)ó. 


Proposition 3.1 assures that O(a), O(a) are well defined operators on D. 
For general a i.e. not necessarily scalable, O(a), O(a) make sense only as 
quadratic forms - see below. We will use those quadratic forms in the 
discussion of quantum holomorphic and harmonic functions in the next 
section. 

The following proposition summarizes the main properties of the oper- 
ators ð, ð. 


Proposition 3.4. With the above notation we have, assuming a,b € 
Cs(Dgq): 


A(1) = 0, A(z) = 1, A(z) = 0, (ab) = (ajb + J(a)(Ób), (19) 


O(1) =0, (z) = 0, O(z) =1, (ab) = (ajb + J(a)(0b). (20) 
In particular if a € Pol(D,) then ôa, da € Pol(D,). 
Proof. The proof again consist of straightforward verifications using defi- 
nitions. Below we show calculations of the action of the operators 0,0 on 


z, Z that utilize commutation relations among j, z, Z. All the manipulations 
with unbounded operators make sense pointwise on D. 


A(z) = 62 - J(2)6 = Q—a) (J7 zz-q 1j 12) 
= (1 E q) j^ (zz — zZ) = (1 — gi 37i ~qj-1 + j) m 


8(z) = 62 — J(2)ó = (1—q) 1 (j^! z — qzj-1z) 
-ü-9 j'(2-2)-0 


The other two calculations are very similar. o 
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For future reference we note the formulas for action of 0, Ó on monomi- 


als: 
O(z^z") Ll gne [m]4z^z ^71 (21) 
and similar: 
9(2^27).— [n], z^ te". (22) 
Here, and later in the paper, we use the notation 
1—q” 
[n], = Teg 
Another set of useful formulas follows directly from the definitions: 
ða = (1 — q) ^j^ [Z,a] (23) 
a = (q — 1) ^j^ [za] (24) 


For example, it follows from those formulas that Oa, Ga are closable since 
the domains of the adjoints clearly contain D and so are dense. Another 
application of (23) and (24) is in the following definition of the derivatives 
. Oa, ða as quadratic forms for a general, not necessarily scalable a c C (D,). 
They are defined on D as 


Qo«($) = (1 — a) ? (5714, [2, al), (25) 
Qaa(¢) = (a — 1) ^ Q^, [2, al). (26) 


We now turn to the definition and properties of the laplacian on C(D,). 
There are two natural choices that we will look at using the formulas above: 


Óo(z^ 7") = q7"*! ImJ,n] 77127. 
Similarly we obtain 
00(z^2'^) = q"-"imin], t. 
It follows that, at least on Pol(D,), 
dd = q00. (27) 


To define 00 and 00 for a larger class of elements of C(D,) we proceed 
similarly to the way we defined 0, 0. Let Dz := (6 € H?(D,dy) : (C/g) € 
H?(D,du)}. Clearly Dz = Ranj?, D2 is dense and Dz C D. Also, just as 
in Proposition 3.1, if a is scalable and J(a) is scalable then a maps D» into 
D2. In particular, z, Z preserve D2. Consequently, it follows from (15) and 
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(16) that ð, 6: D2 — D. Thus if both a and J(a) are scalable then 90(a) 
and 00(a) make sense as operators on D». It can be easily verified that (27) 
holds in this more general context i.e. if a, J(a) are scalable and ¢ € D2 
then 


(a) = q00(a)ó. 


In particular, the two laplacians have the same kernels and we will use 
whatever is more convenient when defining harmonic functions as extended 
kernels in the next section. 

The last item in this section is integration on the quantum unit disk. 
We define the integral f. p, /C(D4) > R by 





_ Tr(aj) 
[07 ^m m 
Using (8) we compute: 
Djs que ET 


Proposition 3.5. So, is a faithful state on C(D4) and 


e So, ab = f. J(b)a 
© fp, J(a) = fp, a 


Proof. Everything follows easily from the definitions. o 


The integral is easy to work with as demonstrated in the following com- 
putation of its value on monomials. 


Lemma 3.1. With the above notation we have 


1 
mM — § 
[pe d [n + 1]; 


q 


Proof. Using the canonical basis in H?(D, dp) we have 


d à — (1— 4) Y g" (ex, aex). 


k=0 
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It follows that f D, z"2™ — (0 if n Z m. Using (12) we compute 


Lee z"z" = (1— q) Saenz" z"ey) = (1— q) pG ||z" ex || 
q 


k=0 


= a 2. q) Sart EM q**iy egit. gh?) j= f 9 f(y day, 
k=0 


where f(y) = (1 — qy)(1 — q?y) ... (1 — q^y). Here we used the Jackson's 
integral for a continuous function f which is defined by: 


1 oo 
f f(y) dy = (1-4) Scat fl) 
0 k=0 


It has the property 


1 
] 60 20 - 9(0), (29) 
where 
gly) — 9(av) 
ó LM. 
a9(y) y— ay 
We use this property in our calculation. For g(y) = (1— y)(1 — qy) ...(1— 
q"y) we compute: 


(30) 


bq9(y) = Gp). 0-9) gata). 


= (1 = qy)(1 - dy)... (1 — g^y) 585 = In + La fly). 





It follows that 


[e (gl) c-r 


which finishes the proof. o 





The integral f D, and the derivatives 0,0 are tightly connected, just as 
in the commutative case. This is illustrated by the following theorem - 
compare also [8]. 


Theorem 3.1. (Green's theorem) If a € Pol(D,) then 


J, 99 = z; f "exo 


Here o : C(D4) > C(S') is the symbol map. 
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Proof. It is enough to consider monomials of the following form: 


a= zl. 


Then, o(a) = (^*1(? = € = e78, and 


1 27 . i 
xij," zm] e= 


271 


On the other hand 0(¢"+!¢") = [n + 1],¢"¢” by (22) and 


a (Ga)= nx, f. Pe ui 


q 


by Lemma 3.1. o 


4. Quantum holomorphic and harmonic functions 


In this section we define quantum holomorphic and harmonic functions 
on the quantum unit disk C(D4). We start with the following definition. 
An element a € C(D,) is called strongly holomorphic if a is scalable and 
da = 0. Similarly a € C(D,) is called weakly holomorphic if Q5,(¢) = 0 
for all $ € D, where the quadratic form Qa, was defined in (26). In the 
later definition we do not need to assume scalability of a. We denote by 
Hol(D,) the space of weakly holomorphic elements of C(D,). We have the 
following simple proposition: 


Proposition 4.1. 


è a € C(D,) is weakly holomorphic iff [z, a] = 0. 
e a € C(D,) is strongly holomorphic iff a is scalable and weakly 
holomoryphic. 


Proof. The formula (26) and polarization imply the first part of the propo- 
sition. The second part is just a rephrasing of the definition. Oo 


There are analogous definitions of antiholomorphic functions. An el- 
ement a € C(D,) is called strongly antiholomorphic if a is scalable and 
Oa = 0. Similarly a € C(D,) is called weakly antiholomorphic if Qaa(¢) = 0 
for all 6 € D, where the quadratic form Qa; was defined in (25). Because z 
and Z scale differently, the following analog of Proposition 4.1 looks a little 
different. 
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Proposition 4.2. 


e a € C(D,) is weakly antiholomorphic iff |z, a] = 0. 
e a € C(D,) is strongly antiholomorphic iff a is weakly antiholomor- 
phic. 


Proof. The formula (25) and polarization imply the first part of the propo- 
sition. The second part is proved in the theorem below. o 


The following is the main result describing holomorphic and antiholo- 
morphic functions on the quantum unit disk. Notice that there is slight 
asymmetry between the notions of strongly holomorphic and antiholomor- 
phic functions which disappears when q = 1. 


Theorem 4.1. 


(1) If f € C(D) is holomorphic inside D then the corresponding Toeplitz 
operator T(f) € C(D4) is weakly holomorphic. 

(2) Ifa € C(D4) is weakly holomorphic then there exist f € C(D) which 
is holomorphic inside D such that a — T(f). 

(3) (maximum principle) If a € Ho(D4) then ||a||p, = ||o(a)|lap 

(4) The space HoKD,) C C(D4) is a Banach subalgebra isomorphic 
to the algebra Hol(D) C C(D) of continuous functions on D and 
holomorphic inside D. 

(5) The above statements are also true when the word holomorphic is 
replaced by antiholomorphic throughout. 

(6) If a € C(D,) then a is strongly antiholomorphic iff a is weakly 
antiholomorphic. 


Proof. We prove all items in order stated in the theorem: 
1. This follows from Proposition 4.1 since if f € C(D) is holomorphic 
then: 


zT(f)e(C) = CF(C)O(C) = TCÉ)ze (c). 


2. For a weakly holomorphic a € C(D,) we set f(¢) := a-1(¢) € 
H?(D,du). In particular f is holomorphic inside the disk D. Because 
[2, a] = 0, we have inductively a¢” = f(C)6", so a is equal to the Toeplitz 
operator T(f) on the dense domain and consequently everywhere. To ob- 
tain more information about f we prove the following estimate: 


sup |f(¢)| € IITA (31) 
ceD 
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To do it we consider the family of functions: 


K (9C) 
(K (0,0)? 
where K(6,7)) is the reproducing kernel (7). It is easily seen that the func- 
tions ¢,(¢) belong to H?(D, dy) and have norm 1. Using the reproducing 
property (6) we compute: 


(bn T(f)s) = (Kn) I K(mOK (C9) FQ du(Q) 
= (K (Ayn) EKM =F): 


on(¢) = 


It follows that 
sup |f(¢)| = sup |(¢¢, T(f)9c)| € IIT(A)|| < oo, 
ÇED ED 


so f is bounded on D and holomorphic inside it. But a = T(f) belongs 
to C(D4) so it is a limit of polynomials which implies that f € C(D) as 
claimed. 

3. It follows from the definition that ||T(f)| € sup¢eplf (Q|. On 
the other hand if a = T(f) € Hol(D,) the estimate (31) is valid and so 
lal] = I[TC£)]] = supcep |f(¢)|. But e(T(f)) = flap and the supremum of 
|f(¢)| is achieved on the boundary OD and the statement follows. 

4. This is just a rephrasing of the previous items. 

5. Notice that Propositions 4.1 and 4.2 imply that if a is weakly anti- 
holomorpic then a* is weakly holomorphic, so all the statements follow by 
conjugation. 

6. The previous item implies that if a is weakly antiholomorphic then 
a = T(f) where f is antiholomorphic. For such f we have J(T(f(¢))) = 
T(f(q¢)), so T(f) is automatically scalable. Consequently, a is strongly 
antiholomorphic. a 


Notice that if f is holomorphic then J(T(f(¢))) = TOGO) so that 
if T(f) is strongly holomorphic then f extends to a holomorphic function 
inside the disk 1D = {Ç € C: |] € 1)- 

The last topic of this paper is the notion of quantum harmonic func- 
tions. Just as in our treatment of quantum holomorphic functions there 
are two natural concepts of quantum harmonic functions called weak and 
strong. To interpret the equation O(Óa) = 0 with as few assumption as pos- 
sible, we use Proposition 4.2 to make the following definitions. An element 
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a € C(D,) is called strongly harmonic if a is scalable and the derivative 
da is antiholomorphic. Similarly a € C(D,) is called weakly harmonic if 
the bilinear form Qa, is equal (on D) to a quadratic form coming from 
an antiholomorphic element of C(D4). We denote by Har(D,) the space 
of weakly harmonic elements of C(D,). It turns out that such noncom- 
mutative harmonic functions share all the essential properties with their 
commutative counterparts, see Ransford [6]. This is summarized in the 
following theorem. 


Theorem 4.2. 


(1) 
(2) 


(3 


— 


(4) 


An element a € C(D4) is strongly harmonic iff a is scalable and 
weakly harmonic. 

If f € C(D) is harmonic inside D then the corresponding Toeplitz 
operator T(f) € C(D4) is weakly harmonic. 

If a € C(D,) is weakly harmonic then there exist f € C(D) which 
is harmonic inside D such that a — T(f). 

An element a € C(D4) is weakly harmonic iff it can be written as 
à = 01+ a3 where a, is weakly holomorphic and az is antiholomor- 
phic. 

(mean value) If a = T(f) € Har(D4) then 


JE VE [10 @¢ = f(0). 


(maximum principle) If a € Har(D,) then ||a\|p, = |le(a)|lap. 

The set Har(Dg) C C(Dq) is a closed subspace isomorphic to the 
Banach space Har(D) C C(D) of continuous functions on D and 
harmonic inside D. 

(Dirichlet problem) For every f € C(OD) there is a unique weakly 
harmonic element a € C(D4) such that o(a) = f. In fact a = 
T(Pf), where 


m Ra (4 n ig, dà 
Pro - [ arme (32) 
(Poisson integral) 

An element a € Har(D,) is positive, a > 0, iff a = T(f), where 
f € C(D) is harmonic inside D and f > 0. 

(Harnack's theorem) If a4, is an uniformly bounded and increasing 
sequence of weakly harmonic elements of C(D4), then {an} is con- 
vergent in norm. 
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Proof. 

1. This follows from the fact that if a is scalable then the quadratic 
form Qa, comes from the operator ĝa. 

2. From the classical harmonic analysis, if f € C(D) is harmonic inside 
D then it is à sum f = g +h where g,h € C(D) and g is holomorphic 
and h antiholomorphic inside D. The Toeplitz operator T(g) is weakly 
holomorphic so Qarz) = Qaray: But the quadratic form Qs(r(5) comes 
from the operator O(T(h)) and, using (22) and (30), we compute: 


A(T (h)) = T(&(A)). (33) 


But ô,(h) is again in C(D) and is antiholomorphic inside D. All of this 
implies that the quadratic form Q5(r( y) is coming from an antiholomorphic 
element of C(D,) as claimed. 

3. From the definition, if a € C(D,) is weakly harmonic then the 
quadratic form Qa, comes from an antiholomorphic element of C(D,) 
which, as we know from Theorem 4.1, is of the form T(k), where k € C(D) 
is antiholomorphic inside D. Consider: 


oo 
9(¢) = 0 - 9€ Y kag). 
n=0 
It is easy to see that, just like k, g € C(D) and is antiholomorphic inside D. 
Moreover it is straightforward to verify that 6,(g) = k. This means, using 
(33) that (T(g)) = T(k). Consequently Q5(a-T(g)) = 0; which means that 
a — T(g) is weakly holomorphic and as we know from Theorem 4.1, it is 
of the form T(h), where h € C(D) is holomorphic inside D. We see now 
that, with the above notation, a = T(f), where f := g + h, and f € C(D) 
is harmonic inside D as claimed. 
4. This is a direct consequence of the proof of the previous two state- 
ments. 
5. If f € C(D) is harmonic, it has the following power series expansion 
inside D: 


FO = FO) + 3 aC + Y dnl”. 
n21 n21 
It follows that T(f) = f(0)I + 57,5, anz” + 27,54 bnz”. Lemma 3.1 im- 
plies that f D, T(f) = f(0), which is clearly also the value of the integral 
fp OP. 
6. From the item 4, if a € C(D,) is weakly harmonic then it can be 
written as a = a; + a3 where a, is weakly holomorphic and az is antiholo- 
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morphic. Now it is enough to apply the maximum principle to both a1 and 
25. 

7. The map Har(D) > f — T(f) € Har(D,) is linear, one-to-one, and, 
by item 6, an isometry. 

8. For a Toeplitz operator T(f) we have o(T(f)) = flap. This, the 
items 2, 3, and classical results on harmonic functions [6] on the unit disk 
imply the thesis. 

9. This just says that 'Toeplitz operators preserve positivity which fol- 
lows immediately from the definition. 

10. This again is a direct consequence of the previous items and the 
classical Harnack's theorem. o 
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The purpose of the present note is two-fold. First, to show that deformations 
of algebras of smooth functions can be used to construct topologically nontrivial 
standard central extensions of loop groups. Second, to use noncommutative geom- 
etry as a regularization of current algebras in higher dimensions with the aim of 
constructing representations of current algebras. 
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1. Introduction 


The standard central extension of the algebra Lg of smooth loops in a Lie 
algebra g of a compact Lie group G defines a central extension by the cir- 
cle of the smooth loop group LG. An explicit geometric construction for 
the central extension LG was given by Mickelsson [8]; for an alternative 
construction see Murray [11]. The method in [8] was to first define a topo- 
logically trivial central extension of the group DG of smoooth G valued 
functions in the unit disk D and then take a quotient by a normal sub- 
group isomorphic with the group G of functions which take the value 1 € G 
on the boundary circle. The central extension of DG is defined by a S! 
valued 2-cocycle. In Section 2 we shall see that we can dispens the 2-cocycle 
if we use a Moya] product for the functions in the disk. The structure of 
the loop group on the boundary circle remains undeformed but we need a 
derminant in G associated to a trace functional on the Moyal algebra. 
The second application of the use of Moyal product for function algebras 
is related to the problem of constructing nontrivial representations of cur- 
rent algebras arising from hamiltonian anomalies, [9]. The main difficulty 
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comes from the missing Hilbert-Schmidt property of off-diagonal elements 
of the currents with respect to the energy polarization. This problem does 
not arise in the case of current algebras on the circle (the lowest energy rep- 
resentations are the highest weight representations of affine Lie algebras). 
However, in any dimension bigger than one the Hilbert-Schmidt condition 
fails; this is related to ultraviolet divergencies in perturbative Yang-Mills 
theory. In one space dimension the divergencies can be removed by nor- 
mal ordering but in higher dimensions one needs additional subtractions. 
The (background field dependent) subtractions form an obstruction for con- 
structing true Hilbert space representations; the best what one can achieve 
is à geometric action on sections of a Hilbert bundle over the space of 
background fields. 

A deformation of the commutative algebra of smooth functions on a 
manifold can improve the short distance behaviour in quantum field theory. 
One of the examples is the fuzzy sphere which has been studied in great 
detail by Grosse and Madore, [3, 7]. In this case the algebra becomes finite- 
dimensional, avoiding any kind of ultraviolet divergencies. Consequencies 
for the current algebra representations are illustrated in terms of three 
examples in Section 3. 

The algebra of functions on the disk can be deformed in a variety of 
ways. A different construction can be found in an article by Lizzi, Vitale, 
and Zampini [5] which is more close in spirit to the fuzzy sphere algebra in 
(3, 7]. 


2. The disk algebra and central extensions of loop groups 


Let w be the standard symplectic form w = dz ^ dy in R?. Its restriction to 
the unit disk D in R? can be used to define a star product deformation of 
the algebra B of complex n x n matrix valued smooth functions in D, with 
vanishing normal derivatives to all orders at the boundary $t, 


(f g)(z, y) = e$€ 99/19/92) F(z, y)o(z" yu, (1) 


defined as a formal power series in v. Note that at the boundary the star 
product is just the pointwise product of functions. Thus the restriction to 
the boundary gives the trivial formal deformation of the loop algebra. For 
general background on Moyal product and deformation quantization see 
Bayen, Flato, Fronsdal, Lichnerowicz, and Sternheimer [1]. 
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Integration over the disk defines a linear functional in B, 


TR,(f) = z— I tr f(z, y)dzdy, (2) 


where 'tr' is the matrix trace. 
If the functions f,g are constant on the boundary then by integration 
by parts one observes that 


TR,(f*g—9*f)-0. (3) 


Otherwise, one has 
1 1 
TR(f*9-94f) = zi; f ddo- dad) em 5 f tr fag, (4) 


where the dots denote terms containing higher derivatives in the radial 
direction which integrate to zero through integration by parts due to the 
boundary conditions. Thus TR, is a true trace only in the subalgebra Bo 
of functions constant on the boundary. We shall also use the complex trace 
"IR! defined as the zeroth order term in the formal Laurent series TR,. 
This is likewise a true trace on the algebra of functions vanishing at the 
boundary. 

Any multiple of (2) by a Laurent series in v is also a trace on the star 
subalgebra of constant functions on the boundary. However, the choice 
of the normalization will become apparent later. Actually, any trace is 
proportional, up to a factor in C[v-, v]], to the trace above, Fedosov [2]. 
(For a short proof in the manifold case see Gutt and Rawnsley [4].) 

Let G be a compact matrix group and DG C B be the group of n x n 
matrix valued functions on D, formal power series in v, which are invertible 
with respect to the star product and matrix multiplication and such that 
the boundary values belong to the matrix group G. Note that an inverse 
exists if and only if the zeroth order term in v is invertible as an ordinary 
matrix valued function. 

The group DG factorizes to a product of two spaces. The first factor 
is the set DoG of zero order functions in DG and the second factor is the 
group K of functions of the form 


f5lctvfa tV fat... 


Note that any f of this type has an inverse as a formal power series in 
v. The group K is contractible and it has a uniquely defined logarithmic 
function taking values in the formal power series without constant term. 
We denote by G the subgroup of DG consisting of functions which are 
constants equal to the neutral element of G on the boundary circle. 
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Writing a general element f € G as f = gk with g € DoG and k € K 
we can define the determinant as 


det(f) = det(g) - eTR log) — det(g)e?* [pte (5) 
The determinant det(g) is defined as 
1 
log det(a) = | TR(g(t)~* + d.g(t) dt, (6) 
0 


where g(t) (with 0 < t < 1) is a homotopy in DoG joining the neutral 
element g(0) to g = g(1). One should remember that the inverse g(t)~! is 
defined with respect to the star and matrix product, so it contains terms 
of higher order in v. This determinant for the star product algebra was 
introduced by Melrose and Rochon in [10] in connection with a construction 
of determinant line bundles over pseudodifferential operators. 

The expression TR(g^! xdg) is a closed form on G by the tracial property 
of TR and for this reason log det(g) depends only on the homotopy class of 
the path g(t). In order that the determinant is well-defined independent of 
the path one only needs to check that the integral for generators of 7(G) 
is equal to a multiple of 277: 


Theorem 2.1. Let G be connected and simply connected compact simple 

matriz Lie group and f : S! — G be a closed smooth loop. Then the winding 

number of the determinant det(f(t,-)) around the loop is equal to the integer 
—1 

— tr(f-!dfy*. 

2421? Lus r(f f) 

Here we have identified the parameter space D as a unit sphere S? since on 

the boundary of D all the functions f € G take the constant value 1. 


Proof. The proof is by a direct computation. We need to select a generator 
for 71(G) = Z. Since the topology of the group is determined by the constant 
part of formal power series in v, we can assume that f(t,-) is zero order 
in v. By the definition of ‘TR’, we need to compute the term first order in 
v in the integral (the zeroth order term vanishes identically since f~‘df is 
traceless) 


1 
n TR,(f(t,-)! » f(t, ))dt. 


The inverse f~t, as defined with respect to the star product, can be written 
as 


go - vg1 4 V?ga ^ ..., 
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where go is the pointwise matrix inverse of the function f(t,-) and 


9 = 5471 df po. 


Thus 
fru 1 Of) -x]L3 ztr (df df f-18,f + dfaa f)) dt 
- nc 
= — r 
1277 [0,1]x D 
which proves the Theorem. Oo 
We define 


= (DG x S!)JN, (7) 


where N is the normal subgroup consisting of pairs (g, A) such that g € G 
and A = det(g). 
This is a central extension by the circle S! of the loop group LG. 


Theorem 2.2. The Lie algebra of LG is a as a vector space to 
the direct sum Lg @iR with the commutator [(f, o), (9, 8)] = (Lf. 9], ¢(f,9)) 
where [f,g] is the point-wise commutator of Lie algebra valued functions 
and c is the 2-cocycle 


e(f,9) = <= | tr fg. (8) 


27i 


Proof. Let V be the local section of the circle bundle LG LG, defined 
in à neighborhood of the unit element in the loop group, given by 


v(eX) — e, 


where X : S! — g and X € B is equal to X on the boundary. For example, 
we can fix a smooth function f(r) of the radius r such that f(0) = 0, f(1) = 
1 and all the derivatives of f vanish at r = 1 and put X = f(r)X. The 
exponential is defined by the star product, 


1 
= yet ae eZ, n factors. 


The section ~ is well-defined in an open set of G valued of loops where the 
logarithm is defined. 
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Locally, near the unit element, the central extension LGisa product of 
an open set of LG with $1. The local $! valued group cocycle is evaluated 
from 


det(9(e) x Yle”) «(e ) x ble”). (9) 
The Lie algebra cocycle c(.X, Y) is then the bilinear term in the expansion 
of (9) in powers of X,Y. Using the definition (5) of the determinant and 
the Baker-Campbell-Hausdorff formula 
eX eY = eX *Y c [X Y 


we obtain 
(X,Y) 2 TRIX, Y), -— f. «xav. = 
2ri Jgi 
The canonical connection on the loop group LG is given through the S! 
invariant 1-form 0 on LG, 


6 = pr-(g"*dg), (10) 


where pre is the projection onto the center of the Lie algebra Lg. The 
curvature form Q of this connection is the left invariant 2-form on LG 
which at the identity element is given by the cocycle c : Lg x Lg — C. The 
winding number in Theorem 2.1 is then 1/27 times the integral of Q over 
the set of loops t+ f(t, z) parametrized by x € D. 


3. Generalization to higher dimensions 


The discussion above cannot directly be generalized to higher dimensions. 
'The obstruction is the noninvariance of the boundary conditions. If we 
have a symplectic manifold with boundary of dimension 2d then the space 
of smooth functions with vanishing normal derivatives at the boundary is 
not closed in general. This happens already in the case of a disk in IR?* 
with the standard constant symplectic form in IR?7. For this reason we focus 
only on a special case. Let M = D x S where S is a closed manifold of 
dimension 2d — 2 and D is the unit disk in R?. We assume that the algebra 
of functions S on S is equipped with a star product and D comes with a 
star product as in Section 2. The star product on S does not need to come 
from a bidifferential operator related to a symplectic form as in the case 
of the Moyal product. In fact, we can consider as well a product coming 
from quantum groups or quantum homogeneous spaces. However, what we 
need is an 'algebra of functions! possessing a trace functional trs. In this 
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case the star product algebra of matrix valued functions on M is replaced 
by the tensor product of the star algebra of matrix valued functions on the 
disk and a star algebra S. We can now impose vanishing normal derivatives 
at the boundary of D. 


Example 3.1. The product of the symplectic disk D and a fuzzy sphere 
S2,. The fuzzy sphere is defined as the quotient by an ideal I of the non- 
commutative associative polynomial algebra in three variables x, y, z with 
relations * y —y*z—z,y*z—z*y-— z,z*z—m*z- y. The two-sided 
ideal J is generated by the single element x? + y? + z? + N(N +1) where 
N is a nonnegative integer. Since x,y,z define the Lie algebra of SU(2) 
the trace is defined as the matrix trace in an irreducible representation of 
dimension N(N + 1). The algebra is simply the algebra of square matrices 
in dimension N(N +1). 


Example 3.2. We can take as S the algebra of smooth n x n matrix val- 
ued functions in R?4-? which decay faster than any inverse power of |z| at 
infinity. The star product is defined as the Moyal product and the trace is 
the integral of a function over R?4-?. In this case the product can actually 
be defined analytically, not only as a formal power series in v. This is be- 
cause the functions can be interpreted as symbols of infinitely smoothing 
pseudodifferential operators in R¢—!. This is achieved by selecting a La- 
grangian polarization R¢-! @ R2-! and interpreting the first d — 1 variables 
as momenta and the last d—1 variables as coordinates. The algebra V ^^? is 
a subalgebra of the algebra g of trace-class operators in the Hilbert space 
H = L?(R?-!,CM). 
The linear functional 


TR(f) = x [irs f (11) 


is a trace in the subalgebra of functions which vanish on the boundary of D. 
Here trs denotes the combined matrix trace and a trace in in the algebra 
$. 

The determinants are defined by straight-forward generalization of (5). 
The Lie algebra cocycle for Map(S1,S & g) becomes 


e(f,9) = x]. trs fdg. (12) 


In the case of Example 3.1 we get the standard central extension of the 
loop algebra of smooth maps from St to matrices of size nN(N + 1) x 
nN(N +1) whereas in the example 3.2 we have a central extension of the 
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loop algebra LYT in the algebra V ^*? of infinitely smoothing n x n matrix 
pseudodifferential operators over R?-1. 

The Lie algebra cocycle (12) extends to the loop algebra Lgi. A rep- 
resentation for Lg is obtained essentially in the same way as for central 
extensions of the loop algebra Lg based on a finite-dimensional Lie algebra 
g. A highest weight representation of the Lie algebra gı is given by an 
infinite increasing sequence of integers À;, 4 € Z, with A; = Aw for i >> 0 
and A; = À- X Aco for i << 0. The irreducible integrable highest weight 
representation corresponding to A is then characterized by the existence of 
a cyclic vector v, such that 


eiva = Ajv and ev, = 0 for i > j, 
where the e;;’s are the Wey] basis vectors in gi, 
leij, exi] = 9jkea — Óuex;. 


Given the irreducible highest weight representation (A) of gi one obtains 
an irreducible highest weight representation of the central extension of the 
loop algebra Lg; by induction. The representation has a highest weight 
vector vA, characterized by 


€ijUA,k = 0 for i > j and a vy y — 0 for n < 0, 


where zr?) = e'^ór € Lg, and k is the value of central element in the 
representation, 


«2 = s. [ trap. 


The representation integrates to an unitary representation of the group LG 
if k is an integer with As; — À- € k, see the monograph by Kac [6]. 

The construction of the central group extension LG for the case of a 
compact matrix group G can now be extended without any changes to the 
case when G is the infinite-dimensional Lie group of unitary pseudodiffer- 
ential operators A such that A — 1 is trace class. 


Example 3.3. We deform the gauge current algebra in 3 space dimensions. 
First, let n be the ideal of pseudodifferential operators, on a compact spin 
manifold M of dimension 3, of degree less or equal to —2. All pseudodiffer- 
ential operators are taken with matrix coefficients. The matrices act in the 
tensor product of the spinor bundle and a trivial vector bundle V over M. 
The finite-dimensional Lie algebra g of a gauge group G acts in the fibers 
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of V through a matrix representation. For each smooth map X: M >g 
we define a deformed operator 

1 
———._ [D 
ACD? + 5l | 
where D is the Dirac operator on M defined by a fixed metric and spin 
structure. The difference X — X is a pseudodifferential operator of order 
—1. One easily checks that 


X=X+ D, X]], 


[X,Y] = D Y] mod n. 

Denote by p the Lie algebra of pseudodifferential operators such that 
the leading symbols of order 0 and —1 are given by the leading symbols of 
symbols of the deformed operators (X|X € Map(M,g)). Let e = D/|D]. 
Then (e, T] is Hilbert-Schmidt for all T € p. 


We have the exact sequence 
0 — n > p- Map(M, g), 


where the second map is embedding of Lie algebras and the third map 
extracts the zero order part X of an element T = X + z € p, where z € n. 

The Lie algebra p is a subalgebra of gl,,, where the latter consists of 
bounded operators T' in the Hilbert space H such that [e, T] is Hilbert- 
Schmidt. The algebra gl,., has a canonical central extension gl... defined 
by the cocycle 


ses ide X]Ie, Y]. 


The restriction to p gives a central extension p of p. Likewise, we have 
a central extension n of n C gl Putting these together we have the 
extension 


res* 


08 fp- Map(M,g). 


The algebra p has unitary highest weight representations. For example, 
the Fermionic Fock space F based on the polarization H = H, 6 H- 
carries through canonical quantization a resepresentation of gl. and thus 
of p. However, this representation does not preserve the domain of the 
quantization D of the Dirac operator D. 
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We complete a gap in the proof of a crucial result of Pressley and Segal’s book on 
“Loop groups”. It is well-known that given a polarized, separable complex Hilbert 
space of infinite dimension (K = K+ © K_), the elements of the restricted linear 
group GLres(K, K+) can be written as two-by-two matrices of operators and that 
notably the upper left entry of these is a Fredholm operator from K to itself. 
The resulting map from the restricted linear group to the space of Fredholm oper- 
ators on Ky is a homotopy equivalence. We complete the proof of this proposition 
(6.2.4 in *Loop groups") relying on a simple *Boardman-Vogt type lemma". We 
then remark on some applications of this result to classifying spaces of principal 
bundles, to geometric quantization in infinite dimensions and to string structures 
on loop spaces. 
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1. Introduction 


The restricted Grassmannian of a polarized Hilbert space Gres (see the 
splendid fundamental reference *Loop groups" [15] of Pressley and Segal 
or the more recent [22] of the author) plays an important róle in subjects 
as integrable partial differential equations, fermionic second quantization, 
infinite dimensional Lie groups and Lie algebras, and boundary problems 
of elliptic partial differential operators (to cite only some of the occurrences 
of this Grassmannian). 

Though the fact that Gres is homotopy equivalent to the space of Fred- 
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holm operators on a separable complex Hilbert space is a folkloric fact since 
some time, the beautiful proof of it given in [15] (Proposition (6.2.4)), and 
quoted in several places in the literatur (see, e.g., the important [8] and [11] 
of Freed respectively of Mickelsson) seems to be incomplete. 

We give here a direct, “elementary” argument for the crucial part of the 
proof relying on the (obvious) construction of a global section of a certain 
projection and on a “Boardman-Vogt lemma with parameters” (see Section 
3 for the details). 

The second section reviews the needed definitions and some basic facts, 
the third gives our proof, and the fourth section details the arguments of 
[15] on how to realize the universal bundle 


E(U(co)) — B(U(co)) 


by à smooth homomorphism of Banach Lie groups, using the homotopy 
results of the third section. 

Finally, in the fifth section we remark on applications to the theory of 
characteristic classes of GL(oo)-bundles (compare [8]), to geometric quan- 
tization of the restricted Grassmannian (compare [22]) and to the geometry 
of free loop spaces (compare, e.g., a recent preprint [17] of Spera and the 
author). 

Let us remark that related homotopy type calculations were made by 
various authors (e.g., by Booss-Bavnbek and Wojciechowski in [3] with 
a correction, together with Furutani, in [2], by Carey and Phillips in [6] 
and by Neeb in [12]). Nevertheless, we found it useful to complete the 
argument of Pressley and Segal (for its own sake and in view of other 
possible applications of it). 


2. The restricted Grassmannian and the restricted general 
linear group 


For convenience of the reader we follow as closely as possible the notations 
of [15], where most of the below mentioned facts are proven and detailed 
(see also [22]). 

Let K be a complex separable Hilbert space and K} a closed complex 
subspace of infinite dimension and codimension. Denoting its orthogonal 
complement by K_ we have orthogonal projections p} and p_ onto K4 
respectively K_ and we refer to the orthogonal decomposition 


K-K,oK. 


as a polarization of K. 
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The restricted Grassmannian (of the polarized Hilbert space K = Ki @ 
K .) is then by definition the following set 
Gres T Gres(K, K+) 
= {W c K | W is a closed complex subspace s.t. p.lw : W — Ky 
is Fredholm and p_|w : W — K- is Hilbert-Schmidt}. 


It is well-known that Gres is a complex Kähler manifold modelled on the 
separable Hilbert space L? (K4, K_) of Hilbert-Schmidt operators from K+ 
to K_. 


Remark 2.1. 


(1) Up to isomorphy in the category of topological spaces, complex 
manifolds or Kähler manifolds, Gres is independent of the choice of a 
separabel complex Hilbert space K and its reference subspace K , of 
infinite dimension and codimension. This allows us the slight abuse 
of speaking of “the restricted Grassmannian” without mentioning 
the data K and Ky. 

(2) Let us also mention that homotopy equivalent spaces can be defined 
by demanding that »-], is in the p-th Schatten class £? for 1 € 


p € oo (L© denotes the compact operators). 


The natural automorphism groups of Gres are the restricted general 
linear group (of the polarized Hilbert space K = K4 & K_) 


G Lres = GLres(K, K+) 
= {A € GL(K) | [A, p+] is a Hilbert Schmidt operator} 


(where GL(K) is the group of bounded linear isomorphisms of K) and the 
restricted unitary group (of the polarized Hilbert space K = Ki ® K_) 


Ures — Ores (K, Ky) = GLres(K, Ky) n U(K). 


Writing an element A of B(K), the space of bounded linear maps from K 
to K, as a (2 x 2)-matrix of operators: 


4- (22) 


a: Ky, > K,,c: K} > K- etc., 


with 
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it follows that an invertible element A of B(K) is in GLres if and only if b 
and c are Hilbert-Schmidt operators. Furthermore, if A is in GLres, then a 
and d are Fredholm operators. 

Let us also recall that GLres (respectively Ures) is a complex-analytic 
(respectively real-analytic) Banach Lie group with Lie algebra 


gles = {(° J € B(K)| B and y are Hilbert-Schmidt } 


(resp. Ures = M A € glres 


and with exponential map exp given by the exponential series. 

We note the connected component of GLres (respectively of Ures) that 
contains the neutral element by GL% (respectively U9,.), and write, fur- 
thermore G®., for the connected component of Gres that contains K+. 

Let us also recall the following by now well-known facts: 





a* = —a,ô* = —ô, B = -b 


Lemma 2.1. 


(i) The action Ù : GLres X Gres — Gres, (AW) ++ A(W) (respec- 
tively its restriction to Ures) is complez-analytic (respectively real- 
analytic) and transitive. 

(ii) The isotropy group of W = K, under the GLyes-action is the con- 
nected and contractible Banach Lie group 


(iii) The map GLres e Gus Ae 9(A, K4) = A(K +) is a holomorphic 
(locally trivial) P-principal bundle, i.e. Gres is biholomorphically 
equivalent to the complex quotient manifold GLres/P. 

{iv) The map q is a homotopy equivalence. 


Proof. The first statement and the determination of the stabilizer of K4 
are fairly obvious. 

Since P is biholomorphic (as a complex manifold, not as a group) to 
GL(K,)xGL(K_)xL?(K_, K+), it follows from Kuiper’s theorem (saying 
that GL(H) is contractible for H a separable complex Hilbert space, see 
Kuiper [9]) that P is connected and contractible. 

The fibres of the holomorphic map q are the orbits of the right-action 
given by multiplication on the right of P on GLyes. In order to show local 
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triviality we recall the graph coordinates near K} on Gres. Let 
Ux, = {W € Gres | p+ |w : W — K4 is an isomorphism} 
and 
eU, > L’(K4, K-) 
the inverse of the map 
T= Tr ={v+Tve K=Ki@K_|veK,} 


(“the graph of T”). 
Observing that 


m:= G 5) [Te Ke K-)} = KK) 


a B 
06 
of P, in glres = LieGL;es, there is an open neighborhood Vm of 0 in m 
such that exp |y,, is a holomorphic diffeomorphism from Vm onto its image 
S := exp(Vm), a complex submanifold of GLyes having the property that 
q|s is injective. The map 


is a topological complement of Lie P = {( ) € ales}, the Lie algebra 


o :=expoy: yp! (Vin) > GLres 


is a holomorphic local section of q since 
Coo < 3) -Ir-4(T) forall T € £2(Ky,K_), 


ie. (qoo)(W)=(qoexpop(W)=W foral Wey! (Va). 


Since q is obviously equivariant with respect to the natural left-actions of 
G Lres, it follows that q is a holomorphic locally trivial P-principal bundle. 
It now easily follows that Gres is biholomorphic to GLyes/P with its natural 
manifold structure as a homogeneous space. Since q is GLDyes-equivariant, 
all connected components of Gres (and of GLres, of course) are diffeomor- 
phically equivalent and homogeneous under GL9,,. Let us thus concentrate 
on the restriction q? of q to GL%., i.e. on 
q : GLL, D Gla. 


res 


Since Gss is a connected riemannian manifold (see [15] or [17] for more 
details on the riemannian structure), it is metrisable (and thus Hausdorff); 
furthermore this manifold, modelled on a separable Hilbert space, is para- 
compact and second countable. It follows notably that all locally trivial 
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fibre bundles over G? are numerable (i.e. allow for an open covering U of 
local trivializations such that there exists a locally finite partition of unity 
subordinate to it). 

Since P is connected and contractible, we can take P — (x) as the 
universal P-principal bundle EP — BP and we conclude that all numer- 
able P-principal bundles are trivializable, i.e. allow for a global continuous 
section. Applying this to q? we find that it is isomorphic to the trivial prin- 
cipal bundle G? x P — G®., with contractible fibre P and thus obviously 
a (fibre) homotopy equivalence. 

Since the above argument holds for all connected compontents of Gres, 
we find that q : GLres — Gres is a (fibre) homotopy equivalence. m 


Remark 2.2. Using polar decomposition it is easy to show that Ures is a 
strong homotopy retract of GLyes, and thus notably homotopy-equivalent 
to it. A fortiori, Ures is then also homotopy-equivalent to Gres. 


3. The fundamental homotopy equivalence 


In order to complete the proof of Proposition (6.2.4) in [15] “in an elemen- 
tary manner”, we rely on the following Boardman- Vogt type result (compare, 
e.g., to Lemma 11.58 in Switzer's book [18]). 


Lemma 3.1. Let H.. be a separable complex Hilbert space and {en | n € 
Z and n < 0) be an orthonormal (Hiübert-)basis of H .. Let furthermore 
v: H. —^ H-H- be the unitary isomorphism determined by setting for 
m<0: 


Yp(ezm) — em € 0 and Y(ezm41)=0Pem, 
and let p be the inverse of s», and let finally 
thos HG. 


be the continuous linear injection onto the first factor, i.e., iq(v) =v @0. 
Then there exists a continuous map 


f:IxH-—H_ (where I — [0,1]) 


such that fo = Idg , fi = (oi and for all t € I, f; is an injective linear 
continuous map from H- to H_. 
Otherwise stated, the following diagram commutes up to homotopy: 
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ii 


H. > H_@H_ 


Idy_ N le 


He: 


Proof. Let b: H- — H_ be defined by b(e4) = epn for all n < 0. It 
follows that b is a linear isometry and thus notably injective. Furthermore, 
poi — b by direct calculation. Let now 


fe=(1—-t)-Idy_+t-b fortel. 


Obviously, f; is a continuous linear map for all t, fo = Idy_, fy = b = qoi, 
and the map f : I x H.. — H_,(t,v)  fi(v) is continuous. It remains 
only to show that f, is injective for t €]0, 1[. 

Let v € H.. and t €]0, 1| such that f,(v) = 0. Then b(v = (4 2r and 
e = —1 since b is an isometry. Notably, it follows that j= 
all k € N, (b?)*(v) = v. 

On the other hand one has for all n < 0, b?(en) = e4n and thus 
(b2) (en) = e4x.,,. One easily deduces that for all w in H_, the sequence 
((0?)*(w)) „en COnverges weakly to zero. 


v, and for 


One concludes that f(v) = 0 implies that v = 0, i.e. fẹ is injective. oO 


Let now 7 : GLres > B(K4) x £2(K4,K.),m p 3j = (2) and F := 


T(GLres). We now show that 7 is a homotopy equivalence. (We denote the 
open set of Fredholm operators in B by Fred(K +) in the sequel.) 


Lemma 3.2. 


(i) F={(%) € Fred(K,)x C(K.4, K-)|clker a is injective } and thus 
F is open in B(K,) x £?(K,, K-). 
(ii) The action 0 : GLres x F > F, 


Ca esq ean) 


is well-defined, holomorphic and transitive. 
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(iii) The stabilizer of Ce) = (1) is the connected and contractible Ba- 
nach Lie group B := { bo a) | be C(K.,K,) andde GL(K.)). 


(iv) The open set F is biholomorphic to the homogeneous space G Lres/B 
and the map 7: GLyes — F is a homotopy equivalence. 


Proof. Let 


F := (C) € Fred(K4) x £7(Ky, K_) | Cher af 


is injective. It is clear that F C F. On the other hand, given (2) € £, one 
constructs easily an element A of GLyes such that the first column of A is 
(£), thus proving the reversed inclusion. Openess of F is now elementary, 
as well as part (ii) of the lemma and the determination of the stabilizer of 
(5). Since B is homeomorphic to GL(K_) x £?(K.., K+), Kuiper's theorem 
shows that B is contractible. 


Upon observing that LieB = ((25)ls € C(K.,K,) and D € 


B(K 3] allows a topological complement in gles, and using the con- 
tractibility of B, the proof of the last part of the lemma is similar to the 
proof of Lemma 2.1, (iii) and (iv), and thus omitted. i| 


We can now prove the crucial homotopical result: 


Lemma 3.3. The map p := pı m F — FPred(K.), p(2) = a is a homotopy 


equivalence. 


Proof. 

Step 1: Construction of à continuous global section 

Let {en | n € Z} be a Hilbert basis of K such that K_ is generated 
by {en | n < 0) and Ky by (e, | n > 0). The map co :. K} > K- 
defined by co(v) = nco ial < e[n41p; V > en (with (,) the scalar product 
of K) is an injective, linear Hilbert-Schmidt operator. it follows that for 
a € Fred(K+), the point (7) is in F, i.e. so: Fred(K4) > F, so(a) = (2) 
is a continuous section of p. Note that this construction also shows that p 
is surjective. 





Step 2: Construction of an auxiliary homotopy with values in a “doubled 
fibre” 
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Setting F = (9 € Fred(K,) x Z(K,,K @ K_) | d. (a ihieative \ 
er a 
and again I = [0, 1] we define 


GiIx FoF by Gt, C) = ere 


(We define for d’,d” € £?(K4, K..) and v € K,, (d' @d")(v) := d'(v) e 
d"(v) e K. 9 K...) 

The maps (1 — t)c @ tco are of course in L?(K4, K- 6 K_), and ((1— 
t)c 6 tco)| $ is injective since d... is injective. 


Sane as "stia: G,(-) = G(t,-), we have furthermore 


er (eae) ™ ^C) = (e. 


Step 3: Construction of a homotopy with values in F 

Let y : K- > K 6K and y = Y7! : K-@K- — K. be as in Lemma 
3.1 upon taking H- = K- and the above fixed Hilbert basis (e, |n < 0}. 
We have an induced continuous map 


a 
ian ise oaa) 


since yo (d' @ d") is Hilbert-Schmidt and injective on the kernel of a (since 
d' @ d" is injective on this kernel). 

Putting now G(t, (?)) = 9(G(t, (2))) we have a continuous homotopy 
G:Ix F + F such that Go(2) = as (eco) and G1(2) = (scone): Note 
that 





a 
8: Fred(K4) — F, uS mU 


is à continuous section of p. 


Step 4: Construction of a preliminary homotopy 

Applying Lemma 3.1 to H- = K- and the above fixed Hilbert basis 
we get a continuous family (f. : K- —^ K |t € I) of injective continuous 
linear maps such that fo = Idy | and fı = oii (where à denotes again 
the injection K- — K- @ K- onto the first factor). 

Let now F = I x F — F be defined by F(t, (2)) = (,%,) and observe 
that f; oc is Hilbert-Schmidt and injective on Ker a, i.e. FK) is in F. 
Obviously, one has 


(2) = C) m AC) = (5) = o. coo) - C) 
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Step 5: The homotopy 

Since po s = Idfyeq(x,), it is enough to exhibit a continuous homotopy 
from Idz to so p in order to show that p is a homotopy equivalence. Let 
H : I x F — F be defined as H; = Fy for 0 € t € 1/2 and H; = Gor. 
for 1/2 € t € 1. We then have that H is continuous, Ho = Fo = IdF, 
Hı; = F1 = Go, and H1 = Gy = sop. a 


Remark 3.1. Observe that the homotopy H : I x F — F preserves the 
fibration p = F — Fred(K 4), i.e. for all t in J, we have po H, = p. 


We now arrive at 


Corollary 3.1. (= Proposition (6.2.4) in “Loop groups" [15]) The map 


G Lres £z Fred K+), A = ( i 


E " — a, is a homotopy equivalence. 


Proof. Factorizing the given map as follows 
GLres — F —5 Fred(K,) 


and applying part (iv) of Lemma 3.2 and Lemma 3.3 immediately yields 
the claim. n 


4. The restricted general linear group as the classifying 
space of U(co) 


Following essentially the ideas of [15] but giving substantially more details, 
we will explain in this section how to realize the universal principal bundle 
U(oo) = EU(oo) => BU(oo) by smooth homomorphisms of Banach Lie 
groups: 


GL'(K,) — E — GL (*) 


and how to deduce from (*) — via Bott periodicity — all homotopy groups 
of the restricted general linear group land thus of the restricted Grassman- 
nian as well. 

Let us first, for H a separable complex Hilbert space and 1 < p < oo, 
define 


GL?(H) :- (T € GL(H)| T-Idg € L?(H)}, 


and for a polarized Hilbert space K = K, @ K- as in the preceding two 
sections, 
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€ = {(A,q) € GLies x GL(K4) | a- a € C (K4)), 


where, again, A = E 2 . We give € the topology induced from the set- 
theoretic inclusion £ — GL®., x £1(K,),(A,q) = (Aa = q). 


Lemma 4.1. 


(i) For1 € p € oo and H a separable complex Hilbert space, GL?(H) 
is a compler Banach Lie group. 

(i) For a polarized complex Hilbert space K = K} K ., E is a complex 
Banach Lie group. 

(iii) The map B: € > GL9,,, (A,q) + A is a smooth (in fact, complex- 
analytic) surjective homomorphism of Banach Lie groups, and its 
kernel {(1,q) € E | 1—q € £!(K,)) is canonically isomorphic to 
GL! (K ,). 


Proof. The set-theoretic inclusion 
k: GL*(H) — £"(H), Tr T-Idg 


induces a topology on GL?(H) such that it becomes a topological group. 
Since the image of «K is open in the complex Banach space £P(H), part (i) 
easily follows. 

Parts (ii) and (iii) are from [15] and proven in detail in [22], Section 
11.3. m 


We can now give the central property of E. 


Proposition 4.1. (= Proposition (6.6.2) in “Loop groups" [15]) The Ba- 
nach Lie group € is connected and contractible. 


Proof. Define 
6:€ 2 GL(K,) x £C (K,),0(4,9) := (q,aq ! — 1) 
and 


y: GL(K4) x £1 (K4) Fred? (K,) 
= (a € Fred(K,)|a has index zero}, ^(g,t) — (1t): q. 
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Since pom: GL? — Fred°(K4), A a is surjective, both maps, ô and 7, 


are easily seen to be surjective as well. Furthermore, the y-fibres are the 
orbits of the following (holomorphic) GL! (K , )-action: 


GL'(K4) x (GL(K4) x £'(K4)) > GL(K+) x L' (k+), 
(1+ 8), (gt) > (1+ a, (1+ £)1 4 5) — 1), 


where an element of GL1(K,) is written as 1 + s with s in £'(K4) (and 
1 + s invertible!). Let us now consider the following diagram of (at least) 
continuous maps: 


€ Š GL(K,) x £(K4) 
B | l ow 
GIO, P5 Fred°(K4). 
One directly checks that the diagram commutes and that the GL!(K,)- 
bundle is isomorphic to the pullback of the bundle y under the map po. 
Thus, since po 7 is a homotopy equivalence by the result of Corollary 3.1 
(restricted to connected components) the same holds true for 6. We conclude 
that € is homotopically equivalent to the contractible space GL(K4) x 
£1 (K.4) and is thus itself contractible to a point. o 


Les us recall that GL(oo, C) = Un>1GL(N, C) and U (00) = Un>1U (N) 
with their direct limit (or *colimit") topologies are homotopy equivalent by 
the usual polar decomposition argument. By results of Palais (Theorems 
(B) and (E) in [13], GL(oo, C) is furthermore homotopy equivalent to 
GLP?(H) for 1 € p < oo and H any separable complex Hilbert space. We 
can now give the result announced in the title of this section. 


Corollary 4.1. The smooth sequence 
GL!(K4) — £^ GL} (s) 


realizes the universal principal bundle U(oo) — EU (œ) — BU (o0). 


Proof. By the preceding discussion it is enough to show that (*) realizes 
the universal bundle GL!(K,) — E(GL1(K,) — B(GL!(K.,)). A nu- 
merable G-principal bundle G — P — X is (up to homotopy equivalence, 
of course) the universal principal bundle G — EG — BG if and only if 
the total space P is contractible (compare, e.g., Satz (4.9) in [19], together 
with Satz (8.11) in [20], in the books of tom Dieck respectively tom Dieck, 
Kamps and Puppe). Proposition 4.1 now implies the claim. o 
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As a first application we determine the homotopy groups of GLres. 
Proposition 4.2. 


(i) As a complex manifold GLyes is isomorphic to GL? x Z. 
(ii) For all k > 0 we have 


Tak4A (G Lies) = {0} and mT2k42 (GLi eg) =Z. 


Proof. Since po T : GLres > Fred(K 4) is a homotopy equivalence by 
Corollary 3.1, and the connected components of Fred( K ,) are Fred" (K,) = 
(a € Fred(K,) | a has index n) for n € Z (see, e.g., Theorem 5.3.6 
in Douglas’ book [7]), the connected components of GLreg are given by 
G Lios :— (pom) !(Fred"(K,)) for n € Z. Since GLres is a Lie group and 
(por)! (Fred? (K4)) = GL9,,, the first claim follows easily. 

Applying the long exact sequence of homotopy groups to the fibration 
B, we get for j > 0 


Tj41(G Loos) & m; (GLA (K.,)) 


since € is contractible. By Palais’ results, we thus have that for j > 0 
Tji(GL)s,) S m;(U(oo)). Applying Bott periodicity (see Bott’s original 
article [4], or, e.g., the recent book of Aguilar et al. [1]) to the homotopy 
groups of U(oo) we get part (ii) of the proposition. o 


Remark 4.1. Since Ures and Gres are homotopy equivalent to G Lres, the 
preceding proposition determines obviously their homotopy groups as well. 
We denote in the sequel the connected components 0(GLY,, K+) of Gres 
by Gi, (the action 0 being defined in Lemma 2.1). 


5. Applications and remarks 
5.1. Characteristic classes of GL(oo)-bundles 


Realizing the universal GL(oo)-bundle GL(co) — BGL(oo) as the short 
exact sequence of homomorphisms of Banach Lie groups 


{1} > GL(Ky) > € 5 GI, > {1} 
(compare Corollary 4.1) obviously helps to simplify and “geometrize” the 
theory of GL(oo)- (or U(oo)- or GL-) principal bundles. The space of 
universal characteristic classes of such bundles, H*(BGL(oo),Z) (or, at 


least, H*(BGL(oo), R)) can then in fact be represented by differential forms 
coming from a connection form, à la Chern. See the work of Freed [8], 
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extending the theory of finite-dimensional complex vector bundles and their 
Chern classes. 

Intriguingly, Carey and Mickelsson show in [5] (Proposition 2) that 
B(GLres) can be realized by GL'(H), with H a separable, complex Hilbert 
space. It would be interesting to have a conceptual proof for this *duality" 
and to know if there are other pairs (G, H) of topological groups such that 


BG=H and BH =G. 


5.2. Geometric quantization of the restricted 
Grassmannian 


The homotopy result Proposition 4.2 easily yields certain unicity properties 
for the geometric quantization of Gres. First of all, by Hurewicz’ theorem 
H? (Gs, Z) = Z, and it is well-known that this group is generated by the 
Chern class c1(Det) of the determinant bundle Det — Greg, restricted to 
G®.,. Furthermore, the negative of this class can be represented by w, a nat- 
ural K&hler form on Gres (see [15] and [22] for more details). Holomorphic 
geometric quantization thus leads unambigously to the holomorphic section 
space l'o(Gres, (Det*)®*) with k > 0, since negative powers of Det" have no 
holomorphic sections. Up to the sacaling w — kw (K € N), holomorphic 
geometric quantization is thus unique on GO... 

Furthermore, looking from a not necessarily holomorphic point of view 
on geometric quantization (see, e.g., the book of Woodhouse [21] for more 
details on this theory), there is — up to gauge equivalence - only one 
connection on a complex line bundle on G%s since Hina (Gies; R) S 
H(GQ,,, R) = (0). This implies unicity for Kostant's pre-quantization al- 
gorithm (compare again [21]). 

Let us remark that (the dual of) the so-called "fermionic Fock 
space”, arising in second quantization, is naturally (densely) injected into 


l'o(Gres, Det") and that the holomorphic sections of Det* M (for q € Z) 


contains densely the so-called “charge-g sector” of second quantization (see 
[15] and [22] for details). Work of Pickrell [14], and work in progress of the 
author together with Driver, singles out the Fock space as the "space of 
square-integrable holomorphic sections of the line bundle Det* over Gres”. 


5.3. String structures 


Given a real, separable Hilbert space (H, g) one associates to its complexi- 
fication H^ the Hermitian extension (,) and the complex bilinear extension 
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B = gf of g. Furthermore, one has the Clifford algebra CL(H, g) defined via 
[y(u), y(v)|4 = g(u, v), its complexification CIH, g) = Cl(H,g) © C, and, 
given a maximal B-isotropic subspace W of HC, a so-called C'AR-algebra. 
The latter algebra C AR(W) is defined via [a* (u1), a(w2)].. = (w1, we), and 
is isomorphic to CI(H, g) as a C*-algebra. The algebra CAR(W) is natu- 
rally represented on the “spinor space" S = Sw := AW. Elements of the 
orthogonal group O(H, g) act as automorphisms on CI(H, g) and are im- 
plemented on S if and only if they are in the “restricted orthogonal group" 
Ores(H, 9; W) := O(H,g) N GLies (H9, W) (where H° = W @ W is the 
polarization needed). This yields a central S'-extension O%,(H, g; W) (see 
[15] and [17] for details). 

The group Ores(H, g; W) is the orthogonal analog of Ures, and both play 
a prominent róle as structure groups of infinite dimensional fibre bundles 
over loop spaces. For example, a “string structure" on the free loop space 
£M of a finite dimensional Spin manifold M (see McLaughlin's article [10] 
for this notion) exists if and only if a certain Ores-principal bundle over CM 
can be lifted to a OX%,-bundle (see [17] for more details). The homotopy 
types of Ures and Ores are thus obviously important for geometry on loop 
spaces. 
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1. Introduction 
1.1. From spaces to orbispaces 


1.1.1. The concept of T-duality has its origin in string theory. Very roughly 
speaking, it relates one type of string theory on some target space with an- 
other type of string theory on a T-dual target space. Some topological 
aspects of T-duality in the presence of H-fields were studied in Bunke and 
Schick [2] (following earlier work by Bouwknegt, Mathai and Evslin [1], 
and others). In those preceeding investigations the main objects were pairs 
consisting of a U(1)-principal bundle and a three-dimensional integral co- 
homology class on its total space. Here we could replace the notion of an 
U(1)-principal bundle by the equivalent notion of a free U(1)-space satis- 
fying some slice condition. 

The main goal of the present paper is to extend the study of the topological 
aspects of T-duality to U(1)-spaces with finite stabilizers where we keep the 
slice condition. These spaces correspond to U(1)-bundles over orbispaces. 

1.1.2. In order to deal properly with morphisms between orbispaces we 
will use the more general language of topological stacks. Orbispaces are 
particular topological stacks which admit an orbispace atlas. Morphisms 
between orbispaces are required to be representable maps. Our notion of 
an orbispace is a generalization of the notion of a topological space in the 
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same spirit as the notion of an orbifold (see Moerdijk [7] for the definition 
of orbifolds which was motivating our definition of orbispaces) generalizes 
the notion of a smooth manifold. 

Topological T-duality is now about pairs of U(1)-bundles in the category of 
orbispaces and three-dimensional cohomology classes in integral orbispace 
cohomology. We will explain these notions at the appropriate places. 
1.1.3. Topological 7-duality is the home for two different concepts. First it 
is a relation on the set P(B) of isomorphism classes of pairs (E, h) over a 
base space B, where E — B is a U(1)-principal bundle and h € H?(E,Z) 
is an integral cohomology class on the total space E of the bundle. Sec- 
ondly, T-duality denotes a natural involution Tg : P(B) — P(B), which 
associates to each pair a canonical isomorphism class of T-dual pairs. In 
the present paper we generalize the definition of the 7-duality relation as 
well as the construction of canonical T-dual pairs (see [2]). The main idea 
is to pass from orbispaces to spaces using a classifying space functor. Once 
this functor is established the extension of the results about the topology 
of T-duality of pairs from spaces to orbispaces is actually a formal matter. 
1.1.4. Another aspect of T-duality is the T-duality transformation in 
twisted cohomology theories. It maps the twisted cohomology of the total 
space of one U(1)-bundle to the twisted cohomology of its T-dual, where 
the twists are classified by the corresponding three-dimensional cohomology 
classes. Of particular interest is the fact that under a T-admissibility as- 
sumption on the cohomology theory this transformation is an isomorphism. 
In the present paper we discuss the generalization of this aspect to the or- 
bispace case. In general it is a non-trivial matter to extend a cohomology 
theory to the larger category of orbispaces. Of course, one could consider 
the Borel extension. In this case, where we again use the classifying space 
functor in order to pass from orbispaces to spaces, the generalization of 
the T-duality isomorphism is straight forward. On the other hand, hav- 
ing in mind the example of K-theory, the Borel extension might not be the 
most interesting extension of the given generalized cohomology theory from 
topological spaces to orbispaces. 

At the moment we do not know if the correct extension of twisted K-theory 
to orbispaces is T-admissible. 

1.1.5. It is an amusing fact that the topology of T-duality of U (1)-bundles 
over an orbispace as simple? as [«/(Z/nZ)] (a point with the isotropy group 


a Actually the orbispaces [*/T'] are quite complicated. They are as complex as the clas- 
sifying space BI. 
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Z/nZ) is already a non-trivial matter. We will develop this example in 
detail. 

This example serves as a building block of the more general example of a 
Seifert bundle over a two-dimensional orbispace. As an illustration we will 
calculate the T-dual of a Seifert bundle equipped with a three-dimensional 
cohomology class in terms of topological invariants. 

1.1.6. The problem of checking T-admissibility e.g. of twisted K-theory is 
equivalent to the verification that the T-duality transformations for all pairs 
over orbispaces of the form [*/T] for all finite groups T are isomorphisms. 
Currently we do not have explicit general results about the topology of 
T-duality and the associated T-duality transformation in this large class of 
examples. 


1.2. A detailed description of the contents 


1.2.1. This paper is a continuation of [2]. In that paper we introduced 
a contravariant set-valued homotopy invariant functor P : spaces — sets 
which associates to each space B the set of isomorphism classes of pairs 
(E,h) over B. Here E — B is a U(1)-principal bundle and h € H?(E,Z). 
We have shown that the functor can be represented by a space R carrying 
a universal pair. One of the main results was the determination of the 
homotopy type of R. Consider the map K(Z,2) x K(Z,2)  K(Z,4) of 
Eilenberg-MacLane spaces given by the product of the canonical genera- 
tors of the second cohomology of the two copies of K(Z,2). Then R has 
homotopy type of the homotopy fibre of this map. 

1.2.2. The notion of T-duality appeared first as a relation between isomor- 
phism classes of pairs. We then have shown that the universal pair has & 
unique T-dual pair which determines and is determined by its classifying 
map T : R — R. This map induces a natural transformation T : P — P 
which turns out to be two-periodic. 

1.2.3. The following short reformulation of the results of [2] was suggested 
by the referee. It is close in spirit to the approach to T-duality for U (1)?- 
principal bundles via T-duality triples Bunke, Rumpf and Schick [3]. For 
two U(1)-principal bundles E — B and Ê 5 B let E + Ê — B denote 
the fibrewise join. It is a bundle with fibre S?. Let P : spaces — sets be 
the functor which associates to a space B the set of isomorphism classes 
of triples (E, É, Th), where Th € H?(E * E,Z) is a Thom class. Let 
i: E — E x É be the natural inclusion map. Then (E, E, Th)  (E,i*Th) 
defines a transformation i : P — P. Using (2], Thm. 2.16 one can show that 
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this transformation is an isomorphism of functors. Under this isomorphism 
the T-duality transformation boils down to the involution T : P > P given 
by (E, É, Th) + (Ê, E, Th). Note that this isomorphism P  P does not 
carry over to a corresponding result for U(1)"-principal bundles if n > 1, 
see [3]. 

1.2.4. There are various pictures of twisted cohomology theories. In [2] we 
descided to axiomatize those properties of twists and twisted cohomology 
theories which are used in connection with T-duality. 

In general, given a generalized cohomology theory represented by some 
spectrum E a twist of this cohomology theory over a space B is something 
like a bundle of spectra with fibre E, or a presheaf of spectra with stalk E, 
depending on the framework. The classification of twists is related to the 
classifying space BAut(E) of the topological monoid of automorphisms of 
E. The twists considered in the present paper (as well as in the previous 
papers [2], [3]) are quite special and releated to the occurence of a map 
K(Z,3) — Baut(£) for cohomology theories like complex K-theory, Spins- 
cobordism theory, or periodized real cohomology. In connection with T- 
duality the restriction to this special sort of twists is crucial. 

1.2.5. In this setting, twists should form a functor 7 : spaces — groupoids 
such that the set of isomorphism classes of 7 (B) is in natural bijection with 
H?(B,Z), and such that the group of automorphisms of every H € T(B) 
is naturally isomorphic to H?(B, Z). 

In order to have an explicit model choose a realization of the Eilenberg- 
MacLane space K(Z,3). Then let 7(B) be the set of maps B — K(Z, 3). 
For two such maps H, H’ let Homy(B) (H, H’) be the set of homotopy classes 
of homotopies from H to H’. 

1.2.6. In [2] we have further introduced the notion of a T-admissible twisted 
cohomology theory. It associates to a space E and a twist H € T(E) the 
graded group h(E,K). Twisted cohomology is functorial in both argu- 
ments. If u : 4 — H’ is an isomorphism of twists, then we have an induced 
map u* : h(E,H') — A(E,H). If f : B' 2 B is a map of spaces, then we 
have a functorial map f* : h(B, H) — h(B', f"K). It should furthermore 
admit an integration map for suitable oriented bundles. For details we refer 
to [2]. 

1.2.7. Given a pair (E, h) the class h determines an isomorphism class [H] 
of twists H € T(E). If (E,h) is dual to (E, h) and [Ñ] = Å, then the 
T-duality transformation 


T : &(E,4) > h(E, Ñ) 
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is given by the following construction. Note that there is a unique 
class (E, É, Th) € P(B) such that (E,h) & i(E, E, Th) and (E,h) = 
io T(E, E,Th) (see 1.2.3 for the notation). Consider the fibre product 


ExgÉ 
p BN 
E E. 
N / 
B 


As explained in [2] the Thom class Th determines an isomorphism u : 
pH  p*H. The T-duality transformation is defined as the composition 


T :=prou*op*. 


1.2.8. By definition, the twisted cohomology theory is T-admissible if the 
T-duality transformation is an isomorphism in the special case where B is 
a point. In [2] we have shown that T-admissibility implies, via a Mayer- 
Vietoris argument, that the T-duality transformation is an isomorphism in 
general. 

1.2.9. With these results our contribution consisted in presenting an effec- 
tive formalism and adding some precision and slight generalizations to the 
understanding of the topic as presented in [1] or Mathai, Rosenberg [5]. 
In the present paper we develop a formalism which allows a considerable 
generalization of T-duality. The spaces which were suitable for T-duality in 
[2] were total spaces E of principal U(1)-fibrations E — B. In particular, 
the spaces E were free U(1)-spaces. 

In the present paper we will relax this condition by admitting finite stabi- 
lizers. In order to keep track of all information it turns out to be necessary 
to consider the quotient B :— [E/U(1)] as a topological orbispace, i.e. as a 
proper topological stack on the category of topological spaces which admit 
an orbispace atlas. For the language we refer to Heinloth [4] and Noohi 
[8], but we will recall essential notions in Subsection 2.1. The brackets 
shall indicate that we consider the quotient as a stack and not just as a 
space. The map E — [E/U (1)] is an atlas which represents [E/U(1)] as a 
topological stack. Since U(1) is compact, this stack is proper. The require- 
ment that [E/U (1)] admits an orbispace atlas (note that E — [E/U(1)] is 
not an orbispace atlas) replaces the requirement of the existence of local 
trivializations in the case of principal bundles. 

1.2.10. Consider the simple example of the U(1)-stack [U (1)/(Z/mZ)] 
(equipped with the trivial three-dimensional cohomology class) which is 
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actually a space with a U(1)-action. It will turn out that its canonical T- 
dual is U(1) x [*/(Z/nZ)] (equipped with a non-trivial three-dimensional 
cohomology class). This stack is not equivalent to a space. Therefore we 
are led to consider U(1)-bundles in the category of stacks as the domain 
and the target of the canonical T-duality from the beginning. By defini- 
tion, a representable map E — B of topological stacks is a U(1)-principal 
bundle, if it admits a fibrewise action of U(1), if in addition there is a 
U (1)-equivariant isomorphism 


ExgE x Ex U(1) 


Pr N Pi , 
E 


where U (1) acts on the second factors (this means that E — B is a family of 
U (1)-torsors), and if for every map T — B with T a space the induced map 
TxpgE — T has local sections. Note that E — [E/U(1)] is a U (1)-principal 
bundle in the category of stacks. 

1.2.11. There are various equivalent ways to define the integral cohomology 
group H*(E,Z) of a topological stack E. One possibility is as the sheaf 
cohomology of the constant sheaf over E with fibre Z. In the present paper 
we prefer to employ classifying spaces. An atlas X — E of the topological 
stack gives rise to a topological groupoid X xg X => X and thus toa 
simplicial space X'. Let |X-| denote its geometric realization. If E is an 
orbispace and X is an orbispace atlas, then (see Proposition 2.1) there is a 
natural isomorphism 


H*(E,Z) € H*(X,Z). 


1.2.12. A pair (E, h) over a stack B will be a U(1)-principal bundle E —^ B 
together with a class k € H3(E,Z). Two pairs (E, h) and (E’,h’) over B 
are isomorphic if there exists an isomorphism of U(1)-bundles ó : E — E' 
such that $*h' = h. 

If (E,h) is a pair over B, and f : B’ — B is a representable map of 
topological stacks, then we can define the pull-back f*(E, h) :— (f*E, f*h), 
where f* E := B' x g E — B' is the induced U(1)-bundle, and f : f*E — E 
is the induced map. This definition extends the functor P to a functor 
P : (stacks,representable maps) — sets. Note that stacks form a two- 
category, and P identifies two-isomorphic morphisms. 

1.2.13. Assume that B is an orbispace, and let Y — B be an orbispace atlas 
of B. Let Y: be the associated simplicial space, and |Y | be its geometric 
realization. It turns out (Proposition 2.1) that the homotopy type of |Y | 
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is independent of the choice of Y in a natural way. In fact, if i : Y' > Y 
is a refinement of orbispace atlases, then |i] : |(Y"):| — |Y] is a homotopy 
equivalence, where t: : (Y^) — Y` is the induced map of simplicial spaces. 
Furthermore, if Y; — B is another orbispace atlas, then the common re- 
finement Y —— Y xg Yı — Yi is again an orbispace atlas. 

1.2.14. A pair (E,h) over B gives rise to a pair (X |, h) € P(|Y:]) as 
follows. Note that X := Y x gE — E is an orbispace atlas of E. The natural 
map X' — Y` is a simplicial U(1)-bundle which induces an ordinary U(1)- 
bundle |X:| — |Y:|. We can consider h € H?(|X |, Z). Therefore given an 
orbispace atlas Y — B we obtain à map 


PAy : P(B) > P(|Y"|) . 


The map is natural in B and in the atlas Y as follows. Consider a repre- 
sentable map f : B’ — B. Then we have the equality 


PAy: o f* =|f'|* o PAy j 


where Y’ := B' xp Y is the induced atlas of B’, and f: : (Y') — Y- is 
induced by the natural map Y' — Y. 

Consider now a refinement i: Y’ — Y of the orbispace atlas Y > B. Then 
we have the equality 


LN oPAy =PAy:. 


1.2.15. The following theorem is the key to our generalization from spaces 
to orbispaces of the results about T-duality of pairs. 


Theorem 1.1. If B is an orbispace with orbispace atlas Y — B, then 
PAy : P(B) > P(Y |) is an isomorphism. 


This theorem will be proved in Section 4. The main intermediate result, 
Proposition 4.3, states that for a given orbispace atlas Y — B the construc- 
tion above on the level of U(1)-principal bundles provides an equivalence 
between the categories of U(1)-principal bundles over B and |Y |, where 
morphisms are homotopy classes of bundle isomorphisms. 

1.2.16. We use Theorem 1.1 and the naturality properties of the transfor- 
mation PAy in order to extend the transformation T' : P — P, which 
associates to an isomorphism class of pairs a natural isomorphism class of 
T-dual pairs, from spaces to orbispaces. Let B be an orbispace and Y — B 
be an orbispace atlas. 


Definition 1.2. We define Tg : P(B) — P(B) by 
Tg := PAY’ o Tiy] o PAy . 
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By Theorem 1.1 the map Tg is well-defined. It follows from the functorial 
properties of PAy that Tg is independent of the choice of the orbispace 
atlas Y — B. It furthermore follows that the maps Tz for all orbispaces 
assemble to an automorphism of the functor P. 

If B is a space, then we can use the atlas B — B. In this case T reduces to 
the original T on spaces. Therefore our construction provides an extension 
of T from spaces to orbispaces. Since the original T' on spaces is involutive, 
the same is true for its extension to orbispaces. 

1.2.17. The second topic of the present paper is the T-duality transforma- 
tion in twisted cohomology. To this end we first introduce the notion of 
a twisted cohomology theory defined on orbispaces. Here we essentially 
repeat the axioms formulated in [2] and add an axiom dealings with two- 
isomorphisms. We show in Subsection 3.4 that every twisted cohomology 
defined on spaces has a Borel extension to orbispaces. But in general there 
might be different more interesting extensions (K-theory provides an ex- 
ample). 

1.2.18. Let us fix a twisted cohomology theory h on orbispaces. Given two 
pairs (E;, hi), i = 0,1, which are T-dual (this is the T-duality relation, see 
3.1), we consider twists H; on E; classified by h;. Then we define a T-duality 
transformation T : h(Eo, Ho) — h(E1, Hı) of degree one which is natural 
in B. We extend the notion of T-admissibility of a twisted cohomology 
theory to the orbispace case (Definition 3.3). If h is T-admissible then the 
T-duality transformation is an isomorphism (Theorem 3.5). 

Compared with the case of spaces, in the case of orbispaces T-admissibility 
is much more complicated to check. The reason is that an orbispace can 
have a complicated local structure. At the moment we are not able to show 
that in the orbispace case twisted K-theory is T-admissible. But we shall 
see in Subsection 3.4 that the Borel extension of a T-admissible twisted 
cohomology theory from spaces to orbispaces is again T-admissible. 
1.2.19. The paper concludes with the computation of the canonical T-duals 
in some instructive examples in Section 5. 


2. Some stack language 
2.1. Topological stacks and orbispaces 


2.1.1. In the present paper we consider stacks in topological spaces. A stack 
is à sheaf of groupoids on this category. The sheaf conditions are descend 
conditions for objects and morphisms with respect to open coverings of 
spaces. We refer to [4], [8] for details. Stacks form a two-category. 
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The category of topological spaces is embedded into stacks by mapping a 
space X to the sheaf of sets Y +» Hom(Y, X), and we consider a set as a 
groupoid with only identity morphisms. We can and will consider spaces 
as stacks. This point of view is also reflected in our notation which uses 
the same type of letters for spaces and stacks. 

2.1.2. We shall illustrate the stack notions in the example of quotient stacks. 
Let G be a topological group acting on a space B. Then we can form the 
quotient stack [B/G]. It associates to a space T the groupoid {B/G](T) of 
pairs (P — T,¢), where P — T is a G-principal bundle and ¢: P —^ B 
is a G-equivariant map. The morphisms (P — T,¢) — (P' — T, 4!) are 
principal bundle isomorphisms P — P’ which are compatible with the 
maps to B. If f : T’ + T is a map of spaces, then [B/G](f) : [B/G](1T) ^ 
[B/G](T") is given by pull-back. 

A G-equivariant map h : B — B' induces a morphism of stacks h, : 
[B/G] > [B'/G] by (P ^ T,¢) 5 (P — T, ho$). 

2.1.8. A map X — Y between stacks is called representable if for each 
space T and map T — Y the stack T xy X is equivalent to a space. 

2.1.4. Let us check that the map h, : [B/G] — [B'/G] in 2.1.2 is repre- 
sentable. To this end we must calculate the fibre product T x jg) [B/G] 
for a map f : T — [B'/G] and show that it is equivalent to a space. Let f 
be given by (P' — T, ¢’). We claim that T x(g ja) [B/G] S (P' x p B)/G. 
The map to [B/G] is given by the pair (P' xg B — (P xg. B)/G,pr;), 
and the map to T is given by the composition (P' x p; B)/G P3 P'/G ST. 
Let S be a space. Then by definition of the fibre product of stacks an object 
in (T xia] [B/G])(S) is a triple (g, (P — S),¢),u), where g : S > T 
is an object of T(S), i.e. a map, (P — S, ¢) is an object of [B/G](S), and 
u : f(g) > h(P — S,¢), i.e. an isomorphism h : g*P' — P of principal 
bundles such that $' o g! = $ oh, where g! : g*P’ — P' is the induced map 
of total spaces. 

The equivalence (T xqp;aj [B/G])(S) > ((P' xg B)/G)(S) associates 
to (g, ((P — S),¢),u) the map S — (P' xg B)/G induced by the G- 
equivariant map (g'ou-1,¢): P — P' xg B. 

2.1.5. A topological stack is a stack which admits an atlas. An atlas of a 
stack B is a representable map X — B from a space X to B which admits 
local sections. Here we say that a map of stacks X — Y admits local 
sections if for each map T — Y from a space T to Y each point y € T 
has a neighborhood U C T such that there exists a map U — X and a 
two-isomorphism from the composition U —^ X — Y to the composition 
UoT-oY. 
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A refinement of an atlas X — B is given by an atlas X’ — B and a diagram 


X! > X 
N ag 
B 


2.1.6. Let us check that the quotient stack [B/G] considered in 2.1.2 is 
topological. We claim that B — [B/G] is an atlas. 

In order to see that this map is representable observe that B S [G/G] x B & 
((G x B)/G], where in the last term G acts on Gx B by h(g, b) :— (gh, hb). 
In order to see the first equivalence observe that [G/G](S) is the groupoid 
of G-principal bundles with a section on S. This groupoid is connected 
and a set, hence equivalent to a one-point set. The second equivalence is 
induced by the G-equivariant map G x B — G x B, (g,b)  (g,g- b), 
where the action of G on the left G x B is given by A(g,b) := (gh- 1,6). 
The map B & [G x B/G] — [B/G] is now induced by the G-equivariant 
map prs : G x B — B. It is representable by 2.1.4. 

Going through the definitions we see that the map B — [B/G] considered 
as an object of [B/G](B) is given by (G x B E B, $) with $(g, b) :— g- 1b. 
The existence of local sections can be seen as follows. Let S — [B/G] bea 
map given by a pair (P — S, 4$). Then we find a surjective map f: A— S 
such that f*P is trivial, i.e. admits an isomorphism f*P & G x A. The 


ER i 
composition A | pio GxAZf*P Í PB gives the required section. 
2.1.7. Given an atlas X — B we can define a topological groupoid 


XxgXxXə>x. 


If X' — X is a refinement, then we get an associated homomorphism of 
groupoids. 

2.1.8. In the case of the quotient stack [B/G] with the atlas B — [B/G] 
this groupoid is the action groupoid G x B => B, where the range and 
source maps are given by (g, 5) — gb and (g,b) b. 

2.1.9. À topological stack B is called proper if the map of spaces 


XxpX—XxxX 


is proper. This condition is independent of the choice of the atlas. 

2.1.10. A topological groupoid G! = G? is called étale if the source and 
range maps s,r : G! — G? are étale. An orbispace atlas of a proper topo- 
logical stack is an atlas X — B such that X xg X => X is an étale 
topological groupoid. 
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We define a topological orbispace to be a proper topological stack 
which admits an orbispace atlas. Our two-category of orbispaces 
(orbispaces, representable morphisms) has such orbispaces as objects and 
representable maps between orbispaces as one-morphisms. 

2.1.11. We again consider quotient stack [B/G] of 2.1.2. In view of 2.1.8 
it is proper if and only if the action of G on B is proper, ie. the map 
G x B — B x B, (g,b) — (gb, b), is proper. It is in addition étale if and 
only if G acts with finite stabilizers. 

In particular, if G is a discrete group acting properly on B, then [B/G] is 
an orbispace. 

2.1.12. If G is a finite group acting on the one-point space, then [«/G] is an 
orbispace. If G — H is a homomorphism of finite groups, then we obtain a 
map of stacks [*/G] — [«/H]. It is a map of orbispaces (i.e. representable) 
if and only if the group homomorphism is injective. In fact, in this case we 
can factor this map as [«/G] & ((GVH)/H] — [*/H], and the second map 
is prepresentable by 2.1.4. 

2.1.13. More generally, let G : G! => G? be a topological groupoid acting 
on a space B, i.e. there is a map f : B — G? and an action B xgo G! > B 
(the fibre product employs the range map r : G! — G9). Then we have the 
quotient stack [B/G]. Its value on a space X is given by the groupoid of 
pairs (P — X,¢@) of locally trivial G-bundles P — X (see [4], Section. 3 
for a definition) and maps $ : P — B of G-spaces, and the morphisms of 
the groupoid are the isomorphisms of such pairs. There is a canonical map 
B — [B/G] which is an atlas. Thus [B/G] is a topological stack. If G is 
proper and étale then [B/G] is an orbispace. In particular, we can apply 
this construction to the G-space G°. We obtain the orbispace [G°/G] which 
is the classifying stack for locally trivial G-bundles. 


2.2. Cohomology of orbispaces 


2.2.1. Let X — B be an atlas of a topological stack and X xp X > X 

be the associated groupoid. Then we obtain an associated simplicial space 

X: such that X” :— X xg- XB X. By |X'| we denote its geometric 
n+l 

realization. 

A refinement u : X' — X leads to a map of simplicial spaces w : (X): — 

X-. It further induces a map |u|: |(X^)] ^ |X | of realizations. 

2.2.2. In the present paper we heavily use the following fact (which we 

learned from I. Moerdijk). 
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Proposition 2.1. If B is an orbispace, and u : X' — X is a refinement 
of orbispace atlases of B, then |w| : |(X^)| > |X'| is a weak homotopy 
equivalence of spaces. 


Proof. The category of sheaves (of sets) on the groupoid X xp X > X 
is equivalent to the category of sheaves on B. In particular, the homomor- 
phism of groupoids 


(X' xp X' 2 X) (Xxp X 9 X) 


induces an equivalence of categories of sheaves over groupoids. In Moerdijk 
[6] it is shown that the category of sheaves on X xp X > X is equivalent 
to the category of sheaves on the space |X°|. If a map of spaces induces an 
equivalence of categories of sheaves, then it is a weak homotopy equivalence. 
This implies the result. D 


2.2.3. If h(...) is some generalized cohomology theory then we can extend 
this theory canonically to orbispaces. Given an orbispace B we choose an 
orbispace atlas X — B. Then we define 


h(B) :— h(|X-]) . 


This determines h(B) up to natural isomorphisms (related to the various 
choices of the orbispace atlas). 

If f: B' — B is a representable map, then X’ :— B’ xg X — B’ is 
again an orbispace atlas. We obtain an induced morphism of groupoids 
(X! x p; X' => X) —^ (X xp X 2 X), which induces a map of simplicial 
spaces f: : (X') — X', and eventually a map |f] : |(X’)| ^ |X| of 
geometric realizations. The map f* : h(B) — h(B’) is now given by |f'|" : 
h(GOC) > A(X"). 

2.2.4. Below we will apply this construction to integral cohomology 
h(...) = H(...,Z). In order to distinguish the construction described 
above from other extensions of h to orbispaces it will be called the Borel 
extension and denoted by hgore (see also 3.4). This notation is justified 
by its close relationship with the Borel extension of a cohomology theory 
to an equivariant cohomology theory. 


3. The T-duality relation 
3.1. Thom classes and T -duality 


3.1.1. Let B be a topological stack. We consider two U (1)-bundles E; — B, 
i = 0,1 over B and let L; — B be the associated Hermitian vector bundles. 
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Let S :— S(Lo © L1) — B denote the unit-sphere bundle in the sum of the 
two line bundles. Observe that the fibres of these bundles are spaces since 
the corresponding projection maps to B are representable. We will denote 
points in the fibre of S by (zo, 21), where z; € L; and ||zo||? + ||zi||? = 1. 
Then we have natural inclusions s; : E; — S which identify E; with the 
subsets (||z;]] = 1} for i = 0,1, respectively. 

3.1.2. A Thom class for a three-sphere bundle S — B is a class Th € 
H?(S,Z) which specializes to a Thom class of the three-sphere bundle 
|Y:| — |X-| under the natural isomorphism H?(S,Z) & H?(|Y-|, Z) for 
some (and hence every) orbispace atlas X — B, where Y := S xg X > S 
is the induced atlas of S. 

3.1.3. Let c1(L;) € H?(B, Z) denote the first Chern classes of L;. As in the 
case of spaces the three-sphere bundle S — B admits a Thom class if and 
only if ci(Lo) U c1(L1) = 0 in H*(B,Z). 

3.1.4. We now introduce the T-duality relation between pairs. We consider 
classes h; € H?(Ej, Z) for i = 0,1 and the pairs (Eo, ho) and (Ei, hi) over 
B. 


Definition 3.1. We call the pairs (Eo, ho) and (Ei1,hi) T-dual if there 
exists à Thom class Th € H?(S, B) such that h; = s?Th for i = 0,1, 
respectively. 


This is the direct generalization of [2], Definition 2.9. 


3.2. The T'-duality transformation 


3.2.1. In this subsection we assume that we have a twisted cohomol- 
ogy theory defined on orbispaces. 'Thus given is a a functor of twists 
T : (orbispaces,representable maps) — groupoids which satisfies the ax- 
ioms listed in [2], Section 3.1 with spaces replaced by orbispaces. As an 
additional datum we require that a two-isomorphism f $ f’ between maps 
f, f! : B! — B induces an isomorphism of functors f* E^ (f) : T(B) 5 
T (B^) in a functorial way. 

Furthermore, given is a bifunctor A(...,...) which associates to each pair 
(B,H) of an orbispace B and H € T(B) a graded group h(B,H), and 
which satisfies the axioms listed again in [2], Section 3.1. In addition we 
assume that f* = $* o (f’)* : h(B, H) — h(B', f*H) for two-isomorphic 
morphisms using the notation above. 

We require that the integration map g! : h(B', gH) — h(B,'K) is defined 
for representable proper maps g : B’ — B which are h-oriented. By defini- 
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tion, the datum of an h-orientation of g is equivalent to a compatible choice 
of h-orientations of the induced maps of spaces T x p B' — T for all maps 
T — B, where T is a space. 

3.2.2. We consider an orbispace B. Let (Eo,ho) and (FEi,hi) be pairs 
over B and Th € H?(S,Z) be a Thom class such that s*Th = hj. We 
choose a twist H € T (S) such that [H] = Th. Then we define the twists 
Hi := stH € T(£;) for i = 0,1. In the present section we define the 
T-duality transformation 


To : h(Eo, Ho) > h(Ei, Hı). 
3.2.3. We consider the two-torus bundle F :— Eo xp E1 — B. The map 
PS oss (gre A9 cS 
defines embedding which gives rise to a decomposition 
S Š UFS, 
where 
Si = {(20, 21) € S| llzi]] > ai MJ - 


3.2.4. The composition so o pro : F — S is homotopic to the inclusion by 


the homotopy 
J t t 
(20,21) 9 ( 1- fas en te (0, 1] s 


Similarly, s; opr, is homotopic to the inclusion. These homotopies give rise 
to isomorphism classes of isomorphisms of twists 


vi : Aye 5 pri Hi. 
3.2.5. Definition 3.2. We define the T-duality transformations 
Ti : (Ei, Hi) > h(Er-i, Ti) 
as the compositions 
T; = (pr, io (vi 3 ovr o pr]. 


Here it is essential to use the transformation (vj l;)* o v? : pr*t_,Hi-i > 
pri. With other choices we can not expect that the maps T; become 
isomorphisms for T-admissible cohomology theories. 
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3.3. T-admissible cohomology theories 


3.3.1. Let T be a finite group, and choose two characters xo, X1 : F —^ U(1). 
We consider the stack B := [*/T] and the bundles E; := (U(1)/,,T] — 
[«/T|], where I’ acts on U(1) by x; (this is indicated by the subscript), 
i = 0,1. We further consider classes h; € H?(E;,Z) such that (Eo, ho) 
and (E1,hi) are T-dual according to Definition 3.1. This is a non-trivial 
condition as we shall see later in 5.1. 


Definition 3.3. Following [2], Definition 3.1,2 we call a twisted cohomol- 
ogy theory h(...,...) on orbispaces T-admissible if the T-duality transfor- 
mations T; are isomorphisms for all examples of the type described above 
(i.e. for all choices finite groups F, pairs of characters xo, x1, and choices 
of the classes hj). 


3.3.2. If the cohomology theory is T-admissible then the property that the 
T-duality transformation is an isomorphism can be extended to the large 
class of base orbispaces B which are build by glueing the local examples of 
the form [«/T]. The argument is based on the Mayer-Vietoris sequence. 
We call an orbispace B finite if it has a finite filtration 
finite 
L| k/Tic] = B° c Btc cB [IB 
t 


such that there exists cartesian diagrams 


gno-l x [*/Ta] — Bo-! 
l EE (3.4) 
D^« x[«/T4] ^ Be 


for na € N and appropriate finite groups Ila, where the ig are representable 
and induce inclusions of open substacks (D^ V S"«-1) x [«/T',] > B® (see 
[4], Definition 2.8), and D"« x [«/T,] U B®! — B? is surjective. 

For example, if M is a compact smooth manifold on which a compact 
group G acts with finite stabilizers, then [M/G] is a finite orbispace. In 
fact, M admits a G-equivariant triangulation (by G-simplices of the form 
A* x G/H with H C G a finite subgroup). Using this triangulation we 
obtain the required filtration of [M/G]. We expect that compact orbifolds 
in the sense of [7| are finite orbispaces. 


3.3.3. Theorem 3.5. Assume that the twisted cohomology theory is T- 
admissible. Let B be a finite orbispace, and let (Eo, ho) and (E4, hi) be pairs 
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over B which are T-dual to each other. Then the T -duality transformations 
3.2 are isomorphisms. 


Proof. This theorem is proved using induction over the number of cells of 
B and the Mayer-Vietoris sequence in the same way as [2], Thm. 3.13. O 


Using the method of the proof of Proposition 3.10 we could weaken the 
finiteness condition. 

3.3.4. It is natural to expect that an appropriate extension of twisted 
Atiyah-Segal K-theory to orbispaces is T-admissible. At the moment we 
do not have a proof. In the following Subsection 3.4 we provide examples 
of T-admissible cohomology theories. 


3.4. Borel-K -theory as an admissible cohomology theory on 
orbispaces 


3.4.1. The goal of the present subsection is to show that every twisted coho- 
mology theory defined on spaces and satisfying the list of axioms stated in 
(2), Section 3.1, admits an extension to orbispaces by a Borel construction. 
For a demonstration we use K-theory. We shall see that the Borel extension 
of a T-admissible twisted cohomology theory is again T-admissible. 

3.4.2. Note that in the case of K-theory the Borel construction is probably 
not the most interesting extension to orbispaces. A better extension is 
provided by the construction of Tu, Xu and Laurent [9]. 

3.4.3. An extension of a twisted cohomology theory from spaces to orbi- 
spaces consists of an extension of the notion of a twist from spaces to 
orbispaces, and then of the extension of the cohomology functor itself. 

We start with the discussion of twists. In this subsection we will assume 
that we are given a functor 7 on spaces which associates to each space B the 
groupoid of twists 7 (B) (Note that in general twists form a two-category. 
Here we adjust the notion by identifying isomorphic isomorphisms.) 

3.4.4. We now extend twists to orbispaces. 


Definition 3.6. A twist of an orbispace B is given by an orbispace atlas 
X — B and a twist H € T(|X |). A morphism of twists H — H’, where 
^ € T(|X:]) and H’ € T(|(X") |), is given by a common refinement Y — B 
of the orbispace atlases X and X’ and a morphism $ : u*H — (u’)*H’, 
where u : |Y | 2 |X'| and v : |Y:| > |( X’) | are the induced maps. 
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We identify morphisms which become equal on a common refinement of 
orbispace atlases. In this way we associate to each orbispace B a category 
of twists T(B). 

3.4.5. Let f : B’ — B be a morphism of orbispaces, i.e. a representable 
map of stacks. Then we define the pull-back f* : T(B) — T(B’) as follows. 
If X B is an orbispace atlas then we get an orbispace atlas X' := 
B' xg X and an induced map ó : |(X’)'| > |X|. If H € 7T(|X]) C 
T(B), then we define f*H € T(B') as ¢*H € T(|(X^):]). The pull-back 
of morphisms is defined similarly. In this way we obtain a functor 7 : 
(orbispaces, representable maps) — groupoids. 

3.4.6. We consider a two-isomorphism f E f! between representable maps 
f, f! : B' 2 B of orbispaces. If X — B is an atlas, and Y, Y’ — B' are the 
atlases obtained by pull-back via f, f’, then ® induces a map 9 : Y — Y’ 
which we consider as a refinement. Note that ó' o |©] = @: [Y | 2 |X ]. 
For H € T(|X:|) C T(B) we define 9. (H) : 9* (4) — |©: |* o (¢’)*(H) to 
be the associated canonical isomorphism, interpreted as an isomorphisms 
FH (FH. 

3.4.7. Now we extend the K-theory functor (or any other twisted cohomol- 
ogy theory) to orbispaces. Let H € T(|X'|) be a twist of B in the sense 
above. 


Definition 3.7. We define 
KnBora(B, H) oF K(|X], 70) . 
Let f : B' — B be a map of orbispaces. We use the notation of 3.4.5. 


Definition 3.8. We define f* : KBorei(B,H) > Kporei(B’, f*H) to be 
the map |o ]* : K(X], H) > K(X’) |, 6°). 


Let ® : H — H’ be a morphism of twists given by ¢ : u*H > (u)"H', 
where we use the notation of 3.6. 


Definition 3.9. We define 9* : Kgoret(B, H’) ^ KBorei(B, H) to be the 


composition 
o* = (u*)7} o ó* o (u’)* . 


Here we us the fact that the refinement map u : |Y:| ^ |X'| is a homotopy 
equivalence (see Proposition 2.1), and therefore that u* is invertible. We 
also see that ©* is an isomorphism. 

It is straight forward to check that this bi-functor has the required proper- 
ties of a twisted cohomology defined on orbispaces as explained in 3.2.1. 
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3.4.8. Proposition 3.10. The twisted Borel K-theory Kpora(...,...) is 
T -admissible. 


Proof. We consider the orbispace chart X :— * — [«/T]. Then the cor- 
responding classifying space |X] is a countable CW-complex of the homo- 
topy type BT. The T-duality transformation in K gore: for pairs over [«/T] 
translates to the T-duality transformation for pairs over |X|. 

In [2] we have shown that the T-admissibility of K-theory implies that 
the 7-duality transformation is an isomorphism for pairs over bases spaces 
which are equivalent to finite CW-complexes. In fact, this result can be 
extended to countable complexes as follows. Let 


Wcw- CW”: CW 


be a filtration of a countable CW -complex W by finite sub-complexes. Let 
(Ei, hi), i = 0,1, be T-dual pairs over W and consider twists H; € T(E;) 
such that [H;] = hi. Let 


To : K* (Eo, Ho) =} K*-(Ej,) 


be the associated T-duality transformation. We claim that To is an isomor- 
phism of groups. 
Let (E;(k),h(k)) be the pairs over Wi obtained by restriction. We have 
exact sequences 


1 
0 — lim K*- (E(E),H4(E)) > K (Ei, Hi) > lim K” (E;(k), Hi(k)) > 0 


fori = 0,1. The T-duality transformation Tp is compatible with restriction 
and therefore induces a map of sequences (K *(Eo(k), Ho(k)))kso (Tole RED 
(K* 1 CES (k), H4 (k))) kso . Since the complexes Wx are finite, this map is 


an isomorphism. We thus obtain a map of short exact sequences 


0 — lim, K*^! (Eo(k),'Ho(k)) — K(Eo, Ho) 


(To(k))k»o J . Tol 
0 — lim, K* ? (E (k), Ha (k)) — K(E1, Hı) 


cs lim, K*(Eo(k), Ho(k)) > 0 


(To(k))kzo 1 
— lim K*-Y(E4(k),Tt(k)) =>. 0 


By the five lemma we see that To is an isomorphism. This proves the claim. 
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We can now apply the claim in order to show that K porel is T-admissible 
since the CW-complexes |X'| obtained from * — [*/T] for finite groups P 
are countable. m 


4. Groupoids and classifying spaces 
4.1. Continuous cohomology 


4.1.1. We consider a topological groupoid G : G! — G° and a topological 
abelian group A. Then we define a cochain complex of abelian groups 


as pm (G, A) 5 CD, A) > 


where 
C*(G, A) =C(G°, A), C. A) := O(G! xgo -++ xgo G}, A) 
p 
and 
eae ++ y pti) = A(Y25-+ +5 Yp+1) 
DE a(m,.. Ni O essen) + (1PH a(mi, 09) - 


Definition 4.1. The continuous cohomology Heont(G, A) of G with values 
in A is the cohomology of the complex (C7,,,(€, A), 6). 


This definition is an immediate extension of the definition of the continuous 
cohomology of a topological group. 

4.1.2. We now assume that G is proper and étale, and that A admits the 
Structure of à Q-vector space. The following Lemma generalizes the well- 
known fact that the higher cohomology of a finite group with coefficients 
in à Q-vector space is trivial. 


Lemma 4.2. We have H?(G, A) — 0 for p 2 1. 


Proof. Let a € C?+i(G, A) be a cocycle. We define the continuous cochain 
be Coon (€, A) by 


b(m, DELE Yp) = (-1)"+ Je ) 
g pP 
3(yp) 


a(m, AU , Yp, YAY , 


where dy is the normalized counting measure on the finite group C, Mica 
Then by a straight forward computation we have ób — a. 
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4.2. The Borel construction and U(1)-bundles 


4.2.1. We consider a U(1)-bundle E — B over an orbispace B. We choose 
an orbispace atlas X — B and get an induced orbispace atlas Y := X xp 
E — E of E. Then we have the groupoids G : X xp X > X and E: 
Y xg Y = Y together with a homomorphism € — G. The latter can be 
considered as a U(1)-bundle over G. 

It gives rise to a simplicial U(1)-bundle Y: — X` (using the notation 1.2.11), 
and thus to an ordinary U(1)-bundle |Y | > |X |]. 

This construction extends in an obvious manner to a functor Ax from the 
category of U (1)-bundles over B to U (1)-bundles over | X |. The morphisms 
in these categories here are homotopy classes of bundle isomorphisms. The 
main step in the proof of 1.1 is the following proposition. 


Proposition 4.3. Ax is an equivalence of categories. 


The remainder of the present subsection is devoted to the proof. It consists 
of three steps. In the first step we show that Ax is surjective on the level 
of sets of isomorphisms classes. Then we show that it is full. In the last 
step we show that it is faithful. 

4.2.2. We have an equivalence of stacks B ** [G°/G]. Moreover the category 
of U(1)-bundles over B is equivalent to the category of U (1)-bundles over G. 
In fact, given a U(1)-bundle E — B in stacks we obtain by the construction 
above a U(1)-bundle € — G in a functorial manner. In the other direction 
we funtorially associate to a U (1)-bundle € — G of groupoids a U (1)-bundle 
[€°/E] — [69/9] of stacks. 

A U(1)-bundle € — G in groupoids can equivalently be considered as a 
G-equivariant U(1)-bundle, ie. a U(1)-bundle €° — G9 together with an 
action G! xgo E? — E°. Below we will freely switch between these two 
points of view. 

4.2.3. If G is a topological groupoid then we let B(G) denote the associated 
simplicial space, and we let |B(G)| denote its geometric realization. 

In order to prove Proposition 4.3 it suffices to show that the functor which 
associates |B(£)| — |B(G)| to € — G is an equivalence of categories. We 
will denote it by A. 

We first show that A induces a surjection on the level of sets of isomorphisms 
classes of objects. 

4.2.4. For the following discussion we employ the smooth bundle U — 
PC® as a model for the universal U(1)-principal bundle. To be precise 
we consider this bundle in the category of ind-manifolds such that U :— 


T-duality for non-free circle actions 449 


limn S?^1! and PC™ := lim» PC”, and the connecting maps are in both 
cases induced by the canonical embeddings C" — C"*!. 

We choose a connection on this U(1) bundle which induces a parallel trans- 
port and a curvature two-form w € 2?(PC™). In detail this amounts to 
choose a compatible family of connections on the bundles S?"*! — PC” 
(e.g. the one induced by the round metric on the spheres), and the curva- 
ture form is interpreted as a compatible family of two-forms on the family 
of complex projective spaces, i.e. w € lim» Q?(PC"). 

A map c : |B(G)| —^ PC*?? determines a U(1)-bundle c*U — |B(G)|. Ho- 
motopic maps give isomorphic U(1)-bundles. We want to show that the 
isomorphism class of c*U — |B(G)| is in the image of A. Let c denote the 
homotopy class of c. 

4.2.5. For all n > 0 we have a natural map 


in : A” x g! Xgo ::: Xgo g! — |B(G)| . 
——— 
If (Vij ae Yn) € Gi Xgo++: Xgo G}, then we let 
———— 
n 


iam sun) UA S A” x TOM 3989] 
C A" x G! xgo --- xgo G! ^5 |B(g)] . 
—— 


4.2.6. We plan to use the parallel transport along one-simplices. Further- 
more we want to apply Stokes theorem to the curvature form on three- 
simplices. Therefore we need a representative of c which is smooth in the 
interior of each simplex. Let AZ, C A” denote the interior of the standard 
simplex. 


Lemma 4.4. The class c has a representative c such that for all n > 1 the 
composition c oi, induces a continuous map 

G! xgo <+- xgo Q^ + C” (Ame PC?) . 
MÀ Á—À 


n 


Proof. For all n > 1 we set up one of the usual procedures to smooth out 
maps A” — PC?? in the interior AZ „ C A" without changing the restric- 


int 
tion to the boundary. In this way we obtain a family of continuous maps 
C(A”, PC??) —^ C(A} t PC?) n C(A”, PC™). We apply these proce- 


int? 


dures to the maps is (y1,..., Yn) for all (y1,..., Yn) € G! xgo + xgo Gl, 
—S MÀ 


"n 
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increasing n from 1 to oo inductively. The resulting maps assemble to a 
representative of c with the required properties. o 


4.2.7. We define a U(1)-bundle E — G? by the iterated pull-back 

E => cU => U 

i { B s 

9? c |B(G)| 5 PC* 
The idea is to define an action of G on E so that if we apply A to the 
resulting bundle E — G we get back the isomorphism class of c*U — |B(G)|. 
4.2.8. For y € G! we have a path co à(y) : A! > PC* from c(s(y)) to 
c(r(y)). We let ó(y) : E, — Ery) denote the isomorphism such that 


Eqs P E, 
| | > 
Ucsty) — Uer) 
where the lower horizontal arrow is the parallel transport along the path. 
The maps $(»), y € G?, combine to a map ¢: G! xgo E — E. This is not 
yet an action. In the following we modify this map to make it associative. 
In fact, the non-associativity will be measured by a continuous groupoid 
cocycle a with coefficients in U(1), and the crucial fact will be that it 
represents the trivial cohomology class. 
4.2.9. Consider a pair (71,72) € G! xgo G!. We define 


a(v,992) = O(N 992)! oó(m) o (72) € Aut(Es(y,)) = U(1) . 
Note that a € C2,,(0,U(1)) is a cocyle which represents a class [a] € 
Hin, U(1 )). 


Lemma 4.5. We have [a] = 0. 


Proof. We consider the continuous homomorphism e : R — U(1) given 
by t +» exp(27it). In induces a map of complexes e, : C2,,(0,R) ^ 
C2 (0, U(1)). The key to the proof is the observation that the cocycle a 
can be lifted to a cocycle à € C2,,,(Q, R) such that e,á = a. By Lemma 
4.2 we have [à] = 0 so that [a] = e.[à] = 0, too. 

Note that (71,72) determines a smooth map co i2(71, %2) : A? + PC**. 
The restriction of this map to the boundary of the simplex determines a 
piecewise differentiable loop in PC™, and a(71, 2) is exactly the holonomy 
of the parallel transport along this loop. We thus get 


amn) - e( f (eoim re) . 
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We now define the continuous R-valued groupoid-cochain 


amn) = | (eise. (46) 


We claim that à is a cocycle. In fact, for (71,72,73) € G! xgo G! xgo G! 
the number 


(óà)(m Y2: 3) = à(ya, ys) — à(m o 2, ya) + à(yi, V2 © a) — @(M1, 2) 


is the integral over the boundary of A? of i3(71, yo, y3)*w. Since w is closed, 
this integral vanishes by Stokes theorem. n 


4.2.10. By Lemma 4.5 we can choose b € C1, (C, U(1)) such that 
ób—a. (4.7) 


We now define 


m(») = (ybl) 


Then it is easy to check that m : G! xgo E — E is an action. Let E > G 
denote the corresponding equivariant U(1)-bundle. 
4.2.11. Let F :— |B(£)| — |B(9)]. 


Lemma 4.8. We have an isomorphism of U(1)-bundles F S c*U. 


Proof. We will prove the assertion by explicitly defining an isomorphism 
Vy:F-—c"'(U). 

If (ao,...,04) are the labels of the vertices of A”, then let ta; denote the 
linear coordinate on A” which vanishes at the vertex labeled by a;, and 
which is equal to 1 on the opposite face. 

First note that we can find a cochain b € CL,,,(Q, R) such that ôb = à 
and e(b) = b (using the notation of 4.2.10). Let A" denote the copy of the 
standard simplex in |B(G)| corresponding to 


(m2) € 8! xgo  xgo G! . 
n 
The vertices of A" are naturally labeled by the ordered set 
irm)... r0) s(04))-. Let A2 := A” \ ðs) A”, where Osy) A" is 
the unique face not containing the vertex labeled by s(54,). We define v 
over the subset A? x (^1,...,?4) C |B(€)| as follows. By construction 
the fiber of Flan x (4,,...,.,) 18 canonically isomorphic to Es(ya) = Uc(s(^,. 
Each point s € A? can be joined by a linear path with the vertex with label 


452 Ulrich Bunke and Thomas Schick 


s(n). Let (s, (m... Yn)) : Peery ta)) 8 Ucet) S Uels, (mi. 8») be 
given by the parallel transport along this path multiplied by 


e(—ts(s b Q9a))e(— ts tss 9 (08-1) HE e(—ts(yn) re ts(y,)0(11)) . 


We use the construction for all n > 1 and points (y1,...,34) € 
g! Xgo +++ Xgo gl. It is now easy to check that v is an everywhere de- 
ne 


n 
fined continuous bundle isomorphism. n 


This finishes the proof of the fact that A is surjective on the level of sets of 
isomorphism classes of objects. 

4.2.12. Our next task is to show that A is full. We consider the following 
intermediate construction. Let £ — G be a U(1)-bundle. Then we have a 
cartesian diagram 


|B(£) > eU > U 
E 4 L. 5 (4.9) 
|B(G)| ^ |B(9)| ^ PC 


where c is uniquely determined up to homotopy. After a further homotopy 
we can assume that c satisfies the condition of Lemma 4.4. We apply to 
this map c the construction of the first part of the proof and obtain a 
U (1)-bundle £ — G. 


4.2.13. Lemma 4.10. We have £ © € as U(1)-bundles over G. 


Proof. Let E, E — G? be the underlying U(1)-bundles. Note that (4.9) 
induces a canonical isomorphism V : E  E as U(1)-principal bundles over 
G?. We must compare the action 7A of G on E with the original action m on 
E. The difference between these two actions is measured by the continuous 
cocycle h € C1, ,(, U(1)) defined by 


cont 
h(y) = V om(y)-! oV ori(7) € Aut(E,)) &U() . 
The cohomology class of this cocycle is the obstruction against making V 
equivariant by multiplying it by a U(1)-valued function on G°. o 
4.2.14. Lemma 4.11. We have [h] = 0. 


Proof. The key is again the construction of a lift of h to a cocycle 
h € Cion(G,R) such that e,(h) = h. By Lemma 4.2 we then have 
[h] = ex([h]) = 0. 


T-duality for non-free circle actions 453 


We consider y € G!. It induces a smooth path co ij(y) : A! — PC? 
and therefore a parallel transport (y) : U,(4(5jj — Usir(yy). We have 
(y) = ó(y)b(y)-!, where b is as in (4.7). As in the proof of Lemma 4.8 
will again use the cochain be Ceont(G, R) such that ôb = à and b= e. (b). 
The identification |B(£)| = c*U induces a trivialization i(y)*U = A! x 


E,(4j. If a(y) denotes the connection-one form in this trivialization, then 


we can write 
à - e(f a). 


By construction we have h(y) — e (fax o()) b(3)71. We define the cochain 
he Coont(G,R) 


ha) = fal) - 1. 


It satisfies e,(h) = h. We claim that h is in fact a cocycle. Let (71,72) € 
G! xgo G!. The identification |B(£)| & c*U induces a trivialization (c o 
i2(*, 32))*U € A? xU Eam) Let a(71, %2) denote the connection one-form 
in this trivialization. Then we have 


óh(m, a) =f aly, Y2) — Fly, 72) . 
BA? 


By Stoke's theorem the first term of the right-hand side is equal to 


Jj doi, %2) - 
A2 


Now the claim follows in view of da(y1, y2) = (cois(ni, y2))*w, ôb = à, and 
(4.6). im 


4.2.15. By Lemma 4.11 we can choose a cochain f € C9,,, (0, U(1)) such 
that óf = h. If we define the isomorphism V : É — E by U(x) = 
V(x)f-!(zx) then V is G-equivariant. 

4.2.16. We now finish the proof of the fact that A is full. To this end 
we consider U(1)-bundles £,£' — G and an isomorphism of U(1)-bundles 
A: |B(£)| ^ |B(E)| over |B(G)|. We must show that A can be written as 
A(A) for some A : E’ — E over G. We apply to € and €’ the intermediate 
construction started in 4.2.12, where we use the same map c : |B(G)| ^ 
PC® in both cases. We obtain a chain of isomorphisms 
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Let E è E' be the composition. 

In general A(A) is not equal to A (recall that we consider homotopy classes). 
But the following result shows that we can find an automorphism ¢ of € 
such that A(A o4) =A. 

4.2.17. Let 6: G? — U(1) be a Gl-invariant function. We can interpret ¢ 
as an automorphism of the U(1)-bundle € — G. Applying the classifying 
space functor we get an automorphism |B(4)| of the U(1)-bundle |B(£)| > 
|B(G)|, i.e. a function |B(¢)| : |B(G)| ^ U(1). 


Lemma 4.12. Every homotopy class of maps {|B(G)|,U(1)] has a repre- 
sentative of the form |B(Q)| for a Q!-invariant function $ : G? — U(1). 


Proof. We consider a homotopy class of maps |B(G)| — U(1) and choose 
a representative f. The restriction of f : |B(G)| > U(1) to g? c |B(G)| 
gives a function à : G° — U(1). In general it is not G!-invariant. 

We consider $ € C9, (G, U(1). Then the non-invariance is measured by 
h:—óó€ Coont (9; U(1). 7 

We have h(y) = é(r(y))ó(s(y)) !. We now construct a lift h € Cl, (C, R) 
as follows. Let y € G!. It gives rise to a path i;(y) : A! — |B(G)|. The 
restriction i, (y)* f has a lift to an R-valued function «(y) : A! > R. The 
difference h(y) :— &(y)(1) — &(y)(0) is independent of the choice of the lift. 
We claim that óÀ = 0. This follows from the fact that f is defined on 
the image of i2(y1, Y2) : A? — |B(G)| for all composeable 71,72 € G!. By 
Lemma 4.2 we can find a function a € C9, ,(G, R) such that da = h. We 
now define the G!-invariant U(1)-valued function 


$ = dexp(—2ria) . 


We can consider a as an IR-valued continuous function defined on the closed 
subset G? C |B(G)|. Let à : |B(G)| — R be any continuous extension, and 
set f := fexp(—27ia). Then clearly [f] = [f]. It remains to show that 
[f] = {|B(@)I)- 

Note that in(¥1,.--,%n)*B(¢) = (s(yn)) = O(r(%:)) for all i = 1,...,n. 
We now consider the function g : |B(G)| — U(1) defined by g = f B(9)-!. 
It has the property that gigo = 1. We must show that g is homotopic to 
the constant function, or equivalently, that it admits a lift to an R-valued 
function. In fact, in this case [f] = [|B(9)l]. 

We have a natural map p : |B(G)| — G°/G! (the target is the quotient 
space of G? with respect to the equivalence relation generated by G!) given 
by p(o,(¥1,---;%n)) :— s(Yn), where ec € A". The fibre of p over the 


T-duality for non-free circle actions 455 


class [z] € G°/G! is homotopy equivalent to the classifying space |B(G*)|. 
Since GZ is a finite group we have H!(|B(G7)|,Z) = 0. This shows that 
the restriction of the U(1)-valued function g to p~1({z]) admits a lift to an 
R-valued function which is unique up to an additive integer. 

Let [z] € G°/G) and y € G? such that s(y) € [z]. Let jj, be a lift of 
95-:qp- Then we have jij(r())- is (501) = &(9)0)-&((0) -à(r()4- 
a(s(y)) = h(y) — à(r(y)) + á(s(y)) = 0. This allows us to normalize the 
lift iz] such that (gj;])[;] = 0. These normalized lifts fit together to a lift 
§:|B(G)| > R of g. a 


This finishes the proof of the fact that A is full. Note that this implies that 
A is injective on the level of sets of isomorphism classes of objects. 

4.2.18. In the final step of the proof of Proposition 4.3 we show that A is 
faithful. It suffices to show that A is injective on the group of automor- 
phisms of a U(1)-bundle £ — G. Via a mapping torus construction we can 
translate this assertion to the injectivity of A on the set of isomorphism 
classes of U(1)-bundles over S! x G. Therefore faithfulness is implied by 
the preceeding results. This finishes the proof of Proposition 4.3. D 


4.3. The Borel construction for pairs 


4.3.1. In this subsection we finish the proof of Theorem 1.1. Let Y — B be 
an atlas of an orbispace B. Recall that PAy : P(B) — P(|Y ]) maps the 
pair (E, h) to (|X|, h), where X := ExpY — E is the induced atlas of E, 
|X| — |Y] is the induced U(1)-principal bundle, and h € H?(|X-|,Z) = 
H?(E,Z). 

We must show that PAy induces an isomorphism on the level of isomor- 
phism classes pairs. Since the construction is functorial it is clear that PAy 
descends to isomorphism classes. 

We first show that it is surjective. Consider a pair (F,h) over |Y:|. Then 
by Proposition 4.3 we find a U(1)-bundle E — B such that |X'| = F as 
U (1)-bundles over |Y |. Using this isomorphism we consider h € H?(E,Z). 
It follows that Ay maps (E, h) to (F, h). Hence, PAy hits all isomorphism 
classes. 

We now consider two pairs (Ei, hi), i = 0,1 over B. We assume that 
they become isomorphic under PAy, i.e. we have an isomorphism of U(1)- 
bundles ¢ : |X| — |Xj| such that ¢*h1 = ho. We apply again Proposition 
4.3 in order to find an isomorphism ® : Eo — Ei such that PAy(®) i 
homotopic to ¢. It therefore gives an isomorphism of pairs (Eo, ho) 


Un 


Me 
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(Ei, hi). This shows that P Ay is injective. a 


5. Examples 
5.1. T-Points - cyclic groups 


5.1.1. Let T be a finite group. Let I act on the one point space * and 
consider the orbispace B := [«/T]. The map * + [*/T] is an atlas. The 
associated groupoid is G : T = *, and B(G) is the usual bar construction 
on T. We have |B(G)| S BT. 

5.1.2. The group of characters of T can be identified with the group coho- 
mology H!(T',U(1)). Let x € H! (T,U(1)) be a character. It induces an ac- 
tion of T on U(1). We obtain a U(1)-principal bundle E :— [U(1)/T] > B. 
In order to extend E to a pair over B we must choose a class h € H?(E, Z). 
We use the Gysin sequence in order to get some information about this 
cohomology group. 

5.1.3. The topology of the bundle E — B enters into the Gysin sequence 
through its first Chern class. In order to describe this class in terms of the 
character x we consider the boundary operator of the long exact sequence 
in group cohomology associated to the sequence of coefficients 


0-Z—-R-U(1)- 0. 
It provides an isomorphism 
ô: H(T,U()) > H?(T,Z) & H?(BT, Z) 2 H7(B,Z) . 


Let c1(E) € H?(B, Z) denote the first Chern class of E. We then have 


5.1.4. Since T is finite we have H!(BT,Z) = H!(B,Z) = 0. The relevant 
part of the Gysin sequence has the form 


0 H*(B,Z) È H*(E,Z) 5 H*(B,Z) "P pp,z) 5 .... 


5.1.5. Let us from now on assume that T is the cyclic group Z/nZ. We 
identify I' S Z/nZ such that the character corresponding to [q] € Z/nZ is 
given by 





2ripq 
n 


x(Ip]) = exp( ). 
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The cohomology of BT is given by 





where | > 1. 
Under this identification we have cı (E£) = [q]. The Gysin sequence special- 
izes to 


0 H*(E,Z) 5 Z/nz V Z/nZ 5... 

so that 

H*(E,Z) & ([s] € Z/nZ | n|sq) C Z/nZ . 
We fix a class h — [s] in this group. 
5.1.6. We can now calculate the 7-dual pair (E,h). Note that by [2], 
Lemma 2.12, we have c1(E) = —m(h). Therefore, we have c1(E) = [-s] € 
Z/nZ * H?(B,Z). We can determine h by the condition 7#:(h) = —c1(£). 
The relevant part of the Gysin sequence for E has the form 


0 H3(B,Z) 5 zinz 3 zimz 5... , 
so that 
H*(É,Z) = ([r] € Z/nZ |n|sr) C Z/nZ , 


and we have h = [~q]. 

5.1.7. Note that the stack E = [U (1)/Z/nZ] is equivalent to a space which 
is homeomorphic to U(1). But the action of U(1) on this space is not free. 
Let us assume that (q, n) = 1. Then we have H?(E, Z) = 0 and thus h = 0. 
The dual bundle is then given by the orbispace Ê = [U(1)/Z/nZ], where 
the group Z/nZ now acts trivially. This orbispace is not equivalent to a 
space. We have H3(E,Z) & Z/nZ, and h = [-q]. This example shows that 
in general the T-dual of a space with a non-free U(1)-action is an orbispace 
which is not equivalent to a space anymore. 

5.1.8. We now calculate the twisted Borel K-groups for E and E. As 
predicted by the general theory they turn out to be isomorphic (up to 
degree-shift). We keep the assumption (n,q) = 1. 

Since h = 0 and E = U(1) we have 


Bi z 
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where | € Z and is a trivializable twist. 

5.1.9. We employ the Mayer-Vietoris sequence in order to calculate 
Kiore(E, 0), where H is a twist of Ê & U(1) x [«/Z/nZ] classified 
by h. We fix the atlas + — [«/Z/nZ]. Then X := U(1)x * > 
U(1) x [*/Z/nZ] is an atlas of Ê. We get |X} = U(1) x BZ/nZ. We 
have h = orya) X [~q], where orya) € H'(U(1), Z) is the positive gen- 
erator, and [-q] € H?(BZ/nZ,Z) & Z/nZ. We can assume that Ñ is a 
twist on |X:|. We decompose U(1) into the union of an upper and a lower 
hemisphere J*. The restriction of H to I* x BZ/nZ is trivializable. 
5.1.10. We have a ring isomorphism K(BZ/nZ) = R(Z/nZ) 1), where I C 
R(Z/nZ) is the dimension ideal in the representation ring of Z/nZ, and 
(...)(z) denotes the J-adic completion. In particular we have K1(BZ/nZ) S 
{0}. We have a natural map Z/nZ — K(BZ/nZ) which associates to 
[d] the class of the line bundle over BZ/nZ associated to the character 
[s] 9 exp(27i 54). 

5.1.11. We can now write out the Mayer-Vietoris sequence in twisted K- 
theory associated to the decomposition 


|X| & (It x BZ/nZ) U (I> x BZ/nZ) . 


(Eg) 


Here, since J* is contractible and the restriction of the twist is trivializable, 
we identify K(I* x BZ/nZ, Ayre xBZ/nz) With K(BZ/nZ). The appearance 
of [-4] instead of —1 in the lower left corner of the matrix is due to the 
presence of twists. We now use the isomorphism K(BZ/nZ) = R(Z/nZ) 1) 
and calculate that 


Ko (E) & ker(([-q] — 1) : R(Z/nZ) 7 > R(Z/nZ)(n) SZ 
and 
Ki (EA) & coker(([-4] — 1): R(Z/nZ) 1) > R(Z/nZ)(1) SZ. 


Therefore we get 


0 K$,, (E, À) E 


K*(BZ/nZ) o K°(BZ/nZ) 
= KB, (E, A) >0. 


(BZ/nZ) e K*(BZ/nZ) 





i Kborel (E, H) 
2l—1 Z 
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as predicted by the T-duality isomorphism. 


5.2. Seifert fibrations 


5.2.1. In this subsection we consider T-duality of U (1)-bundles over certain 
two-dimensional orbispaces. In order to describe such an orbispace B we fix 
numbers r, g € No, and an element (n1,...,n,) € (Z\{0})". We set no :— 1. 
We consider T; :— Z/n;Z as a subgroup of U(1) via [q]  exp(2ri 7). 

Let X be an oriented surface of genus g. We fix pairwise distinct points 
Po, P1,-++)Pr € X. We further choose orientation preserving identifications 
(Ŭi, pi) = (D?,0) of suitable pairwise disjoint closed pointed neighborhoods 
Ü; of p; for alli = 0,...r. The group T; acts naturally on the disk D c C. 
We consider the associated branched covering D — D, z e zl”il, and let 
U; 2 U; be the branched covering induced via our identification Ü; & D. 
5.2.2. This data determines a topological groupoid G which represents the 
orbispace B :— [G*/G°]. Let X9 := X VU; 9 Ui, where U; C U; denotes the 
interior. We define 


T 
g? Xu LI U; : 
i=0 

The set of morphisms is defined as follows. First of all the restriction of 
G to X9 is the trivial groupoid. The restriction of G to U; is the action 
groupoid of the T';-action on Uj, i.e. T; x b, => Us It remains to describe 
the morphisms over the overlaps. A point s? € ðX? determines an index i 
and a point 3 € U;. For any lift $ € U; of 3 we require that there is exactly 
one morphism s" — 8 in G!. As a topological space G! is fixed by the 
requirement that s : s 1(9X9) — ƏL? is a connected covering over each 
connected component of 0X9, where s : G! — G? is the source map. 

In fact, this groupoid describes an orbispace structure on X with singular 
points p1,...,p, of multiplicity n1,...,n,. The point pg will be used later 
in order to introduce a non-trivial topology on U(1)-bundles over B in the 
case r = 0. 

5.2.3. We now describe U(1)-bundles over B. To this end we choose a 
number c € Z and an element (x1,...,Xr) € Îi x- x Ê. This data 
together with additional choices (the ¢; introduced below) determines a 
U(1)bundle E — B as follows. We will describe it as a quotient E :— 
[£/91], where £ — G is an equivariant U(1)-bundle. It is given by a U(1)- 
bundle £ — G? together with an action G! xgo E — E. We set € :— 
U(1) x G°. The data fixed above determines the action of G. On cia we 
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let T; act on the fibre with character x;. " 

For all i = 1,...,r we choose a map ¢; : OU; — U(1) such that 
Qi(y8) = xi(y) bi (5), y € Ti. We identify P; & Z/n;Z such that [q] € Z/n;Z 
corresponds to the character [p] +> exp(2mi£2). Note that in f, = Z/ni 
we have [deg(¢i)] = xi. Here in order to define the degree deg(ó;) € Z, 
we choose the orientation of OU; as the boundary of the oriented disk Uj. 
Furthermore note that two choices of ¢; differ by a function 3U; — U(1). 
Thus we can realize all elements of the residue class of x as deg(¢ġ;) for an 
appropriate choice of ¢;. 

We let the morphism s? — § act as multiplication by $;(8), if s? is in the 
ith component of 0X9, i= 1,...,r. 

Finally, we take a function u : Uo — U (1) of degree c and let the morphism 
s? — s act by multiplication by u(s), if s? is in the zero-component of 0X9. 
5.2.4. If x; are generators of f, for all i = 1,...r, then E is a space. 
Otherwise E is an orbispace which is not equivalent to a space. 

5.2.5. We first compute H*(B,Z) using a Mayer-Vietoris sequence. We 
obtain 


T T7 
o Qr 090,2) ^ B'(,2) > H* (2°, 2) e Qo H* (BT, Z) 
i=0 i=0 
1 2 1 i 
25 (Bn (00,2) >... 
i=0 
We have a canonical identification H?(BT';, Z) = f;. The fixed embedding 
T; — U(1) induces a map 
BY; — BU(1) s K(Z,2) 


and therefore a generator c; € H?(BT;, Z). The multiplication with the 
powers of c; provides the isomorphisms IT; 2H ?I(BI;,Z). Furthermore, 
H4-1(BY,,Z) = (0). 

5.2.6. The Mayer-Vietoris sequence now gives the following information. 


fo gee ESSA 
| 
pee e 
NE 


The data chosen in the construction 5.2.3 provides a split s of the exact 
sequence for H?(B, Z). In fact, given (x1,.... Xr) € Qi_, Ti we construct 







bo 
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the line bundle E — B associated to this tuple and c — 0. Then we set 
S(X1, -.., Xr) = & (E). It will follow from the calculations in 5.2.7 that this 
gives a split. Since there is no non-trivial homomorphism from (D; , T, to 
Z the split s is independent of the choices. Therefore we can unambiguously 
write 


H*(B,Z) «Ze(Bh. 


i=1 


We will write elements in the form (e, (K1,...,Kr)). 
5.2.7. By Proposition 4.3 the topological type of the U(1)-bundle E — B 
is classified by its first Chern class c1(E). In the following paragraph we 
calculate this invariant. To this end we consider the following part of the 
Gysin sequence of 7: E — B: 

Z = H*(B,Z) ^P? g*(B,z) © H*(E,2). 


We see that we can calculate c1 (E) by determining the corresponding gen- 
erator of the kernel of 7* : H?(B,Z) — H?(E,Z). 

We obtain information on H?(E,Z) using the Mayer-Vietoris sequence. 
The relevant part has the form 


HU) x 39,2) o DH (UQ/,74,2) 5 QD H(A) x 80,2) 
i=0 i=0 
> H?*(E,Z) > 
H2(U(1) x 5,2) 6 à H*(U(1)/,,T,Z) 5 QD ntur) x OU;,Z) . 
iz j—0 


The known cohomology groups are 


H'(U(1) x D°,Z) & lya) x H! (Z5,Z) oruq) x (1y0)Z 
H! (Xo, Z) & 279+" 
H'(U(1) x 0Ui,Z) S (Lua) x orap,)Z 0 (oru) X 15p,)Z 
H'(U(1)/4 T4, Z) = Z 
H?(U (1) x X9, Z) & orya) x H! (35,Z) 
H?(U (1) x 8U,, Z) & (oru() X orap,)Z 
H*(UQ)/,,T4, Z) S fi), 


where the definition of Î;/xÎ; uses the ring structure on P;  Z/nZ. 
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The map B vanishes on the torsion subgroups H?([U(1)/,,T;], Z). The 
range of the restriction of 8 to H?(U(1) x X9, Z) has rank r. We see that 


ker(B) = 29 @ p Posti . 
r=1 


We now determine the cokernel of a. We proceed in stages. We first 
determine the cokernel of the restriction of a to lyg) x H!(X9,Z). It is 
given by 

r 


T T 
Davo x orgg,)Z ® orvo) X 1og,))2 > ZB Morva x lod, )Z , 
i=0 i=0 i=0 


where the first component maps 55; o ai(lu(i) X orgg,) to $5, 9 a, and 
the second component is the identity. Let 


Qi: (ory(1) x lgo)Z ® CD n (ua); Z) — Zo Borvo x lap,)Z 
i=0 i=0 


be the induced map. We have 
a1 (orua) x lyo) = 0 @ Oi.o(oruq) x log,) : 


We now describe the restriction of a, to the summand H([U(1)/,,T';], Z). 
It is given by the composition of pull-backs along the following sequence of 
maps: 


U(1) x 00; & [U(1) x Ə; AT] 5 [U(1) x 90;/ T] > [U(1) x G/T 
X [U (1)/ Ti] E 


where Jy, is induced by the map ói (see 5.2.3) Ig; (z, 8) :— ($;(8)2, 8), and 
the remaining maps are the obvious inclusions and projections. In the case 
i = 0 we set ġo :— u. 

We have H!([U(1)/,,T;], Z) & H!(U(1) xr;,4, ETa, Z). We consider the 
U(1)-bundle U(1) xr,,4, ZT; — BT. Using the Serre spectral sequence we 
see that the restriction to the fibre r* fits into an exact sequence 


02 H'(U(2)/,,T],Z) 5 Z% Z/nuz . 


Similarly, restriction to the fibre of the bundle (U (1) x 8U;)r, AXET; > BT; 
gives an exact sequence 


05 H'([U(1) x OU;/:T J, Z) > Zo ZB Z/n;Z , 


where we use the basis Z 6 Z & (ory() x 157 9 (lua) X or, )2. 
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Let a € Z represent an element of H!(([U(1)/,,T'i, Z), ie. xi[a] = 0 € 
Z/njZ. Then one can check that o1(a) = (a,deg(ó;)a). Fortunately, as 
observed in 5.2.3, [deg(¢;)] = x in P22 Z/njZ so that n,|deg(¢i)a, and 
thus (a, deg(¢:)a) € H!([U (1) x 8U;/,T';], Z). Combining these calculations 
we obtain the following explicit description of 


T 
a1: 20 QD ker(x: Z> Z[nZ)—ZeZz', 
i=0 


“. deg(¢i)ai 
on (2, (ao,..-,4r)) = ($ =, (ag +. 2,...,07 + 2)) , 

: Ni 

i=0 
where on the right-hand side we identify Z^ *1 = @;_olorya) x lag,)2. 
We now have collected sufficient information on H?(E, Z) in order to cal- 
culate c1(E). By the compatibility of the Mayer-Vietoris sequences with 
the pull-back 


v' : H?(B,Z) > H?(E,Z) 
we get the diagram 


0 > coker(a1) > H2(E,Z) > Z o @ f/x: > 0 
r1 T gt 
0> Z -oHWBZ 5^ io 0 


where t; : [p;/T;] — B is the canonical embedding. We must determine 
generators of ker(f) and ker(g). We have a factorization of f as Z sy) 
ZZ! coker(a;). We see that f(b) = 0 is equivalent to the condition 


that the system 


peek Y delh) 
i=0 ? 


xi[z] = 0€ Z/niZ, i=0,...r 


has a solution x € Z. We see that ker(f) C Z is a non-trivial subgroup, 
and we fix the generator e € Z which is given by the component of c1(E). 
It is determined by the subgroup up to sign. 

The kernel of g is the sum of the kernels of the projections T; — T; / xi. 
In order to find the generators which correspond to the Chern character of 
E we use the fact that the Chern character is compatible with restriction. 
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We consider the pull-back 


E, >E 
l l. 
[p,/Ts] ^ 


Since we know that cj(Ey,) = xi € Î; we see that t*c1(E) = x; is the 
correct generator of the kernel of the corresponding component of g. 
Combining these calculations we get 


c (E) = (e, (X1, «X1)) € zogpt , 
i=1 


where e was described above. 

5.2.8. We now compute H?(E,Z), again using a Mayer-Vietoris sequence. 
Let [U (1)/,,, T';] denote the orbispace given by the action of T; on U(1) via 
Xi. The relevant part of the Mayer-Vietoris sequence has the form 


H*(U(1) x 9,2) e BD qu (0/1, 2) — Prun) x QU, Z) 
i=0 i=0 


> H*(E,Z) > HUOT, Z) =o. 
i=0 


We now use the facts that the restriction 
H*([U (1)/,,T], Z) ^ H? (U (1) x 8U;, Z) 


is trivial, that the cokernel of 


H? (U(1) x 9,2) > Qut) x 0U,, Z) 
i=0 


is isomorphic to Z, and that 
H*(U Q)/, Ti], Z) = Ann(xi), 


where the definition of Ann(x;) C Î; uses the ring structure of Î; (see 5.1.5 
for the computation of H?((U(1)/,,T;], Z)). The sequence thus simplifies 
to 


0— Z5 H*(E,Z) ^ Qam) ^ 0. 
i=l 


T-duality for non-free circle actions 465 


Let 1 : E — B be the projection. Then the following diagram commutes: 


Z5 H*(E,Z) 
I mi 
Z > H?(B,Z) 


Therefore the decomposition 
T 
H*(B,Z) - Zo (BE 
i=1 
induces a split sg : H?(E,Z) — Z, so that we obtain an identification 


H*(E,Z) = Z6 CD ann(xi) . 
i=1 
Note that this decomposition is again canonical. A cohomology class h € 
H?(E,Z) is thus identified with an element 


(f, (a1,.--,4r)) € Z6 Ann(x1) @--+ 6 Ann(xr) . 


5.2.9. It follows from Proposition 4.3 that the topological type of E is 
classified by cı (E). 

We further observe that m : H?(E,Z) — H?(B,Z) is injective. Therefore 
we can characterize a class in H?(E,Z) by its image under m. It follows 
that automorphisms of the U(1)-bundle E act trivially on H?(E,Z). We 
see that the isomorphism class of the pair (E, h) is determined by 


(e (E), m(h)) = (e, 60. -+ Xr), f, (@1,---,@r)) € H*(B,Z) 6 H*(B,Z) 


(see 5.2.6 for the notation). It therefore makes sense to calculate the T-dual 
pair (E, A) in terms of its topological invariants (c1(E), fi(h)). We get 


(a (Ê), #1(h)) = (~F, (7a... ~ar), 76 (—X45-++5-Xr)) - 
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A general method exists for studying Abelian and non-Abelian gauge theories, as 
well as Euclidean quantum gravity, at one-loop level on manifolds with boundary. 
In the latter case, boundary conditions on metric perturbations A can be chosen to 
be completely invariant under infinitesimal diffeomorphisms, to preserve the invari- 
ance group of the theory and BRST symmetry. In the de Donder gauge, however, 
the resulting boundary-value problem for the Laplace type operator acting on h is 
known to be self-adjoint but not strongly elliptic. 
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The present paper shows that, on the Euclidean four-ball, only the scalar part of 
perturbative modes for quantum gravity is affected by the lack of strong elliptic- 
ity. Interestingly, three sectors of the scalar-perturbation problem remain elliptic, 
while lack of strong ellipticity is "confined" to the remaining fourth sector. The 
integral representation of the resulting ¢-function asymptotics on the Euclidean 
four-ball is also obtained; this remains regular at the origin by virtue of a peculiar 
spectral identity obtained by the authors. There is therefore encouraging evidence 
in favour of the C(0) value with fully diff-invariant boundary conditions remaining 
well defined, at least on the four-ball, although severe technical obstructions re- 
main in general. 


2000 Mathematics Subject Classification. Primary 58J35; Secondary 83C45,81840, 
81T20. 


1. Introduction 


This paper is motivated by the authors’ struggle over many years with 
an important problem in quantum field theory and spectral geometry, i.e. 
the functional determinant in Euclidean quantum gravity on manifolds with 
non-empty boundary. The related open issues are not yet settled, but there 
is a sufficient amount of new calculations to justify further efforts, as we 
are going to see shortly. 

The subject of boundary effects in quantum field theory (Deutsch and 
Candelas [1]) has always received a careful consideration in the literature 
by virtue of very important physical and mathematical motivations, that 
càn be summarized as follows. 

(i) Boundary data play a crucial role in the functional-integral approach 
(DeWitt [2]), in the quantum theory of the early universe (Hartle and 
Hawking, Hawking [3]) in supergravity (Hawking [4]) and even in string 
theory (Abouelsaood et al. [5]). 

(ii) The way in which quantum fields react to the presence of boundaries 
is responsible for remarkable physical effects, e.g. the attractive Casimir 
force among perfectly conducting parallel plates (Bordag et al., Milton, 
Nesterenko et al. [6]), which can be viewed as arising from differences of 
zero-point energies of the quantized electromagnetic field. 

(iii) The spectral geometry of a Riemannian manifold (Gilkey [7]) with 
boundary is a fascinating problem where many new results have been de- 
rived over the last few years (Kirsten [8], Vassilevich [9]). 

(iv) Boundary terms (Moss [10]) in heat-kernel expansions have become 
a major subject of investigation in quantum gravity (Avramidi [11]), since 
they shed new light on one-loop conformal anomalies (Esposito et al., Moss 
and Poletti [12], Tsoupros [13]) and one-loop divergences (Esposito [14], 


New spectral cancellation in quantum gravity 469 


Esposito et al. [15]). 

In our paper we are interested in boundary conditions for metric pertur- 
bations that are completely invariant under infinitesimal diffeomorphisms, 
since they are part of the general scheme according to which the boundary 
conditions are preserved under the action of the symmetry group of the 
theory (Barvinsky [16], Moss and Silva [17], Avramidi and Esposito [18]). 
In field-theoretical language, this means setting to zero at the boundary 
that part 7A of the gauge field A that lives on the boundary B (v being a 
projection operator): 


[xa] aor (1) 
as well as the gauge-fixing functional, 
o = 
[eco]. - o. Q) 
and the whole ghost field 
[ya = 0. (3) 
For Euclidean quantum gravity, Eq. (1) reads as 
[hs] = 0, (4) 


where hij are perturbations of the induced three-metric. To arrive at the 
gravitational counterpart of Eqs. (2) and (3), note first that, under in- 
finitesimal diffeomorphisms, metric perturbations h,, transform according 
to 


huy = hw + Vin Pv)» (5) 
where V is the Levi-Civita connection on the background four-geometry 
with metric g, and o, dz" is the ghost one-form (strictly, our presentation is 
simplified:, there are two independent ghost fields obeying Fermi statistics, 
and we will eventually multiply by —2 the effect of y, to take this into 
account). In geometric language, the infinitesimal variation óh,, = huv — 
huv is given by the Lie derivative along ¢ of the four-metric g. For manifolds 
with boundary, Eq. (5) implies that (Esposito et al. [19], Avramidi et al. 
[20]) 


hi = hij + Gag) + Kio, (6) 


where the stroke denotes three-dimensional covariant differentiation tangen- 
tially with respect to the intrinsic Levi-Civita connection of the boundary, 
while K;; is the extrinsic-curvature tensor of the boundary. Of course, vo 
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and y; are the normal and tangential components of the ghost, respectively. 
By virtue of Eq. (6), the boundary conditions (4) are "gauge invariant", 
ie. 


[o]. - 0, (T) 


if and only if the whole ghost field obeys homogeneous Dirichlet conditions, 
so that 


[{po]s = 0, (8) 
[vile = 0. (9) 


The conditions (8) and (9) are necessary and sufficient since wo and q; 
are independent, and three-dimensional covariant differentiation commutes 
with the operation of restriction to the boundary. We are indeed assuming 
that the boundary B is smooth and not totally geodesic, ie. Ki; # 0. 
However, for totally geodesic boundaries, having K;; = 0, the condition (8) 
is no longer necessary. 

On imposing boundary conditions on the remaining set of metric per- 
turbations, the key point is to make sure that the invariance of such bound- 
ary conditions under the infinitesimal transformations (5) is again guaran- 
teed by (8) and (9), since otherwise one would obtain incompatible sets 
of boundary conditions on the ghost field. Indeed, on using the DeWitt- 
Faddeev-Popov formalism for the (out|in) amplitudes of quantum gravity, 
it is necessary to use a gauge-averaging term in the Euclidean action, of 
the form? 


1 0,0” 
Iza. = L—— = \/det g dt 
A 167G M 2a nee i “2 29) 


where ®, is any functional which leads to self-adjoint (elliptic) operators 
on metric and ghost perturbations. One then finds that 


5%, (h) = &,(h) - SLÁ) = FF ev, (11) 


where F,” is an elliptic operator that acts linearly on the ghost field. Thus, 
if one imposes the boundary conditions 


[0.09]. - 0, 2) 


and if one assumes that the ghost field can be expanded in a complete 
orthonormal set of eigenfunctions ul of £, which vanish at the boundary, 
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i.e. 
Ful” = du), (13) 
Pr = ouf», (14) 
À 
À 
ul un =0, (15) 


the boundary conditions (12) are automatically gauge-invariant under the 
Dirichlet conditions (8) and (9) on the ghost. 

Having obtained the general recipe expressed by Eqs. (4) and (12), we 
can recall what they imply on the Euclidean four-ball. This background 
is relevant for one-loop quantum cosmology in the limit of small three- 
geometry on the one hand (Schleich [21]), and for spectral geometry and 
spectral asymptotics on the other hand [8, 9]. As shown in [19], if one 
chooses the de Donder gauge-fixing functional 


1 
Dalh) = V" (hus = 50g" hue), (16) 


which has the virtue of leading to an operator of Laplace type on huv in the 
one-loop functional integral, Eq. (12) yields the mixed boundary conditions 
Ohoo 6 Ô, 2 ji 

E + z hoo — a7 (9^ ha) + zihoi s = 0, (17) 


ee 3 h 1 me e 
B 








Or r * 2 Oxi (18) 
In [15], [19], the boundary conditions (4), (17) and (18) were used to eval- 
uate the full one-loop divergence of quantized general relativity on the Eu- 
clidean four-ball, including all h,, and all ghost modes. However, the 
meaning of such a calculation became unclear after the discovery in [18] 
that the boundary-value problem for the Laplacian P acting on metric per- 
turbations is not strongly elliptic by virtue of tangential derivatives in the 
boundary conditions (17) and (18). Moreover, the work by Dowker and 
Kirsten [22] had proved even earlier, in a simpler case, that the boundary- 
value problem with tangential derivatives is, in general, not strongly elliptic. 
Strong ellipticity (8, 18] is a technical requirement ensuring that a unique 
smooth solution of the boundary-value problem exists which vanishes at in- 
finite geodesic distance from the boundary. If it is fulfilled, this ensures that 
the L? trace of the heat semigroup e~*” exists, with the associated global 
heat-kernel asymptotics that yields one-loop divergence and one-loop effec- 
tive action. However, when strong ellipticity does not hold, the L? trace 
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of e~*P acquires a singular part [18] and hence ¢-function calculations may 
become ill-defined. 

All of this has motivated our analysis, which therefore derives in Sec. 
2 the eigenvalue conditions for scalar modes. Section 3 obtains the first 
pair of resulting scalar-mode ¢-functions and Sec. 4 studies the remaining 
elliptic and non-elliptic parts of spectral asymptotics. Results and open 
problems are described in Sec. 5. 


2. Eigenvalue conditions for scalar modes on the four-ball 


On the Euclidean four-ball, which can be viewed as the portion of flat 
Euclidean four-space bounded by a three-sphere of radius q, metric per- 
turbations h,, can be expanded in terms of hyperspherical harmonics as 
(Lifshitz and Khalatnikov [23], Esposito et al. [24]) 





hoo( (x, T) Bor. )QU? (a), (19) 
n=1 
ee ) 
hoi(z, T) => |b Ga) + ¢n(T )s (x yl, (20) 
oo Qo i oo " 
him, T) = 2. dn (7) see + HQ (a)| + » : e) ci QU? (z) 


«M [so (sf (x) + 8f (a)) + kn (06), (21) 


where 7 € [0, g] and Q(? (z), S? (a) and GY (z) are scalar, transverse vec- 
tor and transverse-traceless tensor hyperspherical harmonics, respectively, 
on a unit three-sphere with metric c;;. By insertion of the expansions 
(19)-(21) into the eigenvalue equation for the Laplacian acting on huv, and 
by setting VE — iM, which corresponds to a rotation of contour in the 
C-function analysis (Barvinsky et al. [25]) one finds the modes as linear 
combinations of modified Bessel functions of first kind. Modified Bessel 
functions of the second kind are not included to ensure regularity at the 
origin 7 — 0. For details, we refer the reader to the work by Esposito et al. 
[26]. 

The boundary conditions (4), (17), (18), (8), (9), jointly with the mode- 
expansions on the four-ball, can be used to obtain homogeneous linear sys- 
tems that yield, implicitly, the eigenvalues of our problem. The conditions 
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for finding non-trivial solutions of such linear systems are given by the van- 
ishing of the associated determinants; these yield the eigenvalue conditions 
ó(E) = 0, ie. the equations obeyed by the eigenvalues by virtue of the 
boundary conditions. For the purpose of a rigorous analysis, we need the 
full expression of such eigenvalue conditions for each set of coupled modes. 
Upon setting VE — iM, we denote by D(Mq) the counterpart of ó(E), 
bearing in mind that, strictly, only ó(E) yields implicitly the eigenvalues, 
while D(Mq) is more convenient for ¢-function calculations [25]. 

In particular, we here focus on scalar modes (for the whole set of modes, 
see again the work in (26]). For all n > 3, coupled scalar modes an, by, dn; €n 
are ruled by a determinant reading as 


D4(Mq) = det pi (Mq), (22) 


with degeneracy n?, where pij is a 4 x 4 matrix with entries (hereafter, In 
are modified Bessel functions of first kind) 


pii = In(Mq) - MqT,(Mq), pi2 = MqIp (Mq), (23) 


pis = (2 —n)In_2(Mq) + MqT, 4(Mq), (24) 

pia = (2 + n)In+2(Mq) + Mgal, (Mq), 
pa = —(n? —1)In(Mq), p» = 2MqI (Mq) + 6In(Mq), (25) 
p23 = 2(n + ))MqT, (Mq) — (n? — 6n — 7)In-2(Mq), (26) 


24 = —2(n — 1) MqT, ,5(Mq) — (n? + 6n — 7)In42(Mq), (27) 


p31 = 0, p32 = —In(Mq), (28) 
p33 = PiP h-aMo), p34 = ica) etg) (29) 


par = 3I. (Mq), paz = —215 (Mq), 

pas = —In-2(Mq), pa = —In42(Mq). 
The hardest part of our analysis is the investigation of the equation obtained 
by setting to zero the determinant (22). For this purpose, we first exploit 


the recurrence relations among In, In+1 and I, to find (from now on, w = 
Mq) 


(30) 


pu =1,(w) — wh (w), p12 = wl, (w), 


scere nce. 5 
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par = —(n? - 1)In(w), pre = (wI, (w) +3In(w)), (32) 


en =(n+ nf [a(n +1) + TEREE] ru; 








33 
pafos 8389] za) T 
-2 [v+ el I). 
psi — 0, pa = ~In(u, (35 
pas = ED | (14 AE) wt Brew], 0) 
pa = OO (14 EP) yw) - Dew], en 


par = 3I, (w), pao = —2In(w), (38) 
pa =- (14 EP) wy, —— (9 
pa =- (1 + m In(w) + AED pu), (40) 


The resulting determinant, despite its cumbersome expression, can be stud- 
ied by introducing the variable 





(41) 


which leads to 


48n(1 — n? 
ups nu pespituscvi pev tese. 15 
(n? —4) 
where 
n n n w n QU 
Wr e Mc MM IL Mem (43) 
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and hence 
(n? - 4) 
A8n(1 — n?) Dalo) 
= (rtu) + 31.) (w) - 31,(0)) (44) 


(100y+( +2) aw) (ro (2- 2)10). 


3. First pair of scalar-mode ¢-functions 


In our problem, the differential operator under investigation is the Lapla- 
cian on the Euclidean four-ball acting on metric perturbations. The bound- 
ary conditions for vector, tensor and ghost modes correspond to a familiar 
mixture of Dirichlet and Robin boundary conditions for which an integral 
representation of the ¢-function and heat-kernel coefficients are immedi- 
ately obtained. New features arise instead from Eq. (44), that gives rise to 
four different ¢-functions. On studying the first line of Eq. (44), we exploit 
the Cauchy integral formula to express the power —s of the eigenvalues and 
hence turn the ¢-function 


ass Yi 


into an integral, i.e. we use 


°° d 
No = [a z~’ o8 Hao), 
izi 7 v 


where y encloses the zeros z1,22,...,2o9 of the function H4, which here 
equals J; (x) + *J, (x). Such a combination of Jn and J; is proportional to 
the power of degree (8+ — 1) of the independent variable multiplied by an 
infinite product, with 8. (n) =n, 8. (n) = n 4 2. Only the infinite product 
encodes information on the countable infinity of non-vanishing zeros, and 
hence one should divide zJ/ (x) X nJ4(x) by z?*. Last, rotation of contour 
to the imaginary axis (Dowker and Kirsten [22], Bordag et al. [27]), which 
brings in modified Bessel functions Iņ, jointly with setting w = zn, leads 
to the following integral formula: 


es —(98— 99 EE (zn (zn) + nI,(zn)) 
(ism Xn (2 a de dr m 


n=3 





(45) 
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The uniform asymptotic expansion of modified Bessel functions and 
their first derivatives (see Appendix) can be used to find (hereafter 7 — 
r(z)=(1+ 22)-1) 





znI, (zn) + nI,(zn) ~ ll tT) (: + Y ean) l (46) 
k-1 


where (see Eqs. (139) and (141) in the Appendix for the functions ux and 
Uk) 


Pi (7) = 04 0) (ve(r)  rustr)), (47) 
for all k > 1, and 
A Dk a (T So. Tk (T) 
log (: t 2. pea) 2) ~ 2 c ae : (48) 


Thus, the ¢-functions (45) obtain, from the first pair of round brackets in 
Eq. (46), the contributions (cf. [22]) 


oo 


=Y acm (sinzs) (^ , 3,0 2-1 
AE = f dz z 5; eg(1 12 ) +), (49) 
oo 4 lu 
= YP Q7 5-2) (Sin Ts) T -2s 9 1- (14227)? 
A_(s)= x x f dz z 8 log x d 


(50) 


where z? in the denominator of the argument of the log arises, in Eq. (50), 
from the extra z~ in the prefactor z~-(™ in the definition (45). Moreover, 
the second pair of round brackets in Eq. (46) contributes 353 Aj x (s), 
having defined 


Aii) = oce n EBT) S arn naea — 6D 


n=3 


where, from the formulae 


Ti+ =P1,+, (52) 
1 
To, =P2,+ — Pit (53) 
1 
Ts. =P3,+ — P1,4P2,+ + Pig, (54) 


3 
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we find 
3 1 5 
UU NOR. 
Tix x 97 OH ; (55) 
5 5 
Tog =- Tet = 
o = d E EP Tur (56) 
21 3 509 25 21 15 1105 
T. = £5 rt hie 75 LEN T4 DITS... 7, 
bt =~ Jog? tg + Gag” Fig? "ig * 87 Tae? CP 
and hence, in general, 
3j 
Tial) =X fr, (58) 
a=j 


We therefore find, from the first line of Eq. (44), contributions to the 
generalized ¢-function, from terms in round brackets in Eq. (46), equal to 


xá(s) = uo(s) FE (5) + Y w;(S)F7 (s), (59) 


j=l 


where, for all A = 0,j (Cg and Cy being the Riemann and Hurwitz ¢- 
functions, respectively), 


s)z 25 n Q5*^-3) — Cu (2s + A — 2;3) (60) 
n=3 


= Cp(28s +à- 2) -1—- g— (2840-2) 
while, from Eqs. (49)-(51), 


Fy (s) = m p dz 2-7 ?* — 2 5; leg (1 1: 27 1), (61) 
sinzs) [° RUN 
Fe (s) e - 28772 f dz gyzy FG = -1- FH), (62) 
2 3j 
FE) e GUT y rs Gua oye, (ea) 


a=j 


having set (this general definition will prove useful later, and arises from a 
more general case, where 7? is divided by the b-th power of (1 + 7) in Eq. 


(58)) 


1 
+(s,a,b) = q26180 r) (147r) pj T)? } dr. 
E*(s,0,0) = | earr (1807) (Ir) s 
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Moreover, on considering 


Lt(s) = = Fe (e), (65) 





and changing variable from z to 7 therein, all L-type integrals above can 
be obtained from 


Q(a, B,y) = 1 7*(1 — 7)? (1 +7)dr. (66) 
In particular, we will need 
Lj (s) = — Q(2s, —5, -s — 1), (67) 
L*(s,a,b) = bQ(2s + a, —s, s — b — 1) (68) 
— aQ(2s +a — 1, —s, —s — b), 
where, from the integral representation of the hypergeometric function, one 
has (Gradshteyn and Ryzhik [28]) 
Tia 4- 1)T(8 + 1) 
I'(o 4- 8 4-2) 
For example, explicitly, 
I'(2s + D)T (1— s) 
T(s + 2) 
Now we exploit Eqs. (45), (46) and (59) to write 
g- 05-1) 


inte) NA cusa f 
d) eod) + E y 2 a tm 


4 nz- 81) (Vi+2 E 1)|. 


Q(a, B, y) = F(—~y,a + 1;a + B +2; -1). (69) 


Li (s)=-— F(s +1,2s +1; s - 2; -1). (70) 


(71) 


Hence we find 
C$(0) = lim oon +P olEF (4 (c9 - xe) . (72) 
j=l 


The first limit in Eq. (72) is immediately obtained by noting that 
lim Li (s) = —log(2), (73) 


and hence 


(sin vs) 





lim wo(s) Rf (s) = lim [enes - 2:3) ne) =0. (nu) 


T 
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To evaluate the second limit in Eq. (72), we use 
lim L*(s,a,0) = —1, (75) 
S 


and bear in mind that w;(s) is a meromorphic function with first-order 
pole, as s — 0, only at j = 3 by virtue of the limit 


; 1 _ 
üm [erw = "zl =y. (76) 
Hence we find (see coefficients in Eq. (57)) 


us " i (sin (sin rs) = MDS Ë G,) 
lim > i Wj (s)F; (s) = lim ——— = 2s L (s, a, 0) fa? 
j= 


m (77) 
(3,+) — 
4s E 
while, from Eqs. (71) and (69), 


lim (CX (s) - xå (8)) 


iy (ie -2,3)4 is Te ris -s») (78) 
5 1079 


240 ' 
We therefore find, with the same algorithms as in [27], 


5 1079 146 
0 = 4+ 349 - e 45" e 
G(9)--1^ m +5- 5974 j$ = (80) 


These results have been double-checked by using also the powerful analytic 
technique in [25]. 


4. Further spectral asymptotics: elliptic and non-elliptic 
parts 


As a next step, the second line of Eq. (44) suggests considering -functions 
having the integral representation (using again the Cauchy theorem and 
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rotation of contour as in Eq. (45)) 


+ (sin rs) = —(2s—2) o —2s 
C3 (s) 22—— n dz z 
B T 


n=3 0 


Žiog [e (ean (zn) + (= +n) I nn) ) |. 


To begin, we exploit again the uniform asymptotic expansion of modified 
Bessel functions and their first derivatives to find (cf. Eq. (46)) 


(81) 


2,2 
znl, (zn)+ (= + n) I(zn) 


werten. T 
2/2mn VT NT € nk : 
where we have (bearing in mind that uo — vo — 1) 
S 2T 
Tk, (T) = uk(T) + GF) ((ve-a(7) + rup-1(r)), (83) 
for all k > 1. Hereafter we set 
oo 
= Tk,+(T(z)) 
eer saa (84) 
and rely upon the formula 
log(14- Q) ~ 2 yat (85) 
to evaluate the uniform asymptotic expansion (cf. Eq. (48)) 
Tk +(T(2)) SA Ri e(r(z)) 
e (1+ nett ~y Rae). (86 


The formulae yielding Rg,+ from rz, are exactly as in Eqs. (52)-(54), with 
T replaced by R and p replaced by r (see, however, comments below Eq. 
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(90)). Hence we find, bearing in mind Eq. (83), 


17 1 5 5 
= E GL aes BAD 7 
Ry + =(1 F7) (Gre gr 247 t h (87) 
475 1 21 
Ro+ =(1¥ 7)? S p na 74 i T? 
' 16 ^.^ 46° T 
REN 418 F 5,7 + 5,8 
16 "8 tii j’ 
- 1721 3. 441 a, 897 5 1033 4 | 239 y 
Rae =F 7)" (Sa 384 * 128. * 320 ^ 960. 80 ish 
28 & | 2431 9, 221 so 1105 4, , 1105 9 
aure eig m 
F357 +5767 ^ 192 gaa? ^T )° 
and therefore 
4j 
Rya(r(2)) = (LE 7) YS Cr, (90) 


a=j 


where, unlike what happens for the T;,4 polynomials, the exponent of (17) 
never vanishes. Note that, at r = 1 (ie. z = 0), our ry, 4(7) and Ry 4 (7) 
are singular. Such a behaviour is not seen for any of the strongly elliptic 
boundary-value problems [8]. This technical difficulty motivates our efforts 
below and is interpreted by us as a clear indication of the lack of strong 
ellipticity proved, on general ground, in [18]. 

The Çg (s) function is more easily dealt with. It indeed receives contri- 
butions from terms in round brackets in Eq. (82) equal to (cf. Eq. (50) 
and bear in mind that 8- — 6, = 2 in Eq. (81)) 


-L -r 
B_(s)= Son —(2s— em f dz z7 221o oe (22 E 2 | | 
91 


n=3 
E jenes) eum p 25 9 1 1 
= wo(s) dz z7? az oema 5 4(s); 


and 577^, Bj, (s), having defined, with à = 0,j (cf. Eq. (51)) 


wa(s) = Y, n-G* 9-9 = Cy (28 + A — 253), (92) 


n=3 


Bj. (s) o; (s) 222) eum [^ dei PR, (2). ——— (93) 
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On using the same method as in Sec. 3, the formulae (81)-(93) lead to 


5 1079 5 1 y og = m 


ca) tac 16 4 45° (94) 


a result which agrees with a derivation of C5 (0) relying upon the method 
of [25]. 

Although we have stressed after Eq. (90) the problems with the Ç$ (s) 
part, for the moment let us proceed formally in the same way as above. 
Thus we define, in analogy to Eq. (91), 


B(s) = wo ET [^ dz LIC -10). (95) 


T 


and, in analogy to Eq. (93), 


sinzs) f° 23, 9 
Bils) =w) ET flat mato). 0) 
T 0 zZ 
In order to make the presentation as transparent as possible, we write out 
the derivatives of R;.,. On changing integration variable from z to 7 we 
define 
ð 
Cj(r) = 5 R47): (97) 


and we find the following results: 


17 1 1 5 5 

P ee E 564. ned 3 4 
Ci(r) =(1 — 7) (5 17 37 4 qr 31 ) (98) 

1 

C2(r) «(1— 7)?| - T. + 27? = aT 8 + 51,4 
8 8 8 8 (99) 
Nc NEU P NS 8 
8 8 8 8 j’ 


1721 ; 441 a 1635 , 163 s, 1545 5 227r 


-(1—-7)^* = 
alae ery 32°  D8 — 16 | 6&4 14 


4223 g 221 4 5083 , 1105 ; 1100 45 
=r - 100 
di^" de^ pe^ 3^ ups J^ 009 
so that the general expression of C;(7) reads as 
4j 
C= (1-7) $7 KPT, Yj =1,..,00. (101) 


a=j-1 


New spectral cancellation in quantum gravity 483 


These formulae engender a Cj (0) which can be defined, after change of 
variable from z to 7, by splitting the integral with respect to 7, in the 
integral representation of C; (s), according to the identity 


1 H 1 
I ar = f ars | dr, 
0 0 H 


and taking the limit as y — 1 after having evaluated the integral. More 
precisely, since the integral on the left-hand side is independent of u, we 
can choose u small on the right-hand side so that, in the interval [0, 1] (and 
only there!), we can use the uniform asymptotic expansion of the integrand 
where the negative powers of (1 — 7) are harmless. Moreover, independence 
of u also implies that, after having evaluated the integrals on the right- 
hand side, we can take the u — 1 limit. Within this framework, the limit 
as u — 1 of the second integral on the right-hand side yields vanishing 
contribution to the asymptotic expansion of Cj (s). 
With this caveat, on defining (cf. (66)) 


Q,(o,B,7) = i *(1— 201-4 ndr, (102) 


we obtain the representations 


(sin rs) 





B, (s) = — wo(s) | - Qu(2s, 5 — 1, -5) 


*Q,(2s, 5, 55— 1) - Q,(28 — 1, 5, —5) |, 


(103) 


(sin vs) 5 KYQ, (2s8+a,—-s—j—1,—s). (104) 


a=j-1 


jt (8) = — wi (s) 


The relevant properties of Q, (o, 8,7) can be obtained by observing that 
this function is nothing but a hypergeometric function of two variables (28], 
i.e. 


“Alot, —B, —y, 0+ 2;u,—H). (105) 





Q,(a, B, =f 


In detail, a summary of results needed to consider the limiting behaviour 
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of C (s) as s > 0 is 


(sin vs) 


wo(s) — — ~- 5s + O(s?), (106) 
: 1 ] 
w) 279) ~z 4,3 biis O(s?), (107) 
lim Q,(25, —5— 1,—s) ~ — - 4- O(s9), (108) 
Tim Q, (2s, —s, —s — 1) ~log(2) + O(s), (109) 
. 1 
lim Q,(28 — 1, =s, =s) ~> + O(s), (110) 


T(—j — sI (a + 2s + 1) 

~ Ta-j+st+i) — 

: 2Fi(at+2s+1,8,a—-j+s+1;-1) 

Lj. -1(2) 
S 


lim Q,(2s+a,—-s—j—1,—-s) = 
iu 


+ b;,0(a) + O(s), (111) 
where 
bj; = -1- 2277 + (nj — 2)(1 — 44,3) + 65, (112) 


(-1)* T(a+1) 
b; — = =——— (1 - a,j- 
ii) = T E 7 basa) (113) 
and we only strictly need b3,o(a) which, unlike the elliptic cases studied 
earlier, now depends explicitly on a and is given by (y being the standard 
notation for the logarithmic derivative of the T-function) 
lT(a-4 1) I(a-—2) 
b =- 
sola) = & (5 —3) I(a- 1) 


yaar- (2-2) = ve). 











— log(2) — 7 (6a? —9a+1) 
(114) 


Remarkably, the coefficient of i in the small-s behaviour of the gener- 
alized ¢-function $ (s) is zero because it is equal to 


12 


lim sc (s -X bs 1 (a) KO) = = So a(a—1)(a—2)K), (115) 


a=3 


which vanishes by virtue of the rather peculiar general property 


Y reed KP = = Y: []lo- 0&9 =o, Vj=1,...,00, (116) 


a=j l=0 
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and hence we find eventually 


5 P 
t(g--- (3) _ 
G0)—-i t4 Fm o(a)K§ 30 1 sal a)KQ 
=j 
5 1079 599 296 

"4*0 * 730 a5 ony 
because the infinite sum on the first line of Eq. (117) vanishes by virtue 
of Eqs. (113) and (116), and exact cancellation of log(2) terms is found to 
occur by virtue of Eq. (116). 

To cross-check our analysis, we use Eq. (83) to evaluate 





(r) = re- (r) = ze ) 118 
Tk, +(T)— Tk, -(T) = d 75 ue) (118) 
and hence we find 
4r? 
Ri, + =R1,— + Tery (119) 
4r? 272 
Roy =R2,- + TE (u — (isa) — m.) ; (120) 
47? 4r? 
R34 —Ha, + um (v — dou ui Ri,- — R2,- 
(121) 


+47 R QE Wo dr 27? 
ü-72)- 3 (1— 72) aot 


and so on. This makes it possible to evaluate B;,4(s) — Bj, (s) for all 
j =1,2,...00. Only j = 3 contributes to CE (0) (see below) and we find 





ANO o3 9) ous) LE 2 dr 


Sad 0 —T) (147) * s - FHa,..). 


(122) 


The derivative in the integrand on the right-hand side of Eq. (122) reads 
as 


(Rss — Rg) = (1—7)74*(1+7)4 (sor? — 241? 4 3277 — 8r?) , (123) 
z 


and hence we can use again the definition (102) and the formula (105) 
to express (122) through the functions Q,(2s + a, —s — 4, —s — 4), with 
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a = 3,5,7,9. This leads to 


C$ (0) = £g (0) + Bs n — Bs, (0) 





rl 
= (g(0) — AY T 2 [ve J= gm zzz Ros. (124) 
| 200 Mie 
E ener 


where K are the four coefficients on the right-hand side of (123). Regu- 
larity of Ç$ (s) at the origin is guaranteed because lim, ,o s¢#(s) is propor- 
tional to 





T(I 4 1) (3) 
XR rT(i- 2) 21 = 0, 


which is a particular case of the peculiar spectral cancellation (cf. (116)) 


@max(J) T (a1) 
pp EL (125) 


where a takes both odd and even values. The case j — 3 is simpler because 
then only KU? coefficients with odd a are non-vanishing. 

Remaining contributions to ¢(0), being obtained from strongly elliptic 
sectors of the boundary-value problem, are easily found to agree with the 
results in [19], i.e. 


278 


¢(0) [transverse traceless modes] = — 45" (126) 
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C(0) [coupled vector modes] = 45" (127) 

C(0)[decoupled vector mode] = — T (128) 

C(0)[scalar modes(a;, e1; a2, 02, e3)] = —17, (129) 
14 

C(0)[scalar ghost modes] = — = (130) 

¢(0){vector ghost modes] = ae (131) 

¢(0)[decoupled ghost mode] = 5, (132) 


Our full ¢(0) is therefore, from (79), (80), (94), (117), (126)-(132), ¢(0) = 
142 
45° 
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5. Concluding remarks 


We have studied the analytically continued eigenvalue conditions for met- 
ric perturbations on the Euclidean four-ball, in the presence of boundary 
conditions completely invariant under infinitesimal diffeomorphisms in the 
de Donder gauge and with the a parameter set to 1 in Eq. (10). This 
has made it possible to prove that only one sector of the scalar-mode de- 
terminant is responsible for lack of strong ellipticity of the boundary-value 
problem (see second line of Eq. (44) and the analysis in Secs. 3 and 4). 
The first novelty with respect to the work in [18] is a clear separation of 
the elliptic and non-elliptic sectors of spectral asymptotics for Euclidean 
quantum gravity. We have also shown that one can indeed obtain a regular 
¢-function asymptotics at small s in the non-elliptic case by virtue of the 
remarkable identity (116). Our prescription for the ¢(0) value differs from 
the result first obtained in [19], where, however, neither the strong elliptic- 
ity issue [18] nor the non-standard spectral asymptotics of our Sec. 4 had 
been considered. 
As far as we can see, the issues raised by our results are as follows. 


(i) The integral representation (81) is legitimate because the second line of 
Eq. (44) corresponds to the eigenvalue conditions, for n > 3, 


F£(n,z) = J} (£) + (-5 + 2) Ja (x) = 0. (133) 


For both choices of sign in front of 2, if z; is a root, then so is —zij, 
with positive eigenvalue E; = x? (having set the 3-sphere radius q = 1 for 
simplicity). For any fixed n, there is a countable infinity of roots z; and they 
grow approximately linearly with the integer i counting such roots. The 
function FÈ admits therefore a canonical-product representation (Ahlfors 
(29]) which ensures that the integral representation (81) reproduces the 
standard definition of generalized ¢-function, i.e. 

¢(s) = M d(Ex)E;*, 

Ey»20 


where d(E;,) is the degeneracy of the eigenvalue Ex. 


(ii) Even though the lack of strong ellipticity implies that the functional 
trace of the heat semigroup no longer exists, and hence the Mellin transform 
relating ¢-function to integrated heat kernel cannot be exploited, it remains 
possible to define the functional determinant of the operator P acting on 
metric perturbations. For this purpose, a weaker assumption provides a 
sufficient condition, i.e. the existence of a sector in the complex plane free 
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of eigenvalues of the leading symbol of P (Seeley [30]). Note also that, if 
one looks at the A; heat-kernel coefficient for boundary conditions involv- 
ing tangential derivatives [8], it is exactly for the ball that the potentially 
divergent pieces involving the extrinsic curvature in A, cancel. Thus, on 
the Euclidean ball cancellations take place that maybe could explain why 
¢(0) is finite. This might be therefore a very particular result for the ball. 


(iii) By virtue of standard recurrence relations among Bessel functions, 
the eigenvalue conditions (133) are equivalent to studying the eigenvalue 
conditions 


Fi(nz) = Ja(z) F = Jala) =) (134) 


where the eigenvalues E(i,n,+) are obtained by squaring up the roots 
z(i,n,+). The equation for F5 (n,z) can be further re-expressed in the 
form 


( + =) pre LAN zd (135) 


The functions Fe differ therefore by one term only, and this term gets 
small as x gets larger. The numerical analysis confirms indeed that a p(i, n) 
positive and much smaller than 1 exists such that one can write (Esposito 
et al. [31]) 


E(i,n, +) = E(1,n,+)6i1 + E(i —1,n,—)(1- p(i,n))(1—0;1), (136) 
for all n > 3 and for all i > 1. 


(iv) The remarkable factorization of eigenvalue conditions, with resulting 
isolation of elliptic part of spectral asymptotics (transverse-traceless, vector 
and ghost modes, all modes in finite-dimensional sub-spaces and three of 
the four equations for scalar modes), suggests trying to re-assess functional 
integrals on manifolds with boundary, with the hope of being able to obtain 
unique results from the non-elliptic contribution. If this cannot be achieved, 
the two alternatives below should be considered again. 


(v) Luckock boundary conditions (Luckock [32]), which engender BRST- 
invariant amplitudes but are not diffeomorphism invariant [15]. They have 
already been applied by Moss and Poletti [12, 33]. 


(vi) Non-local boundary conditions that lead to surface states in quantum 
cosmology and pseudo-differential operators on metric and ghost modes 
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(Marachevsky and Vassilevich, Esposito [34]). Surface states are particu- 
larly interesting since they describe a transition from quantum to classical 
regime in cosmology entirely ruled by the strong ellipticity requirement, 
while pseudo-differential operators are a source of technical complications. 

There is therefore encouraging evidence in favour of Euclidean quantum 
gravity being able to drive further developments in quantum field theory, 
quantum cosmology and spectral asymptotics (see early mathematical pa- 
pers by Grubb [35], Gilkey and Smith [36]) in the years to come. 


Appendix: Olver expansions 


In Secs. 3 and 4 we use the uniform asymptotic expansion of modified 
Bessel functions J, first found by Olver [37]: 


cdi your) 
I,(zv) ~ VARVü 4 z2)i ( + 5y yk ; (137) 


k=1 


where 


rz (1422), n= (1+2)? + tog ( (138) 


z 
1+v1+ x) 
This holds for v — oo at fixed z. The polynomials u;(7) can be found from 
the recurrence relation [27] 


wat = FPA- S dro seu) 0139) 


starting with ug(r) = 1. Moreover, the first derivative of J, has the follow- 
ing uniform asymptotic expansion at large v and fixed z: 


; e" (1 + 22)4 o^. Uk(T) 
Izv) ~ UR oe (: + 2; p) (140) 


with the vy polynomials determined from the ux according to [27] 





vk(r) = ux(T) + r(7? — 1) onn + rat) A (141) 


starting with vo(T) = uo(7) = 1. 
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1. Introduction 
1.1. History 


Let (M, g) be an n-dimensional Riemannian manifold. The classical Morse 
Index Theorem states that the number of conjugate points along a geodesic 
*y : [a,b] + M counted with multiplicities is equal to the Morse index of the 
second variation of the Riemannian action functional E(c) = 1 f g(é, C)dt 
at the critical point y, where ¢ denotes $c. Such second variation is called 
the index form for E at y. The theorem has later been extended in several 
directions (see Agrachev and Sarychev, Ambrose, Duistermaat, Piccione 
and Tausk, Smale, Uhlenbeck [1, 2, 15, 29, 30, 34, 35] for versions of this 
theorem in different contexts). In [15] of 1976, J. J. Duistermaat proved his 
general Morse index theorem for Lagrangian system with positive definite 
second order term and self-adjoint boundary conditions. In [1] of 1996, 
A. A. Agrachev and A. V. Sarychev studied the Morse index and rigidity of 
the abnormal sub-Riemannian geodesics. In [5, 6] of 1979, J. K. Beem and 
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P. E. Ehrlich considered the semi-Riemannian case. Later in [20] of 1994, 
A. D. Helfer gave a generalization. In [29, 30] of 2000, P. Piccione and 
D. V. Tausk proved a version of the Morse index theorem for geodesics in 
semi-Riemannian geometry with both endpoints varying on two submani- 
folds of M under some nondegenerate conditions (cf. Theorem 6.4 in [30]). 
In the electronic preprint [38] of 2001, the author proved the Morse index 
theorem for regular Lagrangian systems with general boundary conditions. 

The present paper can be considered as a revised and extended version of 
[38], generalizing [16] of 1964, where H. Edwards considered the higher even 
order case. He proved a version of the Morse index theorem for even order 
Hamiltonian systems on the closed interval with positive definite highest 
order term and boundary condition 8 = y @ oo (cf. Theorem 3.1 in [16]). 
He then reduced the general case to the case of 8 = oo by Morse concavity 
(cf. Propositions 2.6 and 8.3 in [16]). 


1.2. Setup for regular Lagrangian systems 


Let M be a smooth manifold of dimension n. Points in its tangent bundle 
TM wil be denoted by (m,v), with m € M, v € TmM. Let f bea 
real-valued C? function on an open subset Z of R x T'M. Then for T > 0, 


T 
E) [ fet) c(t) dt (1) 

defines a real-valued C? function E on the space of curves 
€ = (ce C' ([0, T], M); (t, c(t), e(t)) € Z for all t € (0, T]) . (2) 


Equipped with the usual topology of uniform convergence of curves and 
their derivatives, the set C has a C? Banach manifold structure modelled 
on the Banach space C! ([0, T], R”). 

Boundary conditions will be introduced by restricting E to the set of 
curves 


Cu = {c€C;(c(0),c(T)) € N}, (3) 


where N is a given smooth submanifold of M x M. The most familiar 
examples are N = {m(0),m(T)} and N = {(mi,me2) € Mx M;m; = ms). 
In the general case, Cy is a smooth submanifold of C with its tangential 
space T,Cy consisting of all C! sections óc of the pull-back bundle c*T'M 
satisfying 


(6c(0), óc(7)) € Ttc(o) cry) N. (4) 
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Generalizing the concept of a geodesic, a curve c € Cy of class C? is called à 
stationary curve (or extremal or critical) for the boundary condition N 
if the restriction of E to Cy has a stationary point at c, i.e., if DE(c)(óc) = 0 
for all óc € T.Cyn. 

Let c € Cy be a stationary curve for the boundary condition N. Then 
the second order differential D? E(c) of E at c is a symmetric bilinear form 
on TCN, which is called the index form of E at c with respect to the 
boundary condition N. We want to understand the Morse index of this 
form, i.e., the dimension of the maximal negative definite subspace of the 
space T,Cy for the form D?E(c). In general the Morse index of the form 
D? E(c) on T,Cy will be infinite. In order to get a well-defined integer, we 
introduce the following concept. 

Assume that the function f is regular Lagrangian, that is, 


D2f(t,m, v) is nondegenerate for all (t, m, v) € Z. (5) 


Here D, denotes the differential of functions on Z with respect to v € 
T4,,M, keeping t and m fixed. The condition (5) is called the Legendre 
condition. 

Let H = H'(T.Cn) denote the H! completion of T;Cy. By the Sobolev 
embedding theorem, H C C([0, T]; c*T M), the space of all C? sections of 
the pull-back c*T'M. Then D?E(c) is well-defined on H. In local coordi- 
nates, we have 


T: 
DPB(\(X.Y) = [ (pif. É) + DaDa FEH b) 
+ D.Dy fE), 8) + D, f(8(0))(o.8)) dt, (6) 


where X,Y € H, a, B are the local coordinate expressions of X, Y defined 
by X = (o, 0m), Y = (B, Om), Om is the natural frame of T4, M, and we 
use the abbreviation 


&(t) = (t, c(t), &(t)). 


In general Om and a are not globally well-defined along the curve c. 
Choose a C! frame e of T-Cy. Such a frame can be obtained by the par- 
allel transformation of the induced connection on c*T'M of a connection 
on T'M (for example, the Levi-Civita connection with respect to the semi- 
Riemannian metric on M). Then in local coordinates, there is a C! path 
a(t) € GL(n, R) such that Om at c(t) is the pairing (a(t), e(t)). Note that 
a(t) is only locally defined in general. Then the vector fields X, Y € H along 
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c can be written as X = (z,e), Y = (y,e), where x,y € H' ((0, T]; R”) aia 
(x(0), z(T)), (y(0), (T) € R, R is defined by 


R- {(, n) € R?"; ((&, e(0)), (n, e(T))) € Toer N } G 


So we have 
r-—ao, £=aa+aa, y=aß, ý=aß+àåß. (7) 
Substituting (7) to (6), we get the following form of the index form: 


T 
DPEOXY) = | ((pi + qu, y) + (qe, y) + (rz, y)) dt, (8) 


where p,q,r € C([0, T], gl(n, R)), p is of class C', p(t) = p* (t), r(t) = r* (t), 
p(t) are invertible for all t € [0, T], and * denotes taking the adjoint matrix. 
Now define 


T 
T, n(z,v) -f ((pi + sqz, 9) + (sa'3, y) + (srz,y)) d, s€ [0,1], (9) 


where z,y € H'([0, T]; R^) and (z(0), z(7)), ((y(0), v(T)) € R. Since p is 
of class C! and all p(t) are nondegenerate, we can associate the path Zs R 
with a well-defined finite integer, the spectral flow sf(Z, 2}. Then we can 
define the relative Morse index /(Zo,n,Zi,R) as —sf(Z, R}. When p is 
positive definite, (Zo, n, Z1,5) is the Morse index of D?E(c). Note that the 
forms Zs r will depend on the choice of the frame e. 


1.3. The highlights of the paper 


As mentioned before, this paper can be viewed as a revised version of [38]. 
In this paper, we shall prove a general version of the Morse index theorem 
for the index form of even order linear Hamiltonian systems on the closed 
interval with reasonable self-adjoint boundary conditions (Theorem 2.1). 
The highest order term is assumed to be nondegenerate. As a special case, 
we prove the Morse index theorem for regular Lagrangian systems with self- 
adjoint boundary conditions (Corollary 2.1). Note that the index form (see 
(9) above) will take different forms under different choices of the frames e. 
Then we show how the indices vary under such choices (Theorem 2.3). 
Our approach is inspired by the recent papers [10, 11] of B. Booss- 
Bavnbek and the author. We do not use the perturbation method. Our 
index theorem does not contain any assumption on nondegeneracy for the 
index form. Moreover, we consider the spectral flow of a path connecting 
two given index forms. The index forms along such a path are in general not 
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compact perturbations of a given index form. Such phenomena occur when 
we consider connected trajectories between two geodesics on a manifold. 
These achievements make it easy to apply our Theorem 2.1 below to the 
variational problems. 

Our paper is arranged as follows. In 81, we give the background of the 
problem. In $2, we state our main results. In 83, we discuss the properties 
of the spectral flow. In 84, we discuss the properties of the Maslov indices. 
In 85, we prove our main results. In this paper, dim denotes the complex 
dimension if not otherwise specified. 


2. Main results 


We shall consider the general case of even order linear Hamiltonian sys- 
tems. We will restrict us to the complex case. Te real case is an obvious 
consequence of the complex case (cf. Proposition 8.2 in [16]). 

Let m,n € Zt be positive integers, and T € Rt be a positive real 
number. Let pz,1(s,t) € gl(n, C), (s, t) € [0, 1] x [0, T] be (m4-1)? continuous 
families of matrices, where k,l = 0,...,m. Assume that for all (s,t) € 
(0, 1] x [0, T], ps(t) = (Pm -k,m-1(8 t))kt=0,....m € gl((m + 1)n, C) are self- 
adjoint, and pmjn(s,t) are nondegenerate. Assume further that for all s € 
[0,1] and k,l = 0...,m, peu(s,t) € C™*t*!}((0, T], gl(n, C)). Then we 
have a continuous family of quadratic forms for all z, y € H""([0, 7]; R”) 


T m £ k 
d d 
Trl) =f |D (pto ooo o) | at 


k,l=0 


Here (-,-) denotes the standard hermitian inner product in C", and the 
norm of the Sobolev space H™({0, T]; C”) is defined by 


T m d* d* 
(£, y)m = j eee 3i) dt, forallz,y € H™([0, T]; C^). 
0 \k=0 


Now we define the boundary condition. Let R C C?™” be a given linear 
subspace. Let Hg denote the space which consists of all z € H™([0, T]; C") 
with 

dm-1 dm-1 


Let Qs, 0 € s € 1 be a continuous family of quadratic forms on R. Then 
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each Q, defines a quadratic form Q, on Hg by 


Q. 9) = Q (o0)... (0), T atr)... (1), 
m-—1 m-1 
(E (9)... (0) S (T)... (T))). 


where x,y € Hg. 
We define (cf. 82.2 in [16]) 


Ty, Q (2,9) = Tp, (2,9) — Qs (v, y). (11) 


When we consider the index form deduced from the calculus of variations, 
the boundary condition is defined by (10) (see 88 of [16] for details). In this 
case Qs is zero on R, and we denote Z,, 9, by Z,,,g. The central problem 
in this paper is to understand the Morse index of the form Z,, Q,, i.e., the 
maximal dimension of negative definite subspaces of the form Zp, Q,- As in 
81.2, we shall use the negative spectral flow —sf(Z,, g,} as the “difference” 
between the “Morse indices" of the forms Zp,,Q, and Z5,.Q,. 

Let Lp, denote the unbounded operator on L?([0, T]; C^) with domain 
H?"((0, T]; C”) defined for all x € H?"((0, T]; C^) by 


m 


(Lp. 2) = 3 C (mut 000). 


k,l=0 


Define R?"^?: and Wom(Qs) by 


pde CA e Cmn N (1) Gk kai) 


F e ™ (Tk, Y3m—k+1) 
k=m+1 


x Q:((z1, DE Tm), (yi; ears :J2m)) =0 
for all (y1,...,Yam) € R}, (12) 
Wom(Qs) = {(21, £2, £3, £4) € C4”; 21,20, 23,04 € C™, 
(£1, £3) e R22: (z2,24) € R} ] (13) 


If Q, is zero on R, we write 


Rin — RQ: and Wa, (R) = Wam(Qs). 
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For each z € H?"([0, T]; C^), let up, € H!([0, T]; C?"^) and u* 
0,..., 2m be defined by 


Up, x(t) = ( ls 1t). T OI 
dk 
it ot) = ag lt), k —0,...,m- 1, 


k= 


PaT? 


guis 2m 


už att) = > a dio k-2m (rapti t)— dtf 5^0). 


2m—k<asm 
o<ssm 


k=m,...,2m. (14) 
Let Ly, w;,,(Q,) denote the restriction of Lp, on the domain 
{x € H?" (9, T]; C^); (us, (0), up, s (T)) € Wam(Qs)}- 


If Qs is zero on R, we denote Ly, Wm(Qs) by Lo, w,,, (ny. By Proposition 
6.1 in [16], all self-adjoint boundary conditions of Lp, arise in this way. 
By Lemma 3.5 in [11], Lp, Wam(Qs) 0 € s € 1 is a continuous family 
(in the gap norm sense) of unbounded self-adjoint Fredholm operators. 
We will consider the negative spectral flow —sf(L,, w,,,(Q,)} of the path 
Up, was (Qa) } 

Let Jamn € GL(2mn, C) denote the matrix (j141)4,—0,...,2m-1, where 
jki = On for k +14 2m — 1, jey = (—1) *" T, for k+l = 2m — 1, and 
we denote by J, and 0, the identity matrix and the zero matrix on C^? 
respectively. When there is no confusion, we will omit the subindex n of I, 
and On. Set 


d" 
dt n 


From (14), we can define the matrices U(p,(t)) and V (p,(t)) for each (s,t) € 
[0, 1] x [0, T] by 


T 


Up, x = (up as tt up os to,c = ( Pata 


Up, x(t) TN U (ps(t))uo,« (t), o, (t) = V (ps(t))up, s (t). (15) 


Let O2m,n € gl(2mn, C) denote the matrix (6%,1)k,1=0,....2m—1, where 94,1 = 
On for k +1 4 2m — 2 or one of k = l = m — 1, Opu = (—1)**"*! T, for 
k -- 0 — 2m — 2 and k,l #4 m-—1. For each (s,t) € [0,1] x [0, T], define the 
matrices P(p,(t)) and b(ps(t)) in gl((m + 1)n, C) by 


P(p«(t)) = (Pk (s, t))k,t=0,....m (16) 
b(ps(t)) = Oom,n T diag(Om .1)n; P(ps (t))), (17) 
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where 
Po,o(s; t) = Pm,m(S, i, 
Po,1(s,t) = —Pm,m(S, t) ! pm,m-i(s, t), 
Pk o(s, t) = —Pm-k,m(S, t)pm,m(s, 0-5 
Pya(s, t) = Pm -k,m-A(8, t) = Pm—k,m(8, t)Pm,m(S, t) Pm,m-ı(8, t) 


for k,l = 1,...,m. For each s c [0,1], let yp, (t) denote the fundamental 
solution of the linear Hamiltonian system 


ù = Jam, nb(ps ju. (18) 


Then Jp, (t) are symplectic matrices and we can associate the symplectic 
path Yp, (t), 0 < t < T with the Maslov-type index iw,m(Q.){Yp.(t)} for 
each fixed s € [0, 1] (see Definition 4.6 below). 

In this paper we want to address the following problems for the even 
order case: 


(I) Give the relationship between the integers iw, (Q,) (p, (t)], 
—sf{Zp,,q,} and —sf(L,, w,, (Q,)) for0 € s € 1. 
(IT) Calculate tWom(R) {po} for po(t) = diag(po,o(0; t), Omn). 
(III) For two different choices of the frame e, the resulting index forms 
Tp,,R defined by (11) will look differently. In this case, calculate the 
difference between the resulting integers Zw, (n) pi }- 


The following three theorems solve the above problems. 


Theorem 2.1. Letsf(Z,, Q,,0 € s € 1) denote the spectral flow of Tp, Q.» 
Sf(Ls, Wom(Qe)19 € s € 1} denote the spectral flow of Lp, Wam(Q,)1 and 
iw, (Q,) {Ypa} denote the Maslov-type index of Yp, defined below. Then we 
have 


~—sf{Zp,.9,,0<s<1}= —sf{Lp, Wam(Qs)19 LS <1} 
> 1 Wom (Qi) (Ym) ime Wom (Qo) (Ypo) (19) 


Assume that po(t) = diag(pmm(0,t),Omn) for all t € [0,T]. Then we 


have (P(po))(t) = (po(t))~*, 6(po)(t) = (bx,1(t)) kl=0,...,2m—1, and y, (t) = 
(¥n,t(t)) k,t=0,...,.2m—1, where bkalt) = On for k — 0 £z 1, by(t) = In for 
k—l1-— 1 and k Æ m, bmm-i(t) = (py,m(0,0) 5, Yka(t) = 0 for k < l, 
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a4 (£) = dein for k > Land k < m— 1, or k > Land l > m, and 


^f (£) 
1 


i tk—m ti i 
= pow | Wm epe dod Hom -1 
mato s f dtr-m~1 J to (Pm,m(0, to)) ~ dto 


= E T J, E 9 ess) 


for k> m and | € m — 1. 

The form of our symplectic path Ypo (t) looks rather complicated. We 
will consider the following more general situation to simplify our problem. 

Let K € GL(n,C). Set Jy = e 2 ) Then (C?^, (Jg.,-)) is à 
Mii(t) 0 ) ; 

i ,0€t € T be a path in 
M2 (t) Mo,2(t) P 
GL(2n, C) with M2,2(t)* K Mı 1 (t) = K and M1, (t)* K* M2, (t) self-adjoint 
for each t € [0,T]. Then ^(t) is a symplectic path, i.e., y(t)*JKy(t) = Jg. 
Let R C C?" be a given linear subspace. Define RX and Wg(R) by 


symplectic space. Let y(t) = ( 


RK = { (x1, £2) € C?^; (Kz1,91) — (Kz5,y3) 20 


for all (y1, y2) € R}, (20) 
Wx(R) = ((z1,22,23, 24) € C4"; £1, £2, 23, z4 € C^, 
(21,23) € Be (£2, £4) € R} . (21) 


Theorem 2.2. For the symplectic path y and the Lagrangian space Wx (R) 
defined above, we have (denoting graphs by Gr(-)) 
dim(Gr(4(t)) N Wx(R)) — dim ker (Mi (T)*K*M2,1(t))|sqy) 
+dim S(t) + dim(Gr(I,) n R) 
—dim(Gr(In) ^ RÉ), (22) 
iw, (p(y) = m* ((Mi i (T)*K* Mos (T))| scr) 
—m* ((Mia(0)* K* M»,3(0))|s(o)) 
+ dim S(0) — dim S(T). (23) 
Here m* denotes the Morse positive indez defined below in (30), and 


S(t) = {x € C"; (x, Mii(t)z) € R*}. 


In our case, set Kinn = (Kx,1)k,t=0,....m—1, Where ky = On fork +1 
m — 1, ky, = (-1)!L, for k+l = m — 1. Then we have Rmn = Rims 
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and Wan(R) = Wx,,,,(R). Moreover for the symplectic path y = Yp(0), 
the block M; 1(T)* K}, nM2,(T) is given by 
k,lz0,...,m-1 


T 
CE EE j^ NM IR) 
(24) 


As a special case, we get the following higher order generalization of 
Theorem 4.3 in J. J. Duistermaat [15]. 





Corollary 2.1. Assume that pm,m(1,t) is positive definite for each t € 
(0, T]. Then we have 


m. (Zpi,Q1) =m (Lp, Was (Q1) = iWam (QU pi) — dim $, (25) 
where m^ denotes the Morse (negative) index defined below in (30), and 
S = (x € C"":(z,x) c R2"), 


Now we consider the third problem. Then m — 1 and everything is real. 
Let a(t) be a C! path in GL(n, R), and 
Ri = ((z,y) € R^; (a(0)z, a(T)y) € R}. 
After the change of the frame e + a*^ le, we have x + az and the quadratic 
form Zj,,g is changed to the restriction of the form Zi(az,ay) on Hg. 


Then, like in (8) we get the corresponding p’, q' and r’. Set py = e ‘) 


/ / 
and pj = ee 2) Let yp, and yp, be defined by (18). Then we can 


prove 
Yp, = diag(a*,a~')yp,diag(a(0)*~!, a(0)). (26) 
Theorem 2.3. Let ass 0<t<T be a path in GL(n, C), and 
= ((z,y) € C?^; (a(0)x, a(T)y) € R}. 


Let y be a symplectic path, i.e., y(t)*Jany(t) = Jon for all 0 € t € T. 
Define the symplectic path y' by 


>! = diag(a*, a^ oy, diag(a(0)*-", a(0)). (27) 
Then we have 


imr) (Y) -iwr (7) = dim(Gr(,)n QU )?^)) —dim(Gr(In) OR”). (28) 
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The proof of the preceding three theorems and of Corollary 2.1 will be 
postponed to Section 5. It depends on the subtle relationship between two 
concepts, namely the spectral flow and various types of the Maslov index 
which we shall discuss in the following two sections to some detail. 


3. Spectral flow 
3.1. Definition of the spectral flow 


Roughly speaking, the spectral flow counts the net number of eigenvalues 
changing from the negative real half axis to the non-negative one. The 
definition goes back to a famous paper by M. Atiyah, V. Patodi, and 
I. Singer [4], and was made rigorous by J. Phillips [28] for continuous paths 
of bounded self-adjoint Fredholm operators, by K. P. Wojciechowski [36] 
and C. Zhu and Y. Long [39] in various non-self-adjoint cases, and by 
B. Booss-Bavnbek, M. Lesch, and J. Phillips [8] in the unbounded self- 
adjoint case. 

Let X be a complex Hilbert space. For a self-adjoint Fredholm operator 
A on X, there exists a unique orthogonal decomposition 


X = X*(A) o X°(A) o XT (A) (29) 


such that X *(A), X°(A) and X-(A) are invariant subspaces associated 
to A, and A|x+(4), Alxoca) and A|x-(Ay are positive definite, zero and 
negative definite respectively. We introduce vanishing, natural, or infinite 
numbers 


m* (A) := dim X * (A), m°(A) := dim X?(A), m^ (A) := dim X^ (A), 
(30) 
and call them Morse positive index, nullity and Morse index of A 
respectively. For finite-dimensional X, the signature of A is defined by 
sign(A) = m*(A) — m" (A) which yields an integer. The APS projection 
QA (where APS stands for Atiyah-Patodi-Singer) is defined by 


Qa(zt +r? +T) :=at+2°, 


for all at € X*(A),zo € X? (A, z7 € X- (A). 

Let {A,}, 0 € s < 1 be a continuous family of self-adjoint Fred- 
holm operators. The spectral flow sf(.A,) of the family should be equal 
to m^ (Ao) — m (A41) if dim X < +00. We will generalize this definition 
to general Banach space X and general continuous families of admissible 
operators to be defined below. 
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Our goal is to minimize the assumptions for defining a spectral flow. We 
pursue two aims: (i) We provide the same frame for continuous paths of 
(not necessarily bounded) self-adjoint Fredholm operators and continuous 
paths of unitary operators which are Fredholm perturbations of the identity. 
(ii) We neglect completely any global picture of the spectra and restrict our 
special attention to a bounded region of C. 

We shall admit that we could do the applications in this paper indepen- 
dently of (1) and (ii). We could exploit the exponential transformation for 
relating Fredholm operators and unitary operators, as in Booss-Bavnbek 
and Wojciechowski [9], Chapter 16 and Definition 17.9 and Kirk and Lesch 
[23], Section 6; and we could exploit global properties of the spectrum, in 
particular, that the spectrum is discrete and rapidly growing as for all ellip- 
tic operators, and corresponding nice properties of the Lagrangians popping 
up in our applications. We, however, prefer to do it our way. 

Let X be a complex Banach space. We denote the set of closed, 
bounded, and compact operators on X by C(X), B(X) and K(X) respec- 
tively. We will denote the spectrum, the resolvent set and the domain of 
an operator A € C(X) by c(A), p(A) and dom(A) respectively. Let N be 
a bounded open subset of C and A € C(X). If there exists a bounded 
open subset N C N with C! boundary ON such that ON N o(A) = Ø and 
N no(A) C N, we define the spectral projection P(A, N) by 


P(A, N) := -z fa (A-I) de. 


The orientation of ON is chosen to make Ñ stay on the left side of ON. 
Inspired by [28], we find that the necessary data for defining the spectral 
flow are the following: 


e à co-oriented bounded real 1-dimensional regular C! submanifold £ of 
C, closed or with 2-point boundary £X £ where £ denotes the closure 
of £ in C (we call such an £ admissible, and write £ € A(C)); 

e a complex Banach space X (for real X, we consider X (9) C); 

e and a continuous family (in the gap norm sense) of admissible oper- 
ators As, 0 < s € 1 in A(X). 


Here we define A € C(X) to be admissible with respect to £, if there 
exists a bounded open neighbourhood N of £ in C with C! boundary ON 
such that (i) ON 1o(A) = 0; (ii) Nne(A) C £ is a finite set; and (iii) 
P(A, N) is a finite rank projection. 

Then P(A,N) does not depend on the choice of such N. We set 
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P9(A) := P(A, N) and call vh e(A) := dimim P?(A) the hyperbolic nul- 
lity of A with respect to £. We denote by Ag(X) the set of closed admissible 
operators with respect to £. It is an open subset of C(X). 


Example 3.1. a) In the self-adjoint case, £ = V/—1(—e, €) (€ > 0) with co- 
orientation from left to right. Then a self-adjoint operator A is admissible 
with respect to £ if and only if A is Fredholm. 

b) Another important case is that £ = (1 — e,1-- €) (e € (0,1)) with 
co-orientation from downward to upward, and all A, unitary. A unitary 
operator A is admissible with respect to £ if and only if A — I is Fredholm. 


Similarly as the definition in [28, 39], we can define the spectral flow 
sfe{ As} as follows. It counts the number of spectral lines of A, coming 
from the negative side of £ to the non-negative side of £. 

For each t € [0, 1], there exist bounded open subsets N;, N7 of C such 
that c(A;)) NON, = 0, (A) n£ C NNl, Ne= Ni U(N,NOUN, isa 
disjoint union, N;* stays in the positive (negative) side of £ near N;£, and 
P(A, N;) is a finite rank projection. Then c(A;)  (QN;U (X (N;£))) = 0. 
The set (ON; U (VN (Ne £)) is compact since it is a bounded closed subset of 
C. Since the family {A,}, 0 € s € 1 is continuous, there exists a ó(t) > 0 
for each t € [0,1] such that 


a(As) n (ON; U(2\ (NN 2£))) =@ forall s € (£—6(t),t4- ó(t) n [0, 1]. 
Then c(A,) n £ C NiN £, and 
{P(As, No hetae for fixed t € [0, 1], 


is à continuous family of projections. By Lemma 1.4.10 in Kato [22], the 
operators in the family have the same rank. Since [0,1] is compact, there 
exist a partition 0 = 89 < ... < s, = l and ty € [sy, 8441], k = 0,...,n—1 


such that [sx, $441] C (tk — o(tk), tk + ó(t&)) for each k —0,...,n — 1. 


Definition 3.1. Let £ € .A(C) be admissible and let {4s}, 0€ s € 1 bea 
curve in A(X). The spectral flow sf;(A4,) of the family {As}, 0€ s € 1 
with respect to the curve £ is defined by 
n—1 
sfe( As) = V ^ (dimim P(A,, Ng) - dimim P(A,,,, N,)). — (31) 
k=0 
The spectral flow has the following properties (cf. [28] and Lemma 2.6 
and Proposition 2.2 in [39]). 
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Proposition 3.1. Let £ € A(C) be admissible and let {As}, 0 € s € 1 be 
a curve in Ag(X). Then the spectral flow sfe{A,} is well-defined, and the 
following properties hold: 
(i) Catenation. Assume t € [0,1]. Then we have 
sfe{4s;0 < s < t} +sfe{As;t < s <1} = sf (AS 0x s 1). 

(ii) Homotopy invariance. Let A(s,t), (s,t) € [0,1] x [0,1] be a contin- 
uous family in Ae(X). Then we have 

sfe{ A(s, t); (s, t) € O((0, 1] x (0, 1])) = 0. 
(iii) Endpoint dependence for Riesz continuity. Let B(X), respec- 
tively C9*(.X) denote the spaces of bounded, respectively closed self-adjoint 
operators in X. Let 

R:C® — B*(X), Am A(A? + I)7? 
denote the Riesz transformation. Let A, € C**(X) for s € [0,1]. 
Assume that (R(A,)) is a continuous family. If m (Ao) < +00, then 
m (A1) < +00 and we have 
sf{A,} = m^ (Ao) — m^ (A1). 

(iv) Product. Let (P,) be a curve of projections on X such that 
P,A, C A,P, for all s € [0,1]. Set Qs = I — P,. Then we have 
P,A,P, € Ae(im P) C C(im Ps), QsAsQs € Alim Qs) C C(im Qs), 
and 

sfe{As} = sf (PA, Ps} + sfe{QsAsQs}. 
(v) Bound. For A € A(X), there exists a neighbourhood N of A in C(X) 
such that N C A(X), and for curves {As} in N with endpoints Ag =: A 
and A; =: B, the relative Morse indez Ip(A, B) := —sfe{As,0; < s € 1) 
is well defined and satisfies 

0 € (A, B) € vahel A) — vh el B). 

(vi) Reverse orientation. Let Ê denote the curve L with opposite co- 
orientation. Then we have 

sfe{ A.) + sf;(4.] = Vpe(A1) — Vp. £( Ao). 
(vii) Zero. Suppose that the hyperbolic nullities vi e(As) are constant for 
s € [0,1]. Then sf;(A,) = 0. 
(viii) Invariance. Let (T;),e(o1j be a curve of bounded invertible opera- 
tors. Then we have 


sfe{T7 I A,T,) = sfe{As}. 
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Proof. We shall only prove that the spectral flow is well-defined. The 
proof for the rest of the proposition is the same as that in [28] and Lemma 
2.6 and Proposition 2.2 in [39] and is omitted. 

Since two different partitions of [0, 1] have a common refinement, we 
only need to prove the following local result: 

Claim. Let Nj, NË, l = 1,2 be open subsets in C. Assume that for 
all s € [0,1] and l = 1,2, we have o(A,)NOM = 0, e(A,) NEC Ni £, 
Ni = NE U (M A 8U NT, NË stays on the positive (negative) side of £ 
near N; N £, and P(As, Nj) is a finite rank projection. Then we have 

dimim P(Ao, NI ) - dimim P(A1, Ni) 
= dimim P(Ao, Nz ) — dim im P(A;, Nz). 


In fact, our assumptions imply 
o(As) NON, \ Ny) = o(As) NO(Nz V Ny) = 0. 


Then P(A;, Ny; NN5 ) and P(A,, N3 XN; ), s € (0, 1] are continuous families 
of projections. By Lemma L4.10 in Kato [22], im P(Ai, Nj \ Ny) and 
im P(A;, Nz \ N, ) are constants. So we have 


(dim im P(Ao, Nj) — dimim P(A, Nj )) 

— (dimim P(Ao, Ny) — dimim P(Ai, N3 )) 
= (dim im P(Ao, N; ) — dimim P(Ao, N3 )) 

— (dimim P(A;, Nj") — dimim P(A;, N7)) 
= (dimim P(Ao, Nr V N3 ) - dimim P(Ao, N V N7)) 

— (dimim P(A1, NI V Ny) — dimim P(A;, Ny V Np)) 
=0. 


Thus our claim is proved. a 


Remark 3.1. In (iv) of the above proposition, we allow the Banach space 
im P, to vary continuously. By Lemma 1.4.10 in [22], for t € [0,1] being 
close enough to s, there is a continuous family of invertible operators Us, € 
B(X) such that 


PU, t = Us tPs, Ust —> I, ast s. 


So locally we can define the spectral flow of B; € C(im P,) as that of 
U; t BUs: : im P4 — im P, (s fixed), and globally patch them together. 
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3.2. Calculation of the spectral flow 


In this subsection we shall give a method of calculating the spectral flow of 
differentiable curves, inspired among others by J.J. Duistermaat [15] and 
J. Robbin and D. Salamon [32]. 

Let X be a complex Banach space, N C N be bounded open subsets 
of C, and y be a closed C! curve in C which bounds Ñ. Let As, s € 
(—€, €), where e > 0, be a curve in C(X). Assume that y 1o(A,) = 0 and 
Nno(A,) cC N forallsc (—e,€). Set A := Ao, P, := P(A,, N), and 
P := Po. Assume that im P C dom(A,) for all s € (—e,c), im P isa 
finite dimensional subspace of X, and #|,-0(AsP) = B (in the bounded 
operator sense). Let f be a polynomial. Then P,f(A,)P;, s € (—€,€) is a 
continuous family of bounded operators, and 


1 zs 
PAP, = 5s I FOA -= E-tag. (32) 


Since Ps, s € (—€,€) is a continuous family, we have ||P, — P|| < 1 if |s| 
is small. For such s, set R, = (I — (P, — P)?)-2. Since P(P, — P)? = 
(P, — PP and P,(P, — P? = (P, — PP P,, we have R,P = PR, and 
RQP,- PRs. Set 


U! = P,P + (I — PJ)(1 — P), U, = U!Rs, 
V,=PP,+(I-P)I-P,),  Ve=V,Re. 


Then we have 


U,V, = WU; =I, 
U.P = P,U, = P,R,P, 
PV, = VPs = PRPs 


Lemma 3.1. We have 
d 1 
—-|s-0(U; +P, APU) = zo A-—CI)PB(A~¢17'd¢. (33 
7s! o( s ) 2n /—1 MS CI) ( ¢ ) ¢ ( ) 
If (PAP)(PB) = (PB)(PAP), then we have 
d d 
js o (PSP) =0, and qlo (Us  PAP,U,) = PB. (34) 


Proof. By the definition of U, and V, we have 


U; | P,A,B,U, = V,P,A,P,U, = PRP, AP, RaP. 
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By (33) we have 
(P,f(As)Ps — Pf(A)P)P 
"LIA [ KA. = GD)7(A,P- AP)A-CID-de. — (38) 





Since Ás, s € (—e,€) is a curve in C(X) and im P has finite dimension, we 
have 


dle) = rm f KOA- BA- cnc. 9) 


Take f — 1, we have that 4 |,-0(PsP) exists. By the definition of R, we 
have £ |s=0(RsP) = 0. Hence we have 


d d 

j; Iso (Us PLASPUU,) = Gg |8=0(PRsPsAsPsRsP) 
Sleee((R, PP AP, PG P) 

-1 -1 
m zu | SPA GI) B(A — G1) PdG 
-1 -1 

xy | (A - CD)! PB(A - CI)^!dc. 
In the case of (PAP)(PB) — (PB)(PAP), we have 


d 1 
—|e=-0(P,P) = 2 Bdt = 
PA o( ) 2 Nasa ¢ 0, 





and 


d 
js le oU, ' PsAsPsUs) = 





1 -2 
XJ f CP(A — CI) ? Bac 


= 1 = ca v. = -1 
"AA l (PA(A ~ CI)? — P(A — CI)7!) Bal 
= P?B = PB. o 





Proposition 3.2. (cf. Theorem 4.1 in [39]) Let X be a Banach space and 
£ be a bounded open submanifold of \/—1R. with co-orientation from left to 
right. Let As, —€ € s € e (e » 0), be a curve in Ag(X). Set P = PP (Ao), 

= Ag. Assume that im P C dom(A,) and B :— | ,-0(AsP) exists. 
Assume that 


(PAP)(PB) = (PB)(PAP), (37) 
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where PAP, PB € B(im P), and PB : im P — im P is hyperbolic, i.e., 
o(PB)N(/—1R) = 9. Then there is a ó € (0,€) such that vn e(As) = 0 for 
all s € [-6,0) U (0, 6] and 
sfp{A,;0 < s < ô} = -m (PB), (38) 
sfe{A,;-6 < s < 0} = m* (PB). (39) 
Here we denote by m* (PB) (m~(PB)) the total algebraic multiplicity of 
eigenvalues of P.B with positive (negative) imaginary part respectively. 


Proof. We follow the proof of Theorem 4.1 in [39]. Since A € Ag(X), there 
exist bounded open subsets N and N* of C such that N = Nt U(Nn4£Z)U 
N-, N* stays on the right (left) side of the imaginary axis, o(A) C NAE, 
c(A) 1 ON = 0, and P(A, N) = P. Since As, s € (—e,c) is a continuous 
family in C(X), c(A;) N (ƏN U (£N (N N £))) = 0 for |s| small. For such s, 
let P, be defined in Lemma 3.1. Then ||P, — P|] < 1 for |s| small, and Rs 
and U, in Lemma 3.1 are well-defined for such s. Then we have 


o(As)N£C o(As) NN = o(U; ! P,A,P,U,). 

Now we work in the finite dimensional vector space im P. Since PB 
commutes with PAP, we can assume that they are both in Jordan normal 
form. Then P(A4- sB)P is also in Jordan norm form for each s. By Lemma 
3.1, we have 2. |,-o(U; ! P,A, P,U;) = PB. Then there exists a 6 € (0, €) 
such that U; ! P, A,P,U, are hyperbolic for all s € [—6,0) U (0, 6], and 

m` (U;!|P,A,P,U,) = m (PB) for all s € (0,6], 
m-(U;|P,A,P,U,) = m*(PB) for all s € [—6,0). 
Then our results follow from the definition of the spectral flow and the fact 
that 


dimim P(A,, N^) = m (U; P,A,P,U,) forallse[-6,0)0(0,6]. o 


3.3. Spectral flow for curves of quadratic forms 


Let X be a complex Hilbert space and £ = J/—1(—e,c) (e > 0) with co- 
orientation from left to right. Let A,, 0 < s € 1 be a curve of closed 
self-adjoint Fredholm operators. We will denote sfe{A,} by sf(A.]. 


Lemma 3.2. Let X be a Hilbert space. Let As, 0 < s < 1 be a curve 
of (not necessarily bounded) self-adjoint Fredholm operators. Then for any 
curve P, € B(X) of invertible operators, we have 


sf{P,P*A,} = sf{P*A,P,} = st(A,). (40) 
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Proof. Since A, is a curve of (closed) self-adjoint Fredholm operators and 
P, is a curve of bounded invertible operators, the families P*A,P, and 
P,Pž As, 0 € s < 1 are curves of closed Fredholm operators. By (viii) of 
Proposition 3.1 we have 


sf{P,P*A,} = sf(P,(PT A,P,)P; 1) = sf(PIA,P,). (41) 


Since P? A,P, are self-adjoint Fredholm operators and dim ker(P7 AR aL 
dim ker A;, we have 


sf{P*A,P,} = sf{Px As Po} + sf{P3 ALES) 
= sf(Pj A Po} = sf {P} AsPi}. (42) 


Let Q,, 0 € s € 1 bea curve of bounded positive definite operators on 
X with Qo = I, Q? = PoP. By (41) and (42) we have 
sf{P*A,P;} = sf{P AsPo} = sf(PoP5 As} = sf(Qi ASQ) 
= sf{QoAsQo} = sf{A,}. o 


The above lemma leads to the following definition. 


Definition 3.2. Let X be a Hilbert space. Let Zs, 0 < s € 1 bea curve of 
bounded Fredholm quadratic forms, i.e., Z;,(z, y) = (Asx, y) x for all 
x,y € X, where As, 0 < s € 1 is a curve of bounded self-adjoint Fredholm 
operators, and (:,:) x denotes the inner product in X. 


(a) The spectral flow sf{Z,} of Z, is defined to be the spectral flow 


sf(A,]. 
(b) If A, — Ao is compact, the relative Morse index I(Tọ, T1) is 
defined to be the relative Morse index J(A9, A1) :— —sf(Ao + 


s(A1— Ap;0 € s <1}. 
Based on this notation we have the following lemma. 


Lemma 3.3. Let X be a Hilbert space. Let A, € B(X), 0x s€ 1 bea 
curve of self-adjoint Fredholm operators and 1, be quadratic forms defined 
by Z,(z,y) = (Asx, y) for all x,y € X. Assume that P, € B(X),0<s<1 
is a curve of operators such that P2 = P, and T,(z, y) = 0 for all x € im Ps, 
y € im Qs, where Qs = I — P,. Then we have 


sf{Z,} = sf{Zslim p,} + sf{Zslim Q; }- (43) 
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Proof. Set Rs :— P*P,+Q*Qs, s € [0,1]. Since P, -- Q, = I and P? = I, 
we have 


I I I 
==+2(=-—P*)(~-P,;)>0. 
Ry = 5 +205 — PIG P) 
Consider the new inner product (Rsx, y), x,y € X on X. For this inner 
product P, is an orthogonal projection, i.e. RsP; = PRs. 
Now we work in the Hilbert space X with the new inner product. So 


we can assume that P, is orthogonal. By the fact that im P, and im Qs 
are Tp, orthogonal, we have P,A,Q, = Q,A,P; = 0. Then we have 


A, = (Ps + Q;)As(Ps + Qs) a P,A,P, + QsAsQs. 


So P, As = A,P,. By (iv) of Proposition 3.1, P,AsPs is a Fredholm operator 
on im P,, Q,AsQ; is a Fredholm operator on im Q,, and we have 


sf{Z,} = sf(A;) 
= sf( P,A,P, : im P, —^ im P,} + sf{QsAsQ, : im Q, — im Qs} 
= sf (Z.lim P, } + sf{Zs|im Q} m 


Lemma 3.4. Let X be a Hilbert space and M a closed subspace of fi- 
nite codimension. Let A € B(M) be a self-adjoint Fredholm operator and 
T(x,y) = (Az, y) for all x,y € M. Let Nı and N3 be subspaces of H such 
that X -MONi—- M @ Nə. Define Tp on H, k =1,2 by 


T(x +u, y +v) = (Az,y), for allz,y € M andu,v € Nx. 
Then we have I(Z1,T2) = 0. 


Proof. Let No denote the orthogonal complement of M. Set Ag = 
diag(A,0) under the direct sum decomposition X = M @ No. Define Zo 
and Ai, Ag by Tk(x,y) = (Agz,y), for all z,y € H, where k = 0,1,2. 
Let B : Ni — No be a linear isomorphism. Define P; € B(X) by 
P(x +y) = xz + By for all x € M, y € Ny. Then P, is invertible, P; — I 
is compact, and A; = Py AopP;. So A; — Ap is compact. Let P, € B(X), 
0 € s € 1 be a curve of invertible operators such that Py = I and P; — I 
are compact. By the definition of the relative Morse index and Lemma 3.2, 
we have 


I(1o,1i) = I(Ao, A1) = I(Ao, A1) = —sf(P7 Ao Ps} 
= —sf {A0} =0. 
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Similarly we have that Ap — Ao is compact and Z(Ao, A2) = 0. So Ap — Ay 
is compact, and 


I(71,12) = I(To, T2) — I(Zo, Z1) = 0. d 


The following proposition gives a generalization of a formula of M. 
Morse, more specifically, of Proposition 5.3 in [1]. 


Proposition 3.3. Let X be a Hilbert space and A € B(X) be a self-adjoint 
Fredholm operator. Let P be an orthogonal projection with ker P of finite 
dimension. Let I denote the quadratic form on X defined by Z(z,y) = 
(Az,y), x,y € X. Set M = im P and let N denote the T-orthogonal 
complement of M, i.e., N = {x € X; (zx, y) = 0 for all y € M). Then we 


have 


I(PAP, A) = m" (Z|w) + dimkerZ|w — dim kerZ. (44) 


Proof. Since PAP — A is of finite rank, sPAP + (1 — s)A, 0€ s Lis 
a curve of self-adjoint Fredholm operators. We divide our proof into four 
steps. 

Stepl. Assume that ker A = {0}. Let Mo = kerZ|w, Mı denote the 
orthogonal complement of Mo in M, and Po, P, denote the orthogonal 
projection onto Mo, Mı respectively. Then P = P + Py. Since AM is 
of finite codimension and Mo = (AM)- M, Po is of finite rank. Let Ni 
denote the Z-orthogonal complement of Mi. Since M = Mo + Mi, we have 
Mı N Nı C Mo. So Mi NN, = (0). Moreover we have 


dim N; = dim ker(AP;) — ind(APi) = dim ker P, — ind A — ind Pj 
= dim ker P, < +00, 

where we denote the index of a Fredholm operator A by indA. So X = 
Mı 6 Ni. Since Z is nondegenerate, Z|, is nondegenerate. 

Let 74 be defined by Z1(z4-u, y--v) = Z(z, y) for allz,y € Mi, u,v € Ni. 
By Lemma 3.3 and Lemma 3.4 we have 

I(PAP, A) = I(PAP, P AP) + I(P AP, A) = I(P AP, A) 

—-I(h,1)- I(Tilm Tlm) + T(Zi\n,,Z|n,) = m" (Z|w;). 

Step 2. Equation (44) holds if ker A — (0) and N C M. In this case, 

Mo = N C M, m` (T|n) = 0 and kerZ|N = N. For each x € N; such that 


I(z,y) = 0 for all y € N, we have Z(z, y) = 0 for all y € Mı and hence 
for all y € M. Then z € N. Thus N is the Z|w,-orthogonal complement 
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of N. N, has an orthogonal decomposition N; = N+ @ N- such that N+ 
and N- are Z-orthogonal, Z|y+ > 0 and Z|y- < 0. Let P+ denote the 
orthogonal projections onto N+. Then P£|y, are isomorphisms. So we 
have dim N; = 2dim N = 2m (Z|w,). By Step 1 we have 


I(PAP, A) 2 m (Z|u,) 2 m (Z|w) + dim ker Z|y — dim kerZ. 
Step 3. Equation (44) holds if M + N = X. In this case we have 
kerZ|y = kerZ = MON. 


Firstly we assume that ker A = (0). Then Mo = {0}, Ni = N and 
kerZ|w = kerZ = {0}. By Step 1, equation (44) holds. 

In the general case, we apply the above special case by taking the quo- 
tient space with ker A and get I(PAP, A) = m" (I|w). 

Step 4. Equation (44) holds. 

Firstly we assume that ker A = (0). Let Q denote the orthogonal 
projection onto M + N. Then the Z-orthogonal complement of M + N is 
ker Z|w. By Step 2 and Step 3 we have 


I(PAP, A) = I(PAP, QAQ) + I(QAQ, A) = m" (Z|n) + dim ker Z|y. 


In the general case, we apply the above special case by taking the quo- 
tient space with ker A and get equation (44). a 


3.4. A spectral flow formula 


The aim of this subsection is to prove Proposition 3.4 below. It can be 
deduced by Proposition 3.3 in the finite dimensional case. 

Let Xx, Yk, k = 1,2 be Banach spaces. Define the map D : B(Xi,Yi) x 
C(X2, Y1) X C(X1,Y2) x B(Xa, Y2) — C(Xi Q X2, Y1 ® Y?) by 


Au > 


D(A11, A12, Aoi, A22) = ce Pe 


Lemma 3.5. The map D is a well-defined continuous map. 
Proof. Our result follows from the fact that 
Gr Ve a " ( Ixix: 0 Je( 0 2) 
Agi A22 diag(A11, 422) Iy,ev; An 0 J` d 
Lemma 3.6. Assume that Ai, € B(X1,Yi), Ai? € C(X2, Y1) and Azı € 


C(X1, Y2). If Ai? and Asi are Fredholm operators, then the operator 
D(A11, A12, À21,0) is Fredholm. 
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Proof. We divide the proof into two steps. 

Stepl. dim X; < +00 and Y; = (0). 

In this case we have ker(A11, A12) C X1 @ ker A312 and im (A11, 412) D 
im Aja. Since A12 is Fredholm, (Aii; A12) is Fredholm. 

Step 2. The general case. 

Set X19 :— ker Agi and Yo; :— im A21. Since Agi € C(X1, Yo) is Fred- 
holm, Xio is finite dimensional and Y; is closed with finite codimension. 
Then there exist a closed subspace X11 of X4 and a closed subspace Yoo of 
Yə such that 


X; = X19 0 Xii, Y2 = Yoo 6 Yoo. 


Set Bor := Aai|x,,. Then Bo, € C(X21, Yo1) is injective and surjective. 
By the closed graph theorem, Bs! is bounded. Define the operator Ag; € 
B(Ys, X1) by Aa: := diag(0, B5j!). Define 


p. (Anta - Ao: A21) Ai2 
' Ag 0 


(t) (848). 


Then D € C(X1o 6 (X11 ® X3), Yı 6 Y2). By Step 1, D is Fredholm. Then 
our statement follows from the fact that 


es 23 = e 2 Gags — Ag, A21) ps 
Án E 


0 0 te Asi 0 o 


Lemma 3.7. Let X, Y be Hilbert spaces and H = X o6 Y. Let B; € 
C(X,Y), 0 € s € 1 be a curve of Fredholm operators. Let the operators 


D, € C(H) be defined by D, = (3 e» Then we have 


sf{D,} = dim ker B, — dim ker Bo. (45) 
Proof. By Theorem IV.2.23 in [22], B7, 0 € s < 1 is a curve of closed 
operators. 


Note that A € o(D,) if and only if à? € o(B*B,), and the algebraic 
multiplicities of them are the same if |A| # 0 is small. Moreover we have 


dim ker D, = dim ker B, + dim ker B7, 
indB, = indBo = dim ker B, — dim ker Bj. 
By the definition of the spectral flow we have 


sf{D,} = 5 (dim ker Dı — dim ker Dg) = dim ker B; — dim ker Bg. O 
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Lemma 3.8. Let X,Y be Hilbert spaces and H = XY. Let B € C(X,Y) 
be a Fredholm operator and A € B(X) be a self-adjoint operator. Define 


sA B* ; 
B 3 Then D,,O<s<lisa 


curve of self-adjoint Fredholm operators, and we have 


linear operators D, € C(H) by D, — ( 


dim ker D, = dim ker A|,er p + dim ker B* for alls € (0,1], (46) 
sf(D;) = =m” (Alxe: B). (47) 


Proof. By Lemmas 3.5 and 3.6, Ds, 0 < s < lisa curve of closed Fredholm 
operators. 
For each s € (0, 1] we have 


ker D, = {(x,y) € H; sAx + B*y = 0, Bz = 0} 
= ((z,y) € H;z € ker B,sAx = —B*y € im B* = (ker B)+} 
= ((r,y) € H; x € ker Aļker p, SAX = —B*y). 
Define o : ker D, — ker Alyer p. by y(x, y) = x for (zx, y) € ker Ds. Then o 
is a linear surjective map, and ker = (0) x ker B*. Then we get (46). 
Let Az € o(Di) be a spectral point of D, near 0 for t # 0 small. Then 
there exists (x+, y+) € H \ {0} such that D,(zi, yt) = At (zz, ye). Then one 
of the following cases holds. 
Case 1. A, = 0. In this case we have (z;,y:) € ker Di. The algebraic 
multiplicity of the eigenvalue 0 of D, is dim ker D+. 
Case 2. A, # 0 and Bx, = 0. In this case we have y; = 0 and 
tAx; = Atxi. Let P denote the orthogonal projection of X onto ker B. Then 


tPAPa, = Aux. So the total algebraic multiplicity of these eigenvalues A; 
of D, with such eigenvectors is 


m*(tPAP) + m- (tEPAP) = m*(AlkerB) + m^ (Alke 5). 


Case 3. A, # 0 and Bx, # 0. We denote by k; the total algebraic 
multiplicity of these eigenvalues of D, with such eigenvectors. Since D,, 
0 < s <1 is continuously varying, we have for t Z 0 small 


dim ker Do = dim ker D, + mt (Ajker p) +7 (Al ker p) + ki. (48) 
By (46) we have 


dim ker Do = dim ker D; + dim ker B — dim ker A|ker p 
= dim ker D; + m* (Alker p) + m^ (Alker B). (49) 


Then we have k, — 0. 
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By the definition of the spectral flow and the analysis of the three cases 
above we have 


sf{D,} = —m (Alxe n). oO 


Proposition 3.4. Let X, Y be Hilbert spaces and H = X o Y. Let B, € 
C(X,Y), 0 < s € 1 be a curve of Fredholm operators, and A, € B(X), 
0x s € 1 be a curve of self-adjoint operators. Define linear operators D, 


on H by D, — & a Then D, € C(H), 0 < s < 1 is a curve of 


(self-adjoint) Fredholm operators, and we have 
dim ker D, = dim ker Ag|ker B, + dim ker B7 for all s € [0,1], (50) 
sf{Ds} = m` (Aolxe Bo) 7 m^ (Ai ker Bi) + dim ker Bı — dim ker Bo. 


Proof. (50) follows from (46). Set Ds: = in B; 
8 


Lemmas 3.5 and 3.6, Dst, 0 € s,t € 1 is a continuous family of closed 
Fredholm operators. 
By Proposition 3.1, Lemmas 3.7 and 3.8 we have 
sf{Ds} = —sf(Do 0 < t€ 1} +sf{Ds0;0 € s <1} +sf{Di4;0 <t < 1} 
= m" (Ao|ker Bo) + (dim ker B1 — dim ker Bo) — m7 (A1|ker pi) 
= m (Aolke Ba) — m^ (Ai|xer B, ) + dim ker B4 — dim ker Bo. a 


for s,t € [0,1]. By 


4. Maslov-type index theory 
4.1. Symplectic functional analysis and Maslov index 


A main feature of symplectic analysis is the study of the Maslov indez. 
It is an intersection index between a path of Lagrangian subspaces with 
the Maslov cycle, or, more generally, with another path of Lagrangian sub- 
spaces. The Maslov index assigns an integer to each continuous path of 
Fredholm pairs of Lagrangian subspaces of a fixed Hilbert space with con- 
tinuously varying symplectic structures. 

Firstly we define symplectic Hilbert spaces and Lagrangian subspaces. 


Definition 4.1. Let H be a complex vector space. A mapping 
w:HxH-C 


is called à (weak) symplectic form on H, if it is sesquilinear, skew- 
symmetric, and non-degenerate, i.e., 
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(i) w(z,y) is linear in x and conjugate linear in y; 


(ii) w(y,z) = —w(y, z); 
(iii) HY := {x € H;w(z, y) = 0 for ally € H} = {0}. 





Then we call (H,w) a complex symplectic vector space. 
Definition 4.2. Let (H,w) be a complex symplectic vector space. 
(a) The annihilator of a subspace à of H is defined by 
A" := (y € H;w(z, y) = 0 for all z € A). 
(b) A subspace 4 is called isotropic, co-isotropic, or Lagrangian 
if 
ACA", NDA AES AY 


respectively. 
(c) The Lagrangian Grassmannian £(H,w) consists of all La- 
grangian subspaces of (H,w). 


Definition 4.3. Let H be a complex Hilbert space. A mapping w : H x 
H — C is called a (strong) symplectic form on H, if v(z,y) = (Jz, y) 
for some bounded invertible skew-symmetric operator J. (H,w) is called a 
(strong) symplectic Hilbert space. 


For the ease of application we have dropped the common additional 
assumption of unitary J yielding J? = —J in the preceding definition. 
Clearly, J? = —I can always be obtained by smooth deformation of the 
inner product of H, see [10], Lemma 1.6. 

Before giving a rigorous definition of the Maslov index, we fix the ter- 
minology and give a simple lemma. 

We recall: 


Definition 4.4. 


(a) The space of (algebraic) Fredholm pairs of linear subspaces of a 
vector space H is defined by 


FAQ) := {(A, 4) | dim (À N y) < +00 and dim(H/(A+p)) < +00} 
with 


ind(A, u) := dim(A p) — dim(H/(A + p)). 
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(b) In a Banach space H, the space of (topological) Fredholm pairs 
is defined by 


F?(H) := (0,1) € FA,(H) | p, and A-- C H closed}. 


We need the following well-known lemma (see, e.g., Lemma 1.7 in [10]). 


Lemma 4.1. Let (H,w) be a (strong) symplectic Hilbert space. Then 
(i) there exists an w-orthogonal splitting 
H-H*o6oH- 

such that —\/—1w is positive (negative) definite on H*, and we call 
it a canonical symplectic splitting; 

(ii) there is a 1-1 correspondence between the space U(H*,H~,w) of 
all U € B(H*,H-) with 

w(Uz,Uy) = —w(z,y), for all x,y € Ht 

and C(H,w) under the mapping U > L := Gr(U); 

(iii) if U,V € U(H*,H-,w) and À := Gr(U), u := Gr(V), then (A, p) 
is a Fredholm pair if and only if U — V, or, equivalently, UV-1 — I 
is Fredholm. Moreover, we have a natural isomorphism 


ker(UV ^! — I) e Ang. 


Definition 4.5. Let (H, (^, -).), s € [0,1] be a continuous family of Hilbert 
spaces, and w;(z, y) = (Js, y), be a continuous family of symplectic forms 
on H, i.e., {Aso} and {Js} are two continuous families of bounded invertible 
operators, where A, is defined by 


(z,y)s = (Asoz,y)o for allz,y €H. 


Let ((A5, u5)) be a continuous family of Fredholm pairs of Lagrangian sub- 
spaces of (H,(-,-)s,ws). Then there is a continuous family of canonical 
symplectic splitting 

H = H} H7 (51) 
for all s € [0,1]. Such H# can be chosen to be the positive (negative) 
space associated to the self-adjoint operator —/—1J, € B(H,(.,-),). By 
Lemma 4.1, A; = Gr,(U,) and us = Gr,(V;) with Us, V, € U(H}, H7 ,ws), 
where Gr, denotes the graph associated to the splitting (51). We define 
the Maslov index Mas{ às, us} by 


Mas{Xg, 4s} = —sf,{U,V, }, (52) 
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where £ :— (1 — €, 1 + €) with e € (0,1) and with upward co-orientation. 


Remark 4.1. For finite dimensional (H,w), constant us = uo, and a loop 
{As}, ie., for Ao = A1, we notice that Mas{A,, 4s} is the winding number 
of the closed curve (det(U; 'Vo)),cjoi]. This is the original definition of 
the Maslov index as explained in Arnol’d [3]. 


Lemma 4.2. The Maslov index is independent of the choice of the canon- 
ical symplectic splitting of H. 


Proof, Let H = HT. ® H,,, s € [0,1] with k = 0,1 be two continuous 
families of canonical symplectic splitting. For each s € [0, 1] and k — 0,1, 
set 


C)sk = (-V- luas.) ® (V -lulg-.). 
Then (H, (-,-)s,4) is a Hilbert space for each s € [0,1] and k = 0,1. Set 
(odse = (1— t) (s )s0 + Oy )o1 
for each (s,t) € [0,1] x [0,1]. For each (s,t) € [0,1] x [0, 1], define Js, € 
B(H) by 
w(x,y)s = (Jet, Yst for allz,y € H. 


Then Hg is the positive (negative) space associated with the self-adjoint 
operator —/—1J,,4 for each s € [0,1] and k = 0,1. Let H$, denote the pos- 
itive (negative) space associated with the self-adjoint operator —/—1J,, 
for each s € [0,1] and t € [0,1]. 

Let (As, Hs) be a continuous family of Fredholm pairs of Lagrangian sub- 
spaces of (H,w,). For each canonical symplectic splitting H = H " 18 Hzn 
we denote by U, and V, + the associated generated “unitary” operators of 
As and us respectively. We also denote by Mas; the Maslov index defined 
with (-,-)s for each t € [0,1]. By Proposition 3.1 we have 


Maso (As, Hs} — Masi (s Hs} = —sfe{Us,0V..0} + sfe(Usi Vii) 
= —sfe{Us V, ; (s, t) € 0((0,1] x [0,1])) = 0. o 
Corollary 4.1. (Symplectic invariance) Let (Hk, wsk), k = 1,2 be two 


continuous families of symplectic Hilbert spaces. Let M (s) € B(Hi, H3), 
0< s € 1 be a curve of invertible operators such that 


ws 2(Msx, Moy) =wsi(x,y) for allz,y € Hi and s € [0,1]. 
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Then for any curve (Ms), u(s)), 0 < s € 1 of Fredholm pairs of Lagrangian 
subspaces of Hi, 


Mas{M), My) = Mas(A, u}. (53) 


Proof. Let Hı = H i 19 H,' bea continuous family of canonical symplectic 
splittings of the family (H1, ws1), 0 € s < 1. Then Hz = HI. ® Hy, isa 
continuous family of canonical symplectic splittings of the family (H2, ws,2), 
0 € s € 1, where Hf, = M,Hj, and H,, = M,H,,. For each s € 
(0,1] and k = 1,2, we denote by Us, and V; the generating "unitary" 
operators of A, and ps, associated to the canonical symplectic splittings 
Hy = Hey ® H, , respectively. Then we have 


U,2 = M,U,1M; |, V2 = M,V,M;!. 
By the definition of the Maslov index we have 


Mas(MA, Mu} = —sfe{ (MUs 1M; )(M,V, 1M; )) ;0€ s 1) 
= —sfe{Us1V, 50 <s<1} = Mas{à, u}. a 


Now we give a method of using the crossing form to calculate Maslov 
indices (cf. [15], [32] and Theorem 2.1 in [7]). 

Let A = (A;)sepoi] be a C! curve of Lagrangian subspaces of (H,w). 
Let t € [0,1] and W be a fixed Lagrangian complement of A;. For v € X 
and |s — t| small, define w(s) € W by v + w(s) € As. The form 


Q(A,t)(u,v) <= Q(A, W, t)(u, v) = eleme, (9), for all u,v € A, 


is independent of the choice of W. Let {(As, us)}, 0 € s € 1 be a curve of 
Fredholm pairs of Lagrangian subspaces of H. For t € [0,1], the crossing 
form I'(A, p, t) is a quadratic form on A; N p defined by 


T(A, u, t)(u, v) = QA, t)(u, v) - Q(u,t)(u v), for all u,v E€ Aim. 


A crossing is a time t € [0,1] such that A; N ut # {0}. A crossing is called 
regular if l'(A, 4, 1) is nondegenerate. It is called simple if it is regular 
and A, N u is one-dimensional. 

Now let (H,w) be a symplectic Hilbert space with w(z, y) = (Jz, y), for 
all z,y € H, where J € B(H) is an invertible skew self-adjoint operator. 
Then we have a symplectic Hilbert space X = (H $ H,(—w) @w). For each 
M € Sp(H,w), i.e., M € B(H) invertible and w-invariant, its graph Gr(M) 
is a Lagrangian subspace of X. The following lemma is Lemma 3.1 in [15]. 


522  Chaofeng Zhu 


Lemma 4.3. Let M(s) € Sp(H,w), 0 € s € 1 be a curve of linear 
symplectic maps. Assume that M(s) is differentiable at t € [a,b]. Set 
Bi(t) = —JM(t)M(t)~! and Bo(t) = -JM(t)-1 M(t). Then Bi(t), Bo(t) 
are self-adjoint, B2(t) = M (t)* Bi (t)M(t) and we have 


Q(Gr(M), t)((, M (t)2), (y, M (t)y)) = (Ba(t)z, y). o 


Proposition 4.1. Let (H,w) be a symplectic Hilbert space and ((A,, Hs)}, 
0€ s € 1 be aC! curve of Fredholm pairs of Lagrangian subspaces of H 
with only regular crossings. Then we have 


Mas(A, u} = m* (F(A, u,0)) — m7 (T 1,1) + 5 sign(TQs u, t)). 
0ct«1 


Proof. Pick an invertible skew self-adjoint operator J € B(H) such that 
J? = —I and w(z,y) = (Jz,y). Let Hy = ker(J — /-1I) and Hz = 
ker(J + V-II). By Lemma 4.1 there are curves of isometric U (t), V(t) in 
U(Hi, H2,w) such that A(t) = Gr(U(t)) and u(t) = Gr(V(t)). Applying 
Lemma 4.3 for (Hi, (—V/—1z, y)), for any z, y € ker(U(t) — V(t)) and t € 
la, ‘ we have 


£ (7 V 71V! Uz, y) = (V 21V VV UT, y) — (V-IV !Uz, y) 

= (V-IV Vr, y) - (V-1UVV-!Uz,U Vy) 

= (V-IV Va, y) - (V-1U Ùz, y) = -T(A, u, t)((z, Ux), (y, Uy). 
By Proposition 3.2 we obtain (53). o 


4.2. Spectral flow formula for fixed maximal domain 


Let Dm — Dm = X be three Hilbert spaces. We assume that Dm 
is a closed subspace of Dm and a dense subspace of X. Let (A4,],c(o,] 
be a family of symmetric densely defined operators in C(X) with domain 
dom(A,) = Dm. Assume that dom(A*) = Dy, i.e., the domain of the 
extension A* of A, is independent of s. 

We recall from [7] (partly reproduced in Everitt and Markus [17], The- 
orem 1.14) for each s € [0, 1]: 


(I) The space Dm is a Hilbert space with the graph inner product 
(z,y)Gr, = (m y)x + (Ase, A;y)x forz,ye Du. — (94) 


(IT) The space Dm is a closed subspace in the graph norm and the 
quotient space Dy /Dm is a strong symplectic Hilbert space with 
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the (bounded) symplectic form induced by Green's form 


ws(£z + Dm, yc-Da)(Anmyx-(GAj)x forz,ye Dm. 
(55) 
(III) If A, admits a self-adjoint Fredholm extension As p, :— A;|p, 
with domain D, C X, then the natural Cauchy data space 
(ker Až + Dm)/Dy is a Lagrangian subspace of (Dy /D,,w;). 
(IV) Moreover, self-adjoint Fredholm extensions are characterized by 
the property of the domain D, that (D, + Dm)/Dm is a La- 
grangian subspace of (Dm/Dm,ws) and forms a Fredholm pair 
with (ker A7 + Dm)/Dm.- 
(V) We denote the natural projection (which is independent of s) by 


p Du — Dy /Dqg. 
We call y the abstract trace map. 


We have the following spectral flow formula (cf. Theorem 5.1 in [7], 
Corollary 2.14 in [10] and Theorem 1.5 [11]). 


Proposition 4.2. We assume that on Dy the graph norms induced by 
At and the original norm are equivalent. Assume that {A}: Du — X) 
is a continuous family of bounded operators and each A, is injective. Let 
{D;,/Dm} be a continuous family of Lagrangian subspaces of (D y / Dy, ws), 
such that each Asp, is a Fredholm operator. Then: 


(a) Each (Ds/Dm,7(ker(At))) is a Fredholm pair in Dy/Dm. 

(b) Each Cauchy data space y(ker Aš) is a Lagrangian subspace of 
(Du/Dm, Ws) . 

(c) The family {y(ker A7)) is a continuous family in Dy /Dm . 

(d) The family {As D, } is a continuous family of self-adjoint Fredholm 
operators in C(X). 

(e) Finally, we have 


sf( A,,p,) = —Mas{y(Ds), y(ker A2)). a 


4.3. The Maslov-type indices 


Definition 4.6. Let (X;,w;) be symplectic Hilbert spaces with wi(z, y) = 
(Jiz, y), z, y € Xi, Jı € B(X) are invertible, and J = —Ji, where | = 1,2. 
Then we have a symplectic Hilbert space (H = X4 @ X2,(—wi) © w2). 
Let W € L(H). Let M(t), 0 € t € T be a curve in Sp(X1, X2) such 
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that Gr(M(t)) forms a Fredholm pair of Lagrangian subspaces with W 
for all t£ € [0, T]. The Maslov-type index iy (M(t)) is defined to be 
Mas{Gr(M(t)),W}. Ifa = 0, b = T, (Xy,w1) = (Xo,w3) and M(0) = I, 
we denote dim(Gr(M(T)) NW) by vr,w(M(t)). 


The Maslov-type indices have the following property. 


Lemma 4.4. Let (Xi,wi) be symplectic Hilbert spaces with wi(zx,y) = 
(Jiz,y), where x,y € Xi, Jj € B(Xi) are invertible, and Jf = —Ji, 
l = 1,2,3,4. Let W be a Lagrangian subspace of (X1 ® X4,(—w1) Q ws). 
Let 44 € C([0, 1, Sp(Xi, Xi,1)), | = 1,2,3 be symplectic paths such that 
Gr(ya(s)yo(t)yi(s)) forms a Fredholm pair of Lagrangian subspaces with W 
for all (s,t) € [0,1] x [0,1]. Then we have 


iw (737271) = iw: (92) + iw (ya? (0)1), (56) 


where W’ = diag(m (1), ya(1) )W. 


Proof. Let M = diag(41(1),*5(1)-!). By the homotopy invariance rela- 
tive endpoints of the Maslov-type indices and Corollary 4.1, we have 


iw (nay) = tw (ys (1) 2 (1)) + tw (Yao (0)) 
= Mas(MGr(ys(1)yom (1)), MW) + iw (yao (0)1) 
= iw (y2) + iw (yao (0)51). a 


The following properties of fundamental solutions for linear ODE will 
be used later. 


Lemma 4.5. Let J € C!([0, +00), GL(m, C)) be a curve of skew self- 
adjoint matrices, and b € C(|0, +00), gl(m, C)) be a curve of self-adjoint 
matrices. Let y € C! ((0, --oo), GL(m, C)) denote the fundamental solution 
of 
oc bs 
-Ji- gla = bz. (57) 
Then we have y(t)* J(t)y(t) = J(0) for all t. 


Proof. By the definition of the fundamental solution, we have 


A generalized Morse index theorem 525 


,(0)*J(0)4(0) = J(0). Since J* = —J and b* = b, we have 
SO Ia) = Fy e iy eA 
= (-by- PAD tYyeaJJ 71 (—by ~ 50 
=7(b- 53 +5-b- sd =0. 
So we have y(t)* J(t)y(t) = J(0). o 
Lemma 4.6. For two curves of matrices B € C([0, +00), gl(m, C)) and 


P € C!([0, +00), GL(m, C)), let y € C'!([0,--oo), GL(m, C)) denote the 


fundamental solution of 


à = Br, (58) 
and y' € C! ([0, +00), GL(m, C)) denote the fundamental solution of 
y = (PBP^! + PP^5y. (59) 
Then we have 
y = P4P(0)!. (60) 


Proof. Direct calculation shows 


S (PYP()7) = (PBP-! + PP-!)P4P(0)7! 


and P(0)yP(0) ! = I. By definition, PyP(0)—? is the fundamental solu- 
tion of (59). o 


Corollary 4.2. Let Jı, Ja € C!([0, +20), GL(m, C)) be two curves of skew 
self-adjoint matrices. Let P € C!([0, +20), GL(m, C)) be a curve of ma- 
trices such that P*JgP = Jı, and b € C([0, --oo), GL(m, C)) be a curve 
of self-adjoint matrices. Let y € C! ([0, +20), GL(m, C)) denote the funda- 
mental solution of 


ts 
—hé~ Zis = be, (61) 
and y’ € C! ([0, +00), GL(m, C)) denote the fundamental solution of 


jr da NN S 
Jay — z Jay = (PDP + Q)y, (62) 
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where Q = 1(P*-1P*J; — J3PP-1). Then we have 
y = P4P(0)^'. (63) 
In particular, when Jı and Jz are constant matrices, we have 


Q = PÈ J = -J;PP^. 
Proof. Taking B = —J, (b + ŁJ,) in Lemma 4.6, we obtain 
~—Jo(PBP-' + PP^)— sie 
= -A(PCA) "(b+ 24) P7 + PP) - wh 
= P* "(b+ ;)P7 —J9PP-!-— Ph 
= PP — PP + (PI A PI! — ha) 


= P'ibpl-JPP« ; (P7! S (P* 4 P)p-! — Jz) 
= P*-1pPp14@Q. 
By Lemma 4.6, our results hold. Jg 


The following is a special case of the spectral flow formula. 

Let J € C! ([0, T], GL(m, C)) be a curve of skew self-adjoint matrices. 
Then we have symplectic Hilbert spaces (C™, w(t)) with standard quadratic 
inner product and w(t)(z, y) = (J(t)z, y), for all x,y € C™ and t c (0,7). 
Then we have a symplectic Hilbert space (V = C™ & C", (—w(0)) @w(T)). 
Let W € L(V). Let b,(t) € B(C"),0€ sx 1,0€t x T be a continuous 
family of self-adjoint matrices such that bo(t) = 0. By Lemma 4.5, there are 
continuous families of matrices M,(t) € GL(m, C) such that M,(0) = I, 
M;(t)* J(t)M,(t) = J(0) and 


I5 Ms() - 5C5J)Ms() = bolt) M(t). 
Set 
X = L*(0,T], C"), Dm = Ho([0, T], C^), 
Dm = H(0,7], C"), Dw = (x € Du; (z(0),z(T)) € W}. 
Let Am € C(X) with domain Dm be defined by 


1d 


d 
Amz = MEE — 
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Set x € Du, A= Am|p,,, Aw = Am|p,,-. Let C, € B(X) be defined by 
(C,x)(t) = b,(t)z(t), x € X, t € [0, T]. 


Proposition 4.3. Set W' = diag(1, Mo(T)~!)W. Then we have 
I(Aw, Aw — Ci) = iw: (Mg | Mi). (64) 


Proof. The Sobolev embedding theorem shows that Dm C C([0, T], C^). 
For any x € Dm, define y(x) = (2(0),2(T)). Direct calcula- 
tion shows that Dm/Dm = C" © C" with symplectic structure 
(diag(J(0), —7(1))y(x), v(y)), z, y € Dm, and 7 is the abstract trace map. 
Moreover, A* = Am, y(A* — C;) = Gr(M,(T)), and y(Dw) = W. By 
Proposition 4.2 and Lemma 4.4, we have 
I(Aw, Aw — C1) = -sf{Aw — Cy} 
= Mas((Gr(M;(T);0 € s < 1,W) 
= iw(Mo(T)(Mo(T)  M&(T))I;0 < s < 1) 
= iw:(Mo(T) 1 M,(T);0 < s < 1) 
= —iw:(Mo(t) 1 Mo(t;0 < t < T) 
+ iw:(Mo(0) M,(0);0 < s < 1) 
+ iw:(Mo(t) 1M: (t);0 x t x T) 
= iw (Mg Mı). D 


5. Proof of the main results 


In this section we shall use the notations of 82. 


5.1. Proof of Theorem 2.1 


Lemma 5.1. The index forms T5, Q,, 0 € s € 1 form a curve of bounded 
Fredholm quadratic forms on Hg. 


Proof. Since all Z;,,Q, are bounded symmetric quadratic forms on Hg, by 
Riesz representation theorem, they form a continuous curve. By Sobolev 
embedding theorem, each Q, defines a compact operator on Hg. Thus we 
need only consider the case when Qs is zero on R, i.e. the forms Z,,,n. 

For each k,l = 0,..., m and s € [0, 1], we define the bounded operators 
Pk a(s) € B(Hg) by 


T k l 

d'z d 
(Pa) = f (peal) Ger Td for all x,y € Ha. 
0 
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Claim. PX,4(s) is compact for either k Æ m or l Am. 

Since Py,(s) = P*,(s), without loss of generality we can assume that 
k #m. Pick a bounded sequence {x_;a € N} in Hg. By Sobolev embed- 
ding theorem, the sequence {px,1(s, t) Ha} has a convergent subsequence, 
which is denoted by the original sequence. Since Pk (s) is bounded, we 
have 


lim — ||Pra(s)(zo — z)|2, 


o,8—-4- 
T k l 
Lie i d'(za —zg) d'(Pki(s)(xa — xg)) 
= n. [ e oes cem, Pus a, 
— f. 


So the sequence {Pk (8)(£a)} converges and Pk (s) is a compact operator. 

Now we prove that Pm,m(s) is Fredholm and then our lemma is proved. 
If p, (s, t) is positive definite for each s,t € [0,1] , we can choose px,1(s, t) 
such that Zp, is positive definite for each s. So P5, 4, (s) is a compact per- 
turbation of a Fredholm operator and is Fredholm. Here it is only required 
that pm,m(s, t) is continuous in t. In the general case, we have to assume 
that pm,m(s,t) is C™ in t. Consider the operator pm,m(s,) : H > H. 
Let j : Hg — H denote the inclusion. Then pm m(s,-) is invertible and 
Pm,m(8,:)] is Fredholm. For any x € Hg and y € H, the inner product 
((Pm,m(8) — Pm,m(5, -))*, y) m consists only of the lower-order terms (i.e., 
no second-order differential involved) and some boundary terms. As in the 
above proof, we can conclude that the lower-order terms correspond to com- 
pact operators. The boundary terms correspond to finite rank operators. 
So jPm,m(S) — Pm,m(s, -)j is compact. Since pm,m(s)j and j are Fredholm, 
jPmm(s) and P&,4(s) are Fredholm. o 


The following lemma is the key to the proof of Theorem 2.1. 


Lemma 5.2. (i) Any solution u € H!([0, T]; C?"") of (18) can be ez- 
pressed by u = Up,,2 for some x € H™([0,T]; C”), and the following three 
conditions are equivalent: 


(a) x € ker Z,Q,; 
(b) x € ker L5, w,, (Q.); 
(c) Up,,2 is a solution of (18) and (up, (0), Up,,2(T)) € Wa (Q;). 


(ii) If ps is C! in s, then for any x,y € H"([0, T]; C^), we have 


(ar) dos oy) == ( (320x) — (65) 
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(iii) Let J € GL(C™) be skew self-adjoint, and b,(t) € gI(C"*), 0 € s € 1, 
O0 xt € T is a continuous family of self-adjoint matrices. Let y, denote the 
fundamental solutions of the linear Hamiltonian system 





-Jù = b,u. (66) 
If b, is C! in s, we have 
8, , Q05. _, Obs 
a 7 as ) 7 ds Os ^f (67) 


iv) If p, is C! in s, then for any x,y € ker Ly,, we have 
Ps 


(Aon T) Eu, (0) us, (0) ) 


E / j ((£>.) Tòa, dy) dt. (68) 


Proof. (i) The proof for the solution u of (18) can be expressed by u = 
Up,,; and (a)<(b) is standard and we omit it. Now we prove (b)+(c). B 
(14), we have Suk (t) = uE*1(t) fork 2 0,...,m —2, 


Ups, T 
d um- = d™ 
dt Ups, (t) = dtm x(t) 


Pm,m(8; t) up slt) zu A Pm,m(8;t)*Pm,a(s, t)up, x(t) 
0<S<m-1 


d „k ne detk+1 2m d? 
dt up, a) = » (1 dtotkri-2m (nes. 55210) 


Seaver 


B 
= i, att) = 25 (yee (pascit $52) J 


0<B<m 
= uf th (t) + (1) * pou 1, m(5 tpm m(5 t) "up, s(t) 


+ 2 (-1)*t* (Pam—k—1,8(S, t) 


0X8€m-1 
i Pom—k-1,m(S; t)Pm,m(s; t)~'pm,a(s, t))u£. (t) 
for k = m,...,2m — 1. Combine the above equations and we get 
d 
Gy Ups ant = Jam,nb(ps)up, s (t) + (ar. (1),0,...,0). (69) 


By the fact that Lp, x = (—1)"^u27. (t), we get (b)<(c). 
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(ii) By the definition of U (ps), V(ps), üp,,; and üo,, in 82, direct com- 
putation shows 


vo (o) View) = - P0). 


Thus for all z, y € Hr, we have 


(fe) som) rer dro) 
- (Pe) Bip.) 
" (i0) — : 


(iii) By the definition of ys, we have yi Jy, = J, and 


Pig -1 9%, as | —1:; -107s J —1 0?4, 
2 = 








at ðs Ys YsYs ðs Ys ðsðt 
= JRI 8 — I C got) 
ðs 
_,0b 
= = Jý; Lj rd 
Laugh 
= Ys ðs Ys- 


(iv) follows from (ii), (iii) and the fact that Yp, Up, (0) = Up,,x for all 
x € ker L,,. o 


Now we can prove Theorem 2.1. 
We begin with a simple case. 


Lemma 5.3. Let Tra r denote the inner product on Hg. Ife > 0 satisfies 
[—€,0] N o(pm,m (0,t)) = 0 for all t € [0, T], we have 


—Ssf {Zpo,Q0 + alta,R; ae [0, an = iw, (Qo) (Ups raten (T); Osa T}). 
(70) 


Proof. By Lemma 5.1, Z5,. 9, + aZ;a,n, a € [0, e] is a continuous family of 
Fredholm quadratic forms. By the definition of the spectral flow we have 
sf(Z5,,Qy + aZ1a,n;a € [0,€]} = 5y dim ker(Tpo,Qo + aZ;a,R). (71) 
a€ (0,e] 
Set 
-1 dp ratos Lys (T) 


Z,= —Jomn (Ypstalm+izn (T)) da 
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for a € [0,c]. By (iv) of Lemma 5.2, the matrix —Z, is non negatively 
definite. Let v € C?"" be a vector such that (Zav, v) = 0. By (i) of 
Lemma 5.2, there exists x € ker Lp, such that v = Up,taliny1yn.c(0). By 
(iv) of Lemma 5.2, we have üg,,(f) = 0 for all t € [0, T]. Thus z = 0, 
Upstalimaeryn ie = 0 and v = 0. So Z, is negative definite. By Lemma 4.3, 
Proposition 4.1, (i) of Lemma 5.2 and the definition of Maslov-type index 
we have 


iw, (Qo (Ups ratas (T0 <a € TJ) 
R oe dim Gr (Gp aati ene (T)) n Wan (Qo)) 


a€(0,e] 
= — 5 dim ker(Tpo,Qo + aTra,R). (72) 
a€(0,¢} 
Combine (71) and (72), we get (70). a 


Proof of Theorem 2.1. We divide the proof into two steps. 
Step 1. We apply Proposition 4.2. Set 
As = Ly, Dm = Ae (O76): Dm = H®™([0, T]; C”). 


Then A, is injective for each s and Ly, w,,,(R), 0 < s < 1 is a continuous 
family of self-adjoint operators. Define the trace map 4 : Dm — C4" by 
¥(x) = (up, (0), Up,,2(T)) for x € Dy. Then induce an isomorphism 
Dm/Dm — C*"^, After identifying the two spaces Dy/Dm and C", 
we have 4 = y. Direct computation shows 


Us(z t Dy, yt Da) = (J2m,n'up, a (0); up, y(0)) B (J2m,nip, s (T); Up, y (T ))- 


Let D, denote the domain of Ly, w,,(Q,j. Then 4(D,) = Wam(Qs) and 
"(ker Až) = Gr(yp,(T)). By Proposition 4.2 we have 


—sf {Lps wi (Q,50 € s € 1) = Mas{Wam(Qs), Gr(Y%p, (T));0 € s € 15v] 
= Mas{Gr(7p,(T)), Wa (Q4); 0 € s € 1; —ws} 
= dw Qu, (07)0 < s € 1}). 
Step2. We claim that 


—sf(,,.9,:0 € s € 1] = iw, (Q.)((9, (750 € s € 1}). (73) 


Let Tra,p denote the inner product on Hg. Let € > 0 be small enough 
such that [—€,0] N o(pmm(s,t)) = 0 for all (s,t) € [0,1] x [0,7]. By 
Lemma 5.1, sf(Z,,,Q, + aZra,n) is well-defined. For each c € [0,1], there 
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exist ĝe > 0 and e, € (0,e] such that ker(Zp, 9, + ecZra,R) = {0} for all 
s € (c — ôe, c + ôe) N [0, 1]. 

Let [so,51] be a subinterval of (c — 6¢,c¢ + ôe) N [0,1]. Con- 
sider the spectral flow sf(Z,, Q9, + aTra,r} and the Maslov-type index 
iWam(Qa)(Yps+alm+n(T)). Because of the homotopy invariance of spectral 
flow and Maslov-type index, both integers must vanish for the boundary 
loop going counter clockwise around the rectangular domain from the cor- 
ner point (59,0) via the corner points (s1,0), (s1, €c), and (so, €c) back to 
(30,0). The spectral flow and Maslov index vanish on the top segment of 
our box. By the preceding lemma, the left and the right side segments of 
our curves yield vanishing sum of spectral flow and Maslov index. So, by 
the additivity under catenation, we have 


—sf{Zp,,Q.3 So < S < sı} = iw, (Qu) (rp. (T); 80 S S < sı}). 


Since [0, 1] is compact, there exist co, ..., cN—1 € [0, 1} and a partition of 
0 = so < s1 € ... < su = 1 of (0, 1] such that [s;, 5j41] C (cj — 9c, cj + 5e,] 
for j —0,...N — 1. Then (73) follows from additivity under catenation of 
spectral flow and Maslov-type index. 

Step 3. Since Yp, (0) = I2mn, by the homotopy invariance of the Maslov- 
type index we have 


tWam (Qs) (9, (050 € s € 1}) = wu (Q0) ^ fw (Q (Tp) D 


5.2. Proof of Theorem 2.2 


We divide the proof into three steps. 
Step 1. (22), (23) holds for the C! path y with yo = Izn. 
Set H = L?((0, T]; C”) and Hg = {x € H;(x(0),z(T)) € R}. Let Fg 
denote the closed operator on H with domain H gx defined by Fra = -Kt 
for all x € Hg. Set X = L?([0, T], C2”) and 


Dwy(n) = {x € H! (0, T]; C2"); (z(0), z(t)) € W(R)). 


Let Aw, (ng) € C(X) with domain Dy, (g; be defined by Aw, (nz = -Jkt 
for r € Dw, ry. Let b(t) € gl(C?") and C € B(X) be defined by b(t) = 
—JkA(t)(t)!, t € (0, T] and (Cz)(t) = b(t)z(t) for x e X, t e [0,T]. 
Then we have F = —Fpgx. 

Consider the standard orthogonal decomposition 


C?" = (C" x {0}) @ ((0) x C”). 
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It induces orthogonal decompositions X = H @ H and Dy, (ry = Hg« 9 
Hg. Under such orthogonal decompositions, Ayw,(g) is in block form 


Awx(R) = o Let C be in block form 


C131 Ci *) 
C= EM ie 
Be C53 
By the definition of b(t) and the symplectic path 7 we have 


b(t) = K*(Mo1Mj1 — Ma33M55Ma21M11) K*Mo2Mz3 
—KMiiM;, 0 i 


Since MžKMı 1 = K, we have K*Mo2Mz3 = - (Mt)! Mz, K*. So 
there holds 


K*(Mo1Mj1 — Ma5M53 M51 M11) 
= K*M2ı MT} + (Mti)  MtíK* Moi M7} 
= (Mia) ( ZOK Maa) ) at 
Clearly we have 
ker(Fr — Co) = (Miaz(0); (z(0), Mi 1(T)a(0)) € RE}. 


Since ind(Fr — C2,1) = indFg = dim(Gr(I,) n RÉ) — dim(Gr(I,) n R), we 
have 


dim ker(Fg — Co,1)* = dim S(T) + dim(Gr(I,) N R) — dim(Gr(1,) n RF). 
Let x,y € ker(Fn — C5,1). Then we have 
(Ci 12, y) 
T d i 
- [ (ao? (MaK aa) Mis) dt 


d d = 
= [ (aio (FOEK Maa) ) Midas) M0) ) dt 
0 


= [ (aatia aa) (0.16) di 
= (Mii (T)' K* Ma3(T)2(0), y(0)). 
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By Proposition 3.4, Proposition 4.3 and the definition of S(t), we have (22) 
and 


iw (R) (7) = —sf{ Aw, Ry) — sC;i0 < 8 < 1} 
= m* ((Mia (T)! K* Mo (T))lser)) 
+ dim(Gr(I,) N RË) — dim S(T). 
Step 2. Define the set 
Mii 0 
Mo, M33 
Note that any symplectic loop y in Y is homotopic to the loop in Y starting 
from Izn. By the homotopy invariance of the Maslov-type index and Step 
1, we have iw, (nj(y) = 0 for any loop in y in Y. For a general y in Y, 
we can connect Izn and the endpoints *(0) and 4(T) in Y by C! paths. 
Then (22) follows from Step 1 and the path additivity of Maslov-type index 
under catenation. - 


Y={Me Gea = ( )earzen = JK). 


5.3. The positive definite leading term case 


Firstly we give an alternative proof of the following part (A) of Theorem 
3.1 in [16]. 

Proposition 5.1. Assume that pm m(1,t) is positive definite for each 
t € [, T. Then m^(Z5,,9,) < +00. Let p(t) = (peu(t)) € gl((m + 
1)n,C) be a continuous family of self-adjoint matrix such that pr € 
CmaxtF.J ([0, T], gl(n, C)). Assume that Ig is positive definite. Then we 
have 


m (Zy,Qi) = >) (Lo. 5,01). (74) 
A>0 


Remark 5.1. Here p; + Ap denotes 
diag(O(m—m)n» P1) + Adiag(0cn -)n; 8), 
where mm = max(m, m). 
The proof of the following two lemmas is standard and is omitted. 


Lemma 5.4. Let H be a complex vector space and V be a linear subspace 
of H. Let I be a quadratic form on H and A be an inner product on H. If 
m (Z) < +00, then there holds 

m (1) > m (|y) > Y m*(Z|y + AA). 


A20 
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Lemma 5.5. Let H be a normed vector space and V a dense subspace. 
Let T be a quadratic form on H. Assume that T is bounded, i.e., there 
exists a constant M > 0 such that T(x,y) € M|x||||yl| for all x,y € H. If 
m^ (1) < +00, then there holds 


m^ (I) =m (Ily). n 


Proof of Proposition 5.1. We divide the proof into four steps. 

Step 1. Set fo = [(m+i)n- Then (74) holds for p = po. 

For fo, there exists a A* (0) > 0 such that Z,,+4+59,Q, is positive defi- 
nite. By Lemma 5.1, Zp, +A50,Q, is Fredholm for each A > 0. By the spectral 
properties of self-adjoint Fredholm operators we have 


m^ (Z5,,Q1) = S m9 (Zp. eos) < +00. 
A»0 


Step 2. Assume that m < m. Set fis = (1 — s)po + sdiag(0, n P) 
for 0 € s < 1 Then there exists A+ > 0 such that Z,,4)+5,,9, is positive 
definite. 

Set po = In. By Lemma 5.4 and Step 1 we have 


m" (L5,9,) 2 Y m (Z5, ap) (75) 
A»0 


Since Ly, Wam(Q1) is a self-adjoint operator with compact resolvent, by (75), 
the operator is bounded from below. Thus there exists À+ (2) > 0 such that 
Tp, +A+ (2)f2,Q1 18 positive definite. Since Z5 is positive definite, there exists 
M > 0 such that Z5, — MZ, is positive definite for each s € [0,1]. Then 
our claim holds for At = MON 

Step 3. Equation (74) holds for m < m. 

Since Zz is positive definite, by Lemmas 5.2 and 4.3, the crossing form 
T (Gr(yo, 4og(T)), Wam (Q1), ^) is negative definite if m < m and A < 0, or 
m >m and A < 0. By Step 2, Proposition 4.1 and the definition of the 
Maslov-type index, for s € [0,1] we have 


—tWom(Q1) (Ypi +23. (TOX As à+) T XO m Usu: (76) 
A20 
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Since m°(Zp, +.+%,,Q,) = 0, by (76), Steps 1, 2 and the homotopy invariance 
of the Maslov-type index, we have 


m (Zp1,Q1) = 5 m? (Ty, +2#0,01) 
A>0 


= —tWem(Q1) (9p. (7); 0 EAS A*) 
—1Wom(Q1) (59i og (T); 0 <A< At) 


2 m? (Z,, +28,Q1): 
A»0 


Il 


I 


Step 4. Equation (74) holds for fà >m. Since H”([0, T]; C^) N Hg is 
dense in Hg, by Steps 1,3, Lemma 5.5 and Proposition 4.1, for sufficiently 
small e > 0 and sufficiently large At, we have 


m. (Lp,Qi) = m (Zp, Qi po ((0,7];0°)nHe) 

5D m" (Zp, 45,1) 

A»0 

—tWom(Q1) (0i s(T € A SAT). o 


ll 


Proof of Corollary 2.1. Set po(t) = diag(pm,m(1, t), Omn), and 


(Mit) 0 
Yoo (t) = co. aay 


Let x = (zo,..., 2-1) and y = (yo, ..., Vym-1) be two vectors in C^, By 
direct calculation we get our form of Ypo = (Yk (t))k,1=0,...,2m-1 and (24) 
with pa, m(0,t) = Pm,m(1, t). Then we have 


(Mia (TD)! Ko, Moa (T), y) 


PE (err ice 


k,L—0,...,m-1 
T 
1 maa imd, t)) ldt Ti, Yk 
0 
T 1 t£n-l-1 
= I (Pm,m(1,t)) 5D m-e 
1=0,....m—-1 


qm-k-i 
5y s) dt. 


k=0,....m—1 
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Since pPm,m(1,t) is positive definite for each t € [0,T], we have 
Oh (T) K, 4, Maoi(T)z z) > 0. If (Mi (T)! Kh , Moi (T)m, y) = 0, we 


have $5. o... m-1 EDU = 0 for all ¢ € [0, T]. By taking deriva- 
tives with t, we have 5^, o. , deu — 0 for all k — 0,...,m — 1 and 


t € [0, 7]. Then we get zx = 0 fork = 0,...,m — 1 and x = 0. Thus 
Miy3(T)* Kj, nM2,1(T) is positive definite. 

Let p, = (1— s)po + sp, and Qs = sQ;. Clearly Z5, g and Ly, w,, (n) 
is non-negative definite. Note that M;;(0) = Imn and S(0) = S. By the 
definition of the spectral flow, Theorem 2.1 and Theorem 2.2, we have 

m. (Zp,,Q1) = —sf(25,9,,0 S 8 1) 


= tWom (QU Ij) 7 İWam (R) (Ypo) 
= Wam (Q1) (Yp) Li (dim S(T) + dim S(0) — dim S(T)) 
= iw, (Q1) (Yp) — dim S. 


Applying Proposition 5.1 for 5 = In, we obtain 


m (Zp1,Q1) =m (Lp Was (Q1))- a 


5.4. Proof of Theorem 2.3 


Let a, pi, pj; and R’ be as in $2. Firstly we prove (26). The following 
lemma follows from direct calculation. 


Lemma 5.6. We have 


, [%0 aà 
Pi = (a a) P loa)? 


b(pj) = diag(a^! a")b(pi)diag(a*-! a)+ : -atà : 
1 , , —ü*g*-1 0 LI 


By Corollary 4.2 we have 
Corollary 5.1. We have 
71 = diag(a*, a^ )m diag(a(0)* ",a(0)). (77) 
Proof of Theorem 2.3. By the definition of R’ we have 


(RI)? = {(x, y) € C7"; (a(0)*2, a(T)*y) € R?*). 
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By Theorem 2.2 and Lemma 4.4, we have 


iw; (gy (1) 
= iw,(r’) (diag(a*, a~*)ydiag(a(0)*~*, a(0))) 
= iw, a (n) + iwi (diag(a", a~!)diag(a(0)*~", a(0))) 
= iw, (m) + dim(Gr(1,) n (R')?*)) — dim(Gr(a(T)*a(0)*!) n (R')?*) 
= iw, gy (m) + dim(Gr(4,) n (R')?^)) — dim(Gr(I,) n R>”). a 
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